Maxima by Example:
Ch.9: Bigfloats and High Accuracy Quadrattire

Edwin L. (Ted) Woollett
May 30, 2016

Contents

1 Introduction 3

2 Bigfloat Numbers in Maxima 3
2.1 Experimentingwith Bigfloats . . . . . . . . . . .. .. ... 4
2.2 Bidfloat Numbers anfpprintprec . . . . . . . . ... 8
2.3 Usingprint with Bigfloats . . . . . . . . . . . .. . ... . 12
2.4 Usingprintf with Bigfloats . . . . . . . . . . . . . . .. . 13
2.5 ATable of Bigfloats usingrintf . . . . . . . .. ... . 13
2.6 Adding Bigfloats Having Differing Accuracy . . . . . . . . . oo v v i oo 14
2.7 Polynomial Roots Usinfallroots . . . . . . . .. .. .. . ... ... .. ... .. ..... 15
2.8 Finding Highly Accurate Roots using_Bhd_root . . . . . . ... ... ... ... ...... 19
2.9 Bigfloat Number Gaps and Binary Arithmetic . . . . .. .. .. ... .. ... ...... 20
2.10 Effect of Floating Point Precision on Function Evaloiat. . . . . . .. . ... ... ..... 23

3 High Accuracy Quadrature with Maxima 24
3.1 Usingbromberg for High Accuracy Quadrature . . . . . .. ... ... ... ........ 24
3.2 ADouble ExponentialQuadrature Method far <x < oo . . . .. . . ... ... ... .. 28
3.3 Thetanh-sinh Quadrature Methodfar <x<b . . ... .. ... ... .. ... ...... 31
3.4 TheGauss-LegendreQuadrature Methodfai <x<b . ... ... . ... ... ..... 37

*This version useMaxima 5.36.1 SBCL This is a live document. Checkhttp://web.csulb.edu/ ~woollett/ for

the latest version of these notes. Send comments and sicggasiwoollett@charter.net

1



Preface

COPYING AND DISTRIBUTION POLICY

This document is part of the series Maxima by Example, and is m ade available
via the author’'s webpage http://www.csulb.edu/"woollett /

to aid new users of the Maxima computer algebra system.

NON-PROFIT PRINTING AND DISTRIBUTION IS PERMITTED.

You may make copies of this document and distribute them
to others as long as you charge no more than the costs of printi ng.

Feedback from readers is the best way for this series of tmtsscome more helpful to new users of Maxima
All comments and suggestions for improvements will be appestend carefully considered

LOADING FILES

The defaults allow you to use the brief version load(brmbrg) to load in the
Maxima file brmbrg.lisp (for example).

To load in your own file, such as bfloat.mac (used in this chap ter),

using the brief version load(bfloat), you either need to pla ce

bfloat.mac in one of the folders Maxima searches by default, or

else put a line like (this assumes your work folder is c:\work 3):
file_search_maxima : append(["c:/work3/###.{mac,mc}"] file_search_maxima )$

in your personal startup file maxima-init.mac (see Ch. 1, In troduction to Maxima

for more information about this).

Otherwise you need to provide a complete path in double quote s,
as in load("c:/work3/bfloat.mac"),

We always use the brief load version in our examples, which ar e generated
using the Xmaxima graphics interface on a computer using the Windows
operating system. Our maxima-init.mac file also contains d isplay2d:false$,
which allows more information per XMaxima screen, and also a llows one to

copy output and directly use it in a further step.

Maxima, a Computer Algebra System.

Some numerical results depend on the Lisp version used.
This chapter uses Version 5.36.1 ( SBCL).
http://maxima.sourceforge.net/
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1 Introduction

This chapter is divided into two sections.

In the first section we experiment with the useb@ibat , including examples which also involipprec ,
bfloatp , bfallroots  , bf find_root , fpprintprec  , print , andprintf . The second section of Chap-
ter 9 presents examples of the use of Maxima for high accugaagrature (numerical integration). (In Chap-
ter 8, we gave numerous examples of numerical integratiorgube Maxima Quadpack functions such as
gquad_gags which use the default 16 digit floating point arithmetic. tidéion, Ch. 8 includes the functions
apnint , apquad, andndefint ~which use bigfloat methods. The initial letters “ap” stand“&rbitrary pre-
cision”; perhaps a better prefix would be “hp” for “high pr&oin” or “ha” for “high accuracy”.)

Software files developed for Ch. 9 and available on the aistiaab page include:
1. bfloat.mac, 2. quad-maxima.lisp
3. quad_de.mac, 4. quad_ts.mac, 5. quad_ gs mac.

2 Bigfloat Numbers in Maxima

You can find the Lisp definition of the Maxima functibfioat  (in Lisp, called$bfloat ) in the source code
file ...share/src/float.lisp . bfloat(expr) converts all numbers and functions of numberexpr to
bigfloat numbers. You can enter explicit bigfloat numberagigine notatior2.38bQ or 2.38b7, or 2.38b-4 for
example, and the number of stored decimal digits will be etyuthe current value offpprec  (default value
16). By default, trailing zeros of bigfloats are not printedte screen.

