The Application of Matrix Diagonalization to the Fibonacci Sequence

Introduction.
The Fibonacci Sequence is the infinite sequence of
numbers 0,1,1,2,3,5,8,13,21,... for which the next
term is found by adding the previous two terms. The
sequence of Fibonacci numbers is defined by the
recurrence relation
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where F, = F, =1

The Fibonacci numbers occur in settings, such as

biological structures of nature, music, computer
population models and financial markets.
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Fig.i and -Fig.2 are illustrations of the
occurrence of Fibonacci numbers in nature.

Definition: An eigenvector of an nxn matrix A is a

nonzero vector x such that Ax= Ax for some scalar ), .

In this case, the scalar ) is called an eigenvalue of A
corresponding to the eigenvector x. The eigenvalues
are the solutions to the characteristic equation
det (A-Al)=0.

Matrix Diagonalization is the process of taking a
square matrix and transforming it into a diagonal
matrix such that they share the same properties.

*An nxn matrix A is diagonalizable if A is similar to a
diagonal matrix, thatis, A = PDP ~! for some
invertible matrix P and some diagonal matrix D.
Theorem: A is an nxn matrix with n distinct
eigenvalues. 1) A is diagonalizable if and only if it has
n linearly independent eigenvectors. 2) A = PDP ',
with diagonal matrix D, if and only if the columns of P
are n linearly independent eigenvectors of A and the
diagonal entries of D are the corresponding
eigenvalues.
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Method

A 2-dimensjonal system of linear difference equations that describe the Fibonacci
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Results
The resulting equation is a closed-form solution for the
nth term of the Fibonacci Sequence. This is an

Consider the matrix 11 expression that allows us to calculate f,
= 10 for any n in the Fibonacci sequence.
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Now we can construct our matrices A = PDP ! 1
using the determinant to find P inverse we find
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Now we plug it all in to find a formula for the nth power of A. A" = PD" pt
_ 1+ /5 =
M EENG 1- /5 [ 27] 0 T - %
= —=— 2 .
5 1 1 0 1- /5 _1 1+ ~/5 Fig.3 Logarithmic spiral whose growth factor b is
B 2 2 related to, the golden ratio @ .
[1 + /5 J"” [1— /5 j"” . —ieof Acknowledgments
_ 1 2 2 2 1.Lay, David C. ,2003, Linear Algebra and its
V51 S5 1- 5" 1 1+ /5 Applications.
2 2 2 2.Notes from Dr. Jen Chang-Math247
r Nt vt . . 3.Fibonacci number, 2010. In Wikipedia, The Free
{1 + /5 J _ [ 1- /5 J [1 + /5 J _ [1 - /5 j Encyclopedia. Retrieved May 6, 2010, from
1 2 2 2 2 http://en.wikipedia.org/wiki/Fibonacci_number
5 14+ 5 )" 1- 5 )" 14+ 5 )" Y- 5" ! 4.' Joseplf Khoury, Application to a Probleme of
2 - 2 2 2 Fibonacci.

and so we can see that the formula for the nth # in the Fibonacci sequence is the lower

left entry in this matrix
A (w%]” [w%] f,,, =5731478440381708410
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