MATH 247 Group.Quiz.22

Group #: Members: Rating:

1. (5 points) Given an orthogonal basis B = {by,bs,...,b,} for a vector space V, we can write
n

any point y € V as a linear combination of the basis elements with the formula y = Zcibi,
i=1
. '
bTin' Notice that ¢;b; is essentially the orthogonal projection of y onto span{b;}.
i P
¢; is also known as the ith-coordinate of y relative to the basis B.

where ¢; =

In this exercise, you will explore the differences in using different type of basis. Write y =
[1,4,—2]7 as a linear combination in terms of the elements from the following bases.

(a) (some random basis) By = {[1, 1, 17, 2,1, 27, [-2,1, 2]T}
(b) (an orthogonal basis) By = {[2,2,0]",[~1,1,0]7,[0,0,4]"}. (no rref for (b) & (c))

(©) (an orthonormal basis) B; — {leg’ %]T’ £ %Q%]T’ - MT}.

You must be wondering why in reality (c) is preferred over (b) which is then preferred over (a)
since it seems like the algebra on (b) and (c¢) are more tedious. It turns out that doing (c) is
least expensive in terms of computational time, since it requires ~ 2n? — n flops (where n is the
size of the vector) while (b) requires ~ 4n* —2n and (a) requires ~ £n3+n?+O(n). (Computer
uses flop [floating point operations: +, —, X, =] count to tell how expensive an algorithm is. The
more flop an algorithm requires, the more expensive it is.)

2. (5 points) Given

3 1 —4

-1 -2 1
y= 11 u; IR and uy = 0

13 2 3

Let W = span{u;,us} and S = {uy, uz}.

(a) (1 point) Determine whether S is an orthogonal basis for W. Justify your answer.
2 yTU'
b) (3 points) (i) Find ¥ = Projyy via ‘u;. (ii) Compute UUTy, where U = [u;  uy)].
w T
i=1 "4

Notice that UUTy # Projyy, when would we achieve equality in general?

(c¢) (1 point) y is the point in W that is closest to y. We can determine whether y € W by
examining the distance between y and y. Find the distance from y to the plane in R*
spanned by u; and up. Isy € W?
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