(%il) load(bfloat);

(%01) "c:/work3/bfloat.mac"
(%i2) [fpprec,fpprintprec,display2d];
(%02) [16,0,false]

(%i3) bfloat(1);

(%03) 1.0b0

(%i4) bfdigits(%);

(%04) 16

(%i5) bfloat(10°5);

(%05) 1.0b5

(%i6) bfloat(10"-5);

(%06) 1.0b-5

(%i7) bfdigits(%);

(%07) 16

(%i8) bftrunc:false$

(%i9) bfloat(10"-5);

(%09) 1.000000000000000b-5
(%i10) bfdigits(%0);

(%010) 16

(%i11) bftrunc:true$

(%il2) fpprec;

(%012) 16

(%il3) g : 1.0b-5;

(%013) 1.0b-5

(%il4) bfdigits(q);

(%014) 16

(%i15) bftrunc:false$

(%i16) q;

(%016) 1.000000000000000b-5
(%i17) bftrunc:true$




2 BIGFLOAT NUMBERS IN MAXIMA 4

Here are three ways to enter the bigfloat equivaleot bf

(%il) load(bfloat);

(%01) "c:/work3/bfloat.mac"
(%i2) [fpprec,fpprintprec];
(%02) [16,0]

(%i3) gl : bfloat(1/10);
(%03) 1.0b-1

(%i4) g2 : 1b-1;

(%04) 1.0b-1

(%i5) is(equal(g2,q1));
(%05) true

(%i6) g3 : 10b07(-1);
(%06) 1.0b-1

(%i7) is(equal(g3,q1));
(%07) true

(%i8) 10b0;

(%08) 1.0bl

bfloatp(val) returnstrue if val is a bigfloat number, otherwidalseis returned.

The number of digits in the resulting bigfloat is specified by parameteipprec, whose default value i$6.
The functionbfdigits , defined inbfloat.mac , can be used to count the digits of a bigfloat. The setting of
fpprec does not affect computations on ordinary 16 digit floatingnpoumbers.

The underlying Lisp code has two variables: $fpprec, which defines the Maxima variabfpprec (which
determines the number of DECIMAL digits requested for anitic), and 2.fpprec which is related to the
number of bits used for the fractional part of the bigfloatd avhich can be accessed from Maxima using
?fpprec. We can also usdisp foobar to look at a lisp variabldoobar from “inside” the Lisp interpreter.
You do not end with a semi-colon; you just press ENTER to getr#sponse, and the input line number of the
Maxima prompt does not advance.

(%il) fpprec;
(%01) 16

(%i2) ?fpprec;
(%02) 56

(%i3) :lisp $fpprec
16

(%i3) :lisp fpprec
56

We will discuss some effects of the fact that computer arétiens carried out with binary bit representation
of decimal numbers in Sec. 2.9.

2.1 Experimenting with Bigfloats

Mathematical functions in Maxima generally return floatipgint results if given floating-point arguments, and
bigfloat results if given bigfloat arguments. If a mathenstfanction does not return a bigfloat result when
given a bigfloat argument, the function probably cannotrretubigfloat result, and one has available only the
16 digit floating point result given bffoat  (or expr,numer; in interactive mode). Considein(1) and
ordinary 16 digit floating pointfloat(expr) converts integers, rational numbers and bigfloatexipr to
floating point numbers.

(%il) sin(1);

(%01) sin(1)

(%i2) sin(1.0);

(%02) 0.8414709848078965
(%i3) sin(1),numer;

(%03) 0.8414709848078965
(%i4) float(sin(1));

(%04) 0.8414709848078965
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Now considersin(1) and the use obfloat . The functionbfloat uses the current value of the global
parameterfpprec  (which has the value 16 at normal startup) to return a bigfla#t the corresponding

number of

digits. You can temporarily override the currdobgl value offpprec  (as shown below) without

changing that global value.

(%i5) fpprec;

(%05) 16

(%i6) g : 1.0b0;

(%06) 1.0b0

(%i7) bfdigits(q);

(%07) 16

(%i8) gl : sin(q);

(%08) 8.414709848078965b-1
(%i9) g2 : bfloat(sin(1));

(%09) 8.414709848078965b-1
(%i10) map (’bfdigits,[q1,92]);
(%010) [16,16]

(%ill) is (equal (gl,92));

(%011) true

(%i12) g3 : bfloat(sin(1)), fpprec:20;
(%012) 8.4147098480789650665b-1
(%il3) g4 : sin(1.0b0), fpprec : 20;
(%013) 8.4147098480789650665b-1
(%il4) map (’bfdigits,[q3,94]);
(%014) [20,20]

(%il5) is (equal (g3,94));

(%015) true

(%il6) fpprec;

(%016) 16

If we compute the absolute error of the 16 digit floating p@pproximation (which we califp below) to
sin(1) , using as the “true value” the 20 digit approximatiead), overriding the global value dpprec
temporarily as needed,

(%il7) s20 : bfloat (sin(1)), fpprec:20;
(%017) 8.4147098480789650665b-1
(%il18) sfp : sin(1.0);

(%018) 0.8414709848078965

(%il9) sfp_20 : bfloat(sfp),fpprec:20;
(%019) 8.4147098480789650488b-1
(%i20) abs(sfp_20 - s20);

(%020) 0.0b0

(%i21) abs(sfp_20 - s20), fpprec:20;
(%021) 1.7770751233395221114b-18
(%i22) abs(sfp - s20), fpprec:20;
(%022) 1.7770751233395221114b-18

we see that we need to do the absolute error calculation @€irdtigit arithmetic, (as in stepi21 above) to
get a sensible answer, and also that we get the same absoartevighout first converting the 16 digit floating
point resultsfp to 20 digits, as we did in steil9 above. The 20 digit bigfloaifp_20 is no more accurate
than the 16 digit floating point numbefp . Input %i22 involves one bigfloat numbes20, and “bigfloat

contagion”

occurs, which causes the floating point nunskerto be promoted to 20 bigfloat digits, by adding

binary zeros, resulting in the decimal digits displayeéboiwiL9 above.

If we do a similar calculation with global value of fpprec set at the start, we should get the same results.
However, the calculation is easier to do with the global gadfifpprec  set to 20, since if at least one of the
numbers involved is a bigfloat, all of the numbers are prochtaéigfloats (“bigfloat contagion™), and 20 digit
arithmetic is then automatically used to get the result.

(%i23) fpprec;
(%023) 16

(%i24) fpprec:20%
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(%i25) sfp : sin(1.0);

(%025) 0.8414709848078965

(%i26) sfp_20 : bfloat(sfp);

(%026) 8.4147098480789650488b-1
(%i27) s20 : bfloat (sin(1));

(%027) 8.4147098480789650665b-1
(%i28) abs(sfp_20 - s20);

(%028) 1.7770751233395221114b-18
(%i29) abs(sfp - s20);

(%029) 1.7770751233395221114b-18

Again we see that Maxima promotsfp to 20 bigfloat digits automatically in this calculation, (amber hav-
ing less digits is extended tpinary zeros to the number of digits possessed by that bigfloat in the sspra
with the most digits), since we get the same answer whetheotowe separately convestp to a bigfloat.

Retaining the global setting dpprec:20 , we now try to get both floating point and bigfloats from two
Maxima functionserf(z)  (the error function) and one of the Bessel functibassel_j(nu,z) . We find
that the former will return a 20 digit bigfloat, but the latt@mnot.

(%i30) fpprec;

(%030) 20

(%i31) erf(1.0);

(%031) 0.8427007929497148
(%i32) erf(1.0b0);

(%032) 8.4270079294971486934b-1
(%i33) bessel_j(0,1.0);

(%033) 0.7651976865579666
(%i34) bessel_j(0,1.0b0);

(%034) bessel_j(0,1.0b0)

If you use the Index of the Maxima Manual, and tygfe, you get links to the definitions of the following
functions:

bf_find_root  bf fmin_cobyla  bfallroots bffac
bfhzeta  bfloat  bfloatp bfpsi bfpsio
bftorat  bftrunc

The functionbfloatp  returns eithetrue or false , and the functiorbftrunc  (default valuetrue ) sur-
presses the printing out of trailing decimal digits with tlaue0 by default. We are starting this section with
the default valudpprec = 16 , and assigning a bigfloat value to the symbb| using 3 significant digits.
Maxima then automatically creates a 16 (decimal) digit @alhich you can see by settimftrunc  to the
valuefalse (ie., don’t truncate bigfloat numbers having “trailing z&ho You can also count the number of
bigfloat digits easily using our functidsfdigits ~ (available in our code filéfloat.mac ), as shown below.
In normal work, it is convenient to surpress the sight oflitngizeros in bigfloats.

(%il) bl : 1.57b0;

(%01) 1.57b0

(%i2) load(bfloat);

(%02) "c:/work3/bfloat.mac"
(%i3) bfdigits(b1);

(%03) 16

(%i4) bfloatp(bl);

(%04) true

(%i5) bftrunc;

(%05) true

(%i6) bftrunc : false$
(%i7) bil;

(%07) 1.570000000000000b0
(%i8) fpprec;

(%08) 16

(%i9) fpprintprec;

(%09) 0




2 BIGFLOAT NUMBERS IN MAXIMA 7

(%i10) floatnump(bl);

(%010) false

(%i11) bfdigits(1.000000000000000b0);
(%011) 16

The description obftrunc  from the Maxima Manual:

Option variable: bftrunc

Default value: true

bftrunc causes trailing zeroes in non-zero bigfloat number s
not to be displayed. Thus, if bftrunc is false, bfloat (1)

displays as 1.000000000000000b0.

Otherwise, this is displayed as 1.0bO0.

Next consider obtaining numerical valuesooimplex expressionsFirst, 16 digit numbers usingpat . Our
first attempt does not succeed:

(%il2) float(exp(%i * %pi/sin(1)));
(%012) 2.718281828459045"((%i * 06pi)/sin(1))

Here are two paths to what we want:

(%il13) float(exp(%i * %pi/sin(1))),numer;
(%013) (-0.5579061738629681 * %i)-0.8299040312985494
(%i14) float( rectform (exp(%i *%pi/sin(1))));

(%014) (-0.5579061738629681 * %i)-0.8299040312985494

The bigfloat value is easier to get:

(%il5) fpprec;

(%015) 16

(%il6) q : bfloat(exp(%oi * %pi/sin(1)));
(%016) (-5.57906173862968b-1 * %:i)-8.299040312985495b-1
(%il7) bfloatp(q);

(%017) false

(%il18) realpart(q);

(%018) -8.299040312985495b-1

(%i19) imagpart(q);

(%019) -5.57906173862968b-1

(%i20) imagpart(1.2b0);

(%020) 0

Note thatbfloat of a complex expression does not result in another bigflain@icated by the return value
of bfloatp ), because of the presence of the synthal In bfloat.mac  the functionbfdigits  is defined
which gets around this difficulty by always working with thesat part (or, if necessary, the imaginary part) of
an expression:

(%il) load(bfloat);

(%01) "c:/work3/bfloat.mac"

(%i2) g : bfloat(exp(%i * %ppi/sin(1)));

(%02) (-5.57906173862968b-1 * %:i)-8.299040312985495b-1

(%i3) bfdigits(q);

(%03) 16

(%i4) q : bfloat(exp(%i * %pi/sin(1))), fpprec:20;

(%04) (-5.579061738629679922b-1 * %i)-8.2990403129854944112b-1
(%i5) bfdigits(q);

(%05) 20

The default value dfftrunc  (whichistrue ) surpresses the printing of trailing (decimal) zeros Hidigits
still gives the correct number of decimal digits.
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(%i6) [fpprec,fpprintprec,bftrunc];
(%06) [16,0,true]

(%i7) g : 1.0b0;

(%07) 1.0b0

(%i8) bfdigits(q);

(%08) 16

(%i9) bftrunc:false$

(%i10) q;

(%010) 1.000000000000000b0
(%i11) bftrunc:true$

(%il2) q : bfloat(1),fpprec:20;
(%012) 1.0b0

(%i13) bfdigits(q);

(%013) 20

CAUTION ... With q defined above as a 20 digit number, and with the global valdppéc set to the
default value of 16, if we defingl : -q , the resultis a 16 digit number, and if we defaqie : abs(q) , the
result is also a 16 digit number.

(%il4) fpprec;
(%014) 16

(%il5) ql1 : -q;
(%015) -1.0b0
(%il16) bfdigits(ql);
(%016) 16

(%il7) g2 : abs(q);
(%017) 1.0b0
(%il18) bfdigits(q2);
(%018) 16

This occurred because the global setting of the paranfigissc was 16. You can either change that global

setting, or use a local temporary higher setting as in:

(%il9) g5 : -q, fpprec:20;
(%019) -1.0b0

(%i20) bfdigits(g5);

(%020) 20

(%i21) g6 : abs(q), fpprec:20;
(%021) 1.0b0

(%i22) bfdigits(q6);

(%022) 20

Again with g a 20 digit number defined above, defining : sin(q) in a global environment in which

fpprec = 16 , results in a 16 digit number.

(%i23) g3 : sin(q);

(%023) 8.414709848078965b-1
(%i24) bfdigits(q3);

(%024) 16

(%i25) g4 : sin(q), fpprec:20;
(%025) 8.4147098480789650665b-1
(%i26) bfdigits(q4);

(%026) 20

2.2 Bigfloat Numbers and fpprintprec
Controlling Printed Digits with fpprintprec

When using bigfloat numbers, the screen can quickly fill unwitmbers with many digits, arfdprintprec
allows you to control how many digits are displayed wheniegllisp , display , print , andprintf
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For bigfloat numbers, whelipprintprec has a value greater th&wand less thafpprec, the number of digits
printed is equal tdpprintprec . If fpprintprec = 0 then all the bigfloat digits are printetpprintprec cannot
be 1. The setting ofpprintprec does not affect the precision of the bigfloat arithmeticiedrout, only the
setting offpprec matters.

We can use local temporary valuesfigfrintprec andfpprec in interactive work.

(%il) load(bfloat);

(%01) "c:/work3/bfloat.mac"

(%i2) [fpprec,fpprintprec];

(%02) [16,0]

(%i3) q : integrate(exp(x),x,-1,1);

(%03) %e-%e"-1

(%i4) q : bfloat(q),fpprec : 45;

(%04) 2.35040238728760291376476370119120163031143596 b0
(%i5) bfdigits(q);

(%05) 45

(%i6) print (q),fpprintprec : 12$%

2.35040238728b0

(%i7) fpprec;

(%07) 16

(%i8) print (q),fpprintprec : 15%

2.3504023872876b0

(%i9) print (q),fpprintprec : 16%
2.35040238728760291376476370119120163031143596b0
(%i10) print (q),fpprintprec : 17$
2.35040238728760291376476370119120163031143596b0
(%i11) print (q),fpprec:18, fpprintprec : 17%
2.3504023872876029b0

(%i12) print (q),fpprec:19, fpprintprec : 18%
2.35040238728760291b0

(%il3) fpprintprec;

(%013) 0

(%i14) print(g)$
2.35040238728760291376476370119120163031143596b0

Either or both of the parametefigprec andfpprintprec can be used as local variables inside a function or in
an assignment statement defined usitark, and set to local value(s) which do not affect the globairsgtt

If used in a function, such locally defined valuesfgbrec andfpprintprec govern the bigfloat calculations
in that function and in any functions called by that functiamd in any third layer functions called by the
secondary layer functions, etc.

Here is a simple pedagogical example of usigrk to produce an assignment statement (not a function).
(Recall that oumaxima-init. mac file has the linalisplay2d:false ).

(%il5) [fpprec,fpprintprec];

(%015) [16,0]

(%il6) piby2 : block([fpprintprec,fpprec:30,val],
val:bfloat(%pi/2),

fpprintprec:8,
disp (val),
display (val),
print(" val = " val),
print("  bfdigits(val) = ", bfdigits(val) ),
val);

1.5707963b0

val = 1.5707963b0

val = 1.5707963b0

bfdigits(val) = 30
(%016) 1.57079632679489661923132169164b0
(%il7) bfdigits(piby2);
(%017) 30
(%il18) [fpprec,fpprintprec];
(%018) [16,0]
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An alternative assignment statement which does nobles& but does use local temporary values of
fpprintprec andfpprec (and has the defect of introducing a global value for the syimdél ) is:

(%i19) piby2 : (val:bfloat(%pi/2),

disp (val),

display (val),

print(" val = " val),

print("  bfdigits(val) = ", bfdigits(val) ),val ), fpprintp rec:8, fpprec:30;

1.5707963b0
val = 1.5707963b0

val = 1.5707963b0
bfdigits(val) = 30
(%019) 1.57079632679489661923132169164b0
(%i20) piby2;
(%020) 1.57079632679489661923132169164b0
(%i21) bfdigits(piby2);
(%021) 30
(%i22) val;
(%022) 1.57079632679489661923132169164b0

Next we illustrate a function passing both a bigfloat numisewall as local values dpprec andfpprintprec
to a second function. Here functiéh is designed to call functiof? :

(%i23) f2(w) := block([v2 ],
print (" in function f2 "),
display([w,fpprec,fpprintprec]),
print (* bfdigits(w) = ", bfdigits(w)),
V2 @ sin(w),
print (" v2 = sin(w) = ", v2),
print (" bfdigits(v2) = ", bfdigits(v2) ),
print(" "),
v2 )$

(%i24) f1(x, fpp, fpprt) := block([fpprintprec,fpprec:fp p,v1],
fpprintprec:fpprt,
display([x,fpprec,fpprintprec]),
print(" in function f1, call f2(x) "),
vl : f2(bfloat(x))"2,

print(" back in f1, vl = sin(x)’2 = ",v1),
print(" bfdigits(vl) = " bfdigits(vl)),
vl )$

And here we calfl1 with valuesx = 0.5, fpp = 30, fpprt = 8

(%i25) q : f1(0.5,30,8);
[x,fpprec,fpprintprec] = [0.5,30,8]

in function f1, call f2(x)
in function f2
[w,fpprec,fpprintprec] = [5.0b-1,30,8]

bfdigits(w) = 30
v2 = sin(w) =  4.7942553b-1
bfdigits(v2) = 30

back in fl, vl = sin(x)2 = 2.2984884b-1
bfdigits(vl) = 30

(%025) 2.29848847065930141299531696279b-1
(%i26) q;

(%026) 2.29848847065930141299531696279b-1
(%i27) bfdigits(q);

(%027) 30

(%i28) [fpprec,fpprintprec];

(%028) [16,0]

We see that the called functiéhd maintainghe values ofpprec andfpprintprec which exist in the call-
ing functionfl .
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Bigfloat numbers are “contagious” in the sense that, for ggtapmultiplying (or adding) an integer or ordinary
float number with a bigfloat results in a bigfloat number. Indbeve examplsin(w) is a bigfloat sincev is
one.

(%i29) fpprec:20$
(%i30) q : bfloat(2);
(%030) 2.0b0

(%i31) bfdigits(q);
(%031) 20

(%i32) q1 : 1 + q;
(%032) 3.0b0

(%i33) bfdigits(ql);
(%033) 20

(%i34) g2 : 1.0 + q;
(%034) 3.0b0

(%i35) bfdigits(q2);
(%035) 20

(%i36) g3 : sin(g2);
(%036) 1.411200080598672221b-1
(%i37) bfdigits(q3);
(%037) 20

The Maxima symbobopi is not automatically converted to a numerical value by cgiotaand an extra use of
bfloat does the conversion.

(%i38) a : 2.38b-1%$

(%i39) a;

(%039) 2.38b-1

(%i40) bfdigits(a);

(%040) 20

(%i41) g4 : exp(%pi *a);
(%041) %e"(2.38b-1  *%pi)
(%i42) g4 : bfloat(q4);
(%042) 2.1121345085033606761b0
(%i43) bfdigits(q4);

(%043) 20

The following example illustrates how the settingprec can affect what is printed to the screen when doing
bigfloat arithmetic.

(%i44) fpprec;

(%044) 20

(%i45) gl : bfloat(1);

(%045) 1.0b0

(%i46) bfdigits(ql);

(%046) 20

(%i47) g2 : bfloat(107(-25));
(%047) 1.0b-25

(%i48) bfdigits(q2);

(%048) 20

(%i49) g3 : gl + g2;

(%049) 1.0b0

(%i50) g3, fpprec:25;

(%050) 1.0b0

(%i51) g3, fpprec:26;

(%051) 1.0b0

(%i52) g3 : gl + g2,fpprec:26;
(%052) 1.0000000000000000000000001b0
(%i53) bfdigits(q3);

(%053) 26

Note thatlb-25 is the bigfloat version of0=2°. In the case above the valuefpprec is large enough to see
the effect of the bigfloat addition.
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2.3 Using print with Bigfloats

In Sec. 2.2 we described the relations between the settinfppeec andfpprintprec and we repeat some of
that discussion here. Once you have generated a bigfloatsatie precision, it is convenient to be able to
control how many digits are displayed. We start with the usprmt . If you start with the global default
value of16 for fpprec and the default value df for fpprintprec, you can use a simple one line command for
a low number of digits, as shown in the following. We first defabigfloaty to havefpprec = 45 digits of
precision:

(%il) load(bfloat);

(%01) "c:/work3/bfloat.mac"

(%i2) [fpprec,fpprintprec];

(%02) [16,0]

(%i3) integrate(exp(x),x,-1,1);

(%03) %e-%e"-1

(%i4) q : bfloat(%),fpprec : 45;

(%04) 2.35040238728760291376476370119120163031143596 b0
(%i5) bfdigits(q);

(%05) 45

We then userint  with fpprintprec to get increasing numbers of digits on the screen. When the te
porary value ofpprintprec is equal to the global value @fprec (here 16), all 45 digits are printed out.
To get only 16 digits printed to the screen, you need to seta kemporary value dpprec greater than or
equal to 17.

(%i6) print(q),fpprintprec:5%

2.3504b0

(%i7) print(q),fpprintprec:15$

2.3504023872876b0

(%i8) print(q),fpprintprec:16$
2.35040238728760291376476370119120163031143596b0
(%i9) print(q),fpprintprec:0$
2.35040238728760291376476370119120163031143596b0
(%i10) print(q),fpprec:21,fpprintprec:20$
2.3504023872876029137b0

(%ill) print(q),fpprec:17,fpprintprec:16$
2.350402387287602b0

(%il2) [fpprec,fpprintprec];

(%012) [16,0]

A functionbfprint , defined inbfloat.mac  with the code

bfprint(smsg,xbf,fpp) :=
block([fpprec, fpprintprec ],
fpprec : fpp + 1,
fpprintprec : fpp,
print (smsg, xbf))$

can be used to implement this idea:

(%i13) bfprint(" q16 = ",q,16)$
qlé = 2.350402387287602b0
(%i14) bfprint(" gq20 = ",q,20)$
20 = 2.3504023872876029137b0
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2.4 Using printf with Bigfloats

We first show some interactive usemintf with bigfloats.

13

(%il5) q : bfloat(exp(-20)),fpprec : 30;
(%015) 2.06115362243855782796594038016b-9
(%il6) bfdigits(q);
(%016) 30
(%i17) printf(true,"d™a",3,string(q))$
32.06115362243855782796594038016b-9
(%i18) printf(true,” d "a",3,string(q))$
3 2.06115362243855782796594038016b-9
(%il9) (printf(true,” ~d "a™%",3,string(q)),
printf(true," ~d "a",3,string(q)))$
3 2.06115362243855782796594038016b-9
3 2.06115362243855782796594038016b-9

The format string is enclosed in double quotes, widlused for an integef,f used for a floating point number,
“a used for a Maxima string,e used for exponential display of a floating point number, ahdised for a
bigfloat number. You can include the newline instructiorhwi% anywhere and as many times as you wish.
In the example above, we used the string formatting to dysihla bigfloat numbeq, which required thag) be
converting to a Maxima string usirgiring. Because we did not include any spaces between the intageato

instruction™ d and the string format charactea in our first attempt, we ge82.0...instead of3 2.0...

To control the number of significant figures displayed, wefppentprec :

(%i20) printf(true,” “d "a",3,string(q)), fpprintprec:8 $
3 2.0611536b-9

Next let's show what we get if we use the other options:

(%i21) printf(true," ~d “,3,0)$
3 0.000000002061153622438558
(%i22) printf(true," ~d "e",3,0)%
3 2.061153622438558e-9
(%i23) printf(true," ~d "h",3,0)$
3 0.00000000206115362243855782796594038016
(%i24) printf(true,” °d “h",3,q),fpprintprec : 12%
3 0.00000000206115362243

2.5 A Table of Bigfloats using printf

Here is an example of usimgintf with bigfloats inside &lock to make a table.

(%i25) print_test(fp) :=
block([fpprec,fpprintprec,val],
fpprec : fp,
fpprintprec : 8,
display(fpprec),
print("  k value "),
print(" "),
for k thru 4 do

( val : bfloat(exp(k"2)),

printf(true,” ~d a "%"k,string(val) ) ))$

(%i26) print_test(30)$
fpprec = 30

k value

1 2.7182818b0

2 5.459815b1

3 8.1030839b3

4 8.8861105h6
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Note the crucial use of the newline instructit¥ to get the table output. Many examplesprintf can be
found in the Maxima manual under the index listirintf ~ and many more in
....Ishare/stringproc/rtestprintf.mac

We can userintf  (for headings and space) insteachdht  with an alternative version.

(%i27) print_test2(fp) =

block([fpprec,fpprintprec,val],

fpprec : fp,

fpprintprec : 8,

display(fpprec),

printf(true,"% "a "a "% %" k,value),

for k thru 4 do

( val : bfloat(exp(k"2)),
printf(true,” ~d "a %" k,string(val) ) ))$

Here we try out the alternative function wifpn = 30 :

(%i28) print_test2(30)$
fpprec = 30
k value
1 2.7182818b0
2 5.459815b1
3 8.1030839b3
4 8.8861105h6

2.6 Adding Bigfloats Having Differing Accuracy

If A andB are bigfloats with different accuracy, the accuracy (cdroigits) of the sum(A + B) is the
accuracy (correct digits) of the least accurate number. rAexample, lepi50 be an approximation ta
accurate to 50 digits, and Ipil00 be an approximation te accurate to 100 digits. The supisum , is only
accurate to 50 digits, as seen by a comparison with the védl2e calculated using 100 digit arithmetic
(twopi ) which is taken as the “true value” when calculating absoartor.

(%i1) fpprintprec:8$

(%i2) fpprec;

(%02) 16

(%i3) pil00 : bfloat(%pi),fpprec:100;
(%03) 3.1415926b0

(%i4) pi50 : bfloat(%opi),fpprec:50;
(%04) 3.1415926b0

(%i5) abs(pi50 - pil00),fpprec:101;
(%05) 1.0106957b-51

(%i6) twopi : bfloat(2 * %opi),fpprec:100;
(%06) 6.2831853b0

(%i7) pisum : pi50 + pil00,fpprec:100;
(%07) 6.2831853b0

(%i8) pisum - twopi,fpprec:101;

(%08) 1.0106957b-51
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2.7 Polynomial Roots Using bfallroots

The Maxima functiorbfallroots has the same syntax atroots , and computes numerical approxima-
tions of the real and complex roots of a polynomial or polyrerexpression of one variable. In all respects,
bfallroots is identical toallroots  except thabfallroots computes the roots using bigfloats, and to
take advantage of bigfloats you need to set lifptec  andratepsilon ~ to compatible values (as our exam-
ple shows). The source codelgéliroots is in the file.../share/src/cpoly.lisp

Our example is a cubic equation whose three degenerate aootsimplyr. We first compute a 50 digit
approximation to the true root.

(%il) load(bfloat);

(%01) "c:/work3/bfloat.mac"

(%i2) fpprec;

(%02) 16

(%i3) pi50 : bfloat(%pi),fpprec:50;

(%03) 3.14159265358979323846264338327950288419716939 93751b0
(%i4) bfdigits(pi50);

(%04) 50

We next define the symbolic cubic expression whose roots wednixe to approximately calculate.

(%i5) e : expand ( (x-%pi)"3);
(%05) x"3-3  *%pi* X 2+3 * %pi"2 * x-%pi°3

As a warm-up, we use the default 16 digit floating point prieci&nd find the root(s) using bo#ilroots
andbfallroots . We first need to turn the symbolic expression into a polyrmbrvhose coefficients have
the default 16 digit accuracy.

(%i6) el6 : float(e);
(%06) x"3-9.42477796076938 *X"2+29.60881320326807  *x-31.00627668029982

Now find the approximate roots of this numerical polynomiat iusingallroots . We remind the reader of
the Maxima Manual description aflroots

allroots (eqn)
Computes numerical approximations of the real and complex r oots of the
polynomial expr or polynomial equation egn of one variable.

The flag polyfactor when true causes allroots to factor the p olynomial over
the real numbers if the polynomial is real, or over the comple X numbers,
if the polynomial is complex.

allroots may give inaccurate results in case of multiple roo ts. If the polynomial
is real, allroots (%i *p) may yield more accurate approximations than allroots (p)
as allroots invokes a different algorithm in that case.

Following the manual’s suggestion,

(%i7) sarl6 : map (rhs, allroots (%i *el16));

(%07) [3.14159265358979-1.887379141862766e-15 * %%,
9.992007221626409e-16  * %i+3.141592653589795,
8.881784197001252e-16  * %i+3.141592653589795]

We first check to see how well the approximate solutions belaafar as causing the approximate numerical
polynomial to be zero (as roots should do). We are using tHeawversiornfor s in alist do...

(%i8) for s in sarl6 do disp( expand (subst (s, x, €16)))$
6.310887241768094e-30  * %i

-6.310887241768094e-30 = %i

-3.155443620884047e-30  * %i
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which is very good root behavior. The appearancéodfis due to our askingllroots  for the roots of
%i*el5:

(%i9) for s in sarl6 do disp( expand (subst (s, X, %i *e16)))$
-6.310887241768094e-30

6.310887241768094e-30

3.155443620884047e-30

We next compare the approximate roots (taking realpart)30. p

(%i10) for s in sarl6 do disp (pi50 - realpart(s))$
3.663735981263017b-15

-1.665334536937735b-15

-1.665334536937735b-15

The above accuracy in findingcorresponds to the default floating point precision beiregus

Retaining the default 16 digit precision, we try daféallroots . The Manual has the description

bfallroots (eqgn)
Computes numerical approximations of the real and complex r oots
of the polynomial expr or polynomial equation egn of one vari able.

In all respects, bfallroots is identical to allroots except that bfallroots
computes the roots using bigfloats. See allroots for more in formation

(%ill) sbfarl6é : map (’rhs, bfallroots (%i *e16));

(%011) [3.141592653589788b0-1.207367539279858b-15 * %%,
5.967448757360216b-16  * %i+3.141592653589797h0,
6.106226635438361b-16  * %i+3.141592653589795b0]

We then again check the roots against the expression:

(%i12) for s in sbfarl6 do disp( expand (subst (s,x,el6)))$
7.888609052210118b-31  * %i+2.664535259100376b-15

1.332267629550188b-15

1.332267629550188b-15-3.944304526105059b-31 * %i

and compare the accuracy against our “true value”.

(%i13) for s in sbfarl6 do disp (pi50 - realpart(s))$
5.662137425588298b-15

-3.774758283725532b-15

-1.554312234475219b-15

Thus we see thdifallroots provides no increased accuracy unless wdpaec andratepsilon to
values which will cause Maxima to use higher precision.

In order to demonstrate the necessity of settetgpsilon , we first try outbfallroots using only the
fpprec setting. Let’s try to solve for the roots with 40 digit acceyafirst converting the symbolic cubic to a
numerical cubic with coefficients having 40 digit accuracy.
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(%il4) e;
(%014) X"3-3  *%pi*x"2+3 * %pi"2 * x-%pi"3
(%i15) fpprec:40$
(%il6) e40 : bfloat(e);
(%016) x"3-9.424777960769379715387930149838508652592 b0* x"2
+2.960881320326807585650347299962845340594b1 * X
-3.100627668029982017547631506710139520223b1
The coefficients are now bigfloats, with the tell-tal@ or b1 power of ten factor attached to the end.
Now we seek the roots usirgfallroots , using 40 digit arithmetic. The global paramebdtorat by

default has the valufalse , which causes the parametatepsilon  (default value =2.0e-15 ) to govern
the tolerance for the conversion of floats and bigfloats tomat numbers. The code fil#loat.mac  has the
line ratprint:false , SO we are restoring the Maxima defautt¢ ) in order to monitor the conversion of
floats and bigfloats to rational numbers here.

(%il7) bftorat;

(%017) false

(%i18) ratprint:true$

(%il9) ratepsilon;

(%019) 2.0e-15

(%i20) sbfar40 : map (’rhs, bfallroots (%i *e40));

‘rat’ replaced -3.10062766802998201754763150671013952
‘rat’ replaced 2.960881320326807585650347299962845340

‘rat’ replaced -9.42477796076937971538793014983850865

by -314736901/10150748 = -3.10062766802998163288065076

by 81466873/2751440 = 2.960881320326810688221440409385

0223B1

5835187712275B1
594B1

630796965B1

2592B0

by -245850922/26085593 = -9.42477796076937948084983155
(%020) [4.067836769152171502691170240490135999242b-5 * %l
+3.141616139025696356200813766622571203502b0,
3.14154568271798676844820401936706004245b0
-1.548009312010808033271429697254614341017b-36
3.141616139025696356200813766622571206183b0
-4.067836769152171502691170240489981198311b-5

2612202452135B0

* %I,

* %i]

Check the 40 digit expression using these roots

(%i21) for s in sbfar40 do disp (expand (subst (s,x,e40)))$

(-1.322021252743128684063725037210791852918b-18 * %%i)
-1.036323768523864674946697445152469123351b-13
(-1.024594606934776373480991399282522431152b-44 * %%i)

-1.036300870684467447465412546012022927675b-13

1.322021252743128684063725037210791852918b-18
-1.036323768523864674946697408418270660154b-13

* %

and check the closeness of the roots to the “true value”,

(%i22) for s in sbfard0 do disp (pi50 - realpart(s))$
-2.348543590311773817038334306831930475506b-5

4.697087180647001443936391244284174701383b-5

-2.348543590311773817038334306832198580053b-5

which are really poor results, apparently caused by inatewat replacement of decimal coefficients by
ratios of whole numbers. Look, for example, at the third egglacement above and its difference from the

actual 40 digit accurate number (becatiggec now has the global value 40, we don’t need to wrap the
bigfloat arithmetic withbfloat ):
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(%i23) 9.424777960769379715387930149838508652592h0 -

(%023) 2.345380985972263062004572847577426683425b-16
(%i24) bfloat (9.424777960769379715387930149838508652

(%024) 2.345380985972263062004572847577426683425b-16

9.424777960769379480849831552612202452135b0;

9.424777960769379480849831552612202452135b0);

592b0 -

So we are driven to the conclusion that, with the presengdesi Maxima, we must seatepsilon

toa

small number which somehow “matches” the settingppirec

(%i25) ratepsilon : 1.0e-41$
(%i26) sbfar40 : map ('rhs, bfallroots (%i * e40));
‘rat’ replaced -3.10062766802998201754763150671013952

‘rat’ replaced 2.960881320326807585650347299962845340
by 1094430324967716480409/36962991979932468848 =
2.960881320326807585650347299962845340594B1
‘rat’ replaced -9.42477796076937971538793014983850865
by -787357891006146598194/83541266890691994833 =
-9.424777960769379715387930149838508652592B0
(%026) [3.141592653589793238462643383279502884197h0,
3.141592653589793238462643383279502884192b0
-2.066298663554802260101294694335978730541b-40
2.066298663554802260101294694335978730541b-40
+3.141592653589793238462643383279502884203h0]
(%i27) for s in sbfard0 do disp (expand (subst (s,x,e40)))$
2.20405190779178907744138100729171064591b-39

0.0b0

7.346839692639296924804603357639035486367b-40
(%i28) for s in sbfar40 do disp (pi50 - realpart(s))$
9.183549615799121156005754197048794357958b-41
5.050952288689516635803164808376836896877b-39

-5.510129769479472693603452518229276614775b-39

by -689775162029634828708/22246307389364524529 =
-3.100627668029982017547631506710139520223B1

0223B1

594B1

2592B0

* %,
* %l

which provides roughly 40 digit accuracy solutions for thets.

An alternative to increasing the sizeratepsilon
the same good results as increasiagpsilon
valuefpprec:40 above, and we restoratepsilon

to matchfpprec is to setbftorat  totrue with almost
from its default value. Recall that we have set the global
to its low default value.

(%i29) fpprec;

(%029) 40

(%i30) ratepsilon:2.0e-15;

(%030) 2.0e-15

(%i31) bftorat:true$

(%i32) sbfar40 : map ('rhs, bfallroots (%i *e40));

‘rat’ replaced -3.10062766802998201754763150671013952
by -689775162029634828708/22246307389364524529
-3.100627668029982017547631506710139520223B1

‘rat’ replaced 2.960881320326807585650347299962845340
by 1094430324967716480409/36962991979932468848

‘rat’ replaced -9.42477796076937971538793014983850865
by -265099323460521503743/28127911826039502680

(%032) [3.141592653589793238462643383279502884173b0
-5.48717089543997489071343813273665462888b-39
3.053530247253207784371913270518724124021b-39
+3.141592653589793238462643383279502884215h0,
2.433640648186767106341524862217930504859b-39
+3.141592653589793238462643383279502884203hb0]

= 2.960881320326807585650347299962845340594B1

-9.424777960769379715387930149838508652591B0

0223B1

594B1

2592B0

* %,
* 9pi

* %
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(%i33) for s in sbfard0 do disp (expand (subst (s,x,e40)))$
0.0b0

4.318084277547222312693175931400199785558b-78 * %i
-2.20405190779178907744138100729171064591b-39

-2.159042138773611156346587965700099892779b-78 * %

(%i34) for s in sbfar40 do disp (pi50 - realpart(s))$
2.378539350491972379405490337035637738711b-38

-1.772425075849230383109110560030417311086b-38

-5.693800761795455116723567602170252501934b-39

Of course, you can ugatprint : false to avoid those pesksat conversion messages.

2.8 Finding Highly Accurate Roots using bffind _root

The syntax obf_find_root is the same afind_root . If expr is an expression depending on the variable
X, then

‘ bf_find_root (expr, x, a, b) |

or, if f is a defined function, for exampéin ,

‘ bf_find_root (f, a, b) |

There are two optional arguments, for examgibserr = 1.0b-20  orrelerr = 1.0b-30 , for example,
but normally one can omit these optional arguments with geesdlts, as we will see.

The given expression (or function, in the second syntaximeyshould have opposite signs at the two ends
of the interval; the root is sought in the given interf@ab] . Thus, this function will not find a root which
involves an expression which only touches yk@ axis but does not cross it.

A simple example using an expression is a fourth order Legepdlynomial. We first useolve to get
approximate roots using the default 16 digit floating ponthanetic.

(%il) p4 : legendre_p(4,x);

STYLE-WARNING: redefining MAXIMA::SIMP-UNIT-STEP in DEF UN
STYLE-WARNING: redefining MAXIMA::SIMP-POCHHAMMER in DE FUN
(%01) (-10 *(1-x))+(35  *(1-x)4)/8-(35 *(1-X)"3)/2+(45  *(1-x)"2)/2+1
(%i2) solve(p4,x);

(%02) [x = -sqrt(2 *sqrt(30)+15)/sqrt(35),x = sqrt(2 * sqrt(30)+15)/sqrt(35),
X = -sqrt(15-2  *sqrt(30))/sqrt(35),x = sqrt(15-2 * sqrt(30))/sqrt(35)]
(%i3) float(%);
(%03) [x = -0.8611363115940526,x = 0.8611363115940526,x = -0.3399810435848562,

x = 0.3399810435848562]
(%i4) fpprintprec:8$
(%i5) [x1,x2,x3,x4] : map (rhs,%03);
(%05) [-0.86113631,0.86113631,-0.33998104,0.33998104 ]
(%i6) for z in % do print (z, ev(p4.x = z))$
-0.86113631 3.5527137e-15
0.86113631 -2.220446e-16
-0.33998104 3.5527137e-15
0.33998104 8.8817842e-16
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Now we focus on getting the value of the root nea&4 using 40 digit arithmetic wittbf find_root

(%i7) fpprec : 40$

(%i8) rt : bf_find_root(p4,x,0.3,0.4);

(%08) 3.3998104b-1

(%i9) p4.x = rt;

(%09) 3.6734198b-40

(%i10) fpprintprec : 0$

(%ill) rt;

(%011) 3.399810435848562648026657591032446872006b-1

A simple example using a defined functionfist) = 1 — 22/3 — sin(z), which has a root which can be
graphically located using

(%i10) plot2d([1-2 *X/3 - sin(x),[discrete,[[0,0],[1,0]1]],[x,0,1],
[style,[lines,2]],[legend,false])$

which produces the plot (after toggling on the grid):

e = s s ]

_0.6 1 I I 1

Figure 1:f(z) =1 —2x/3 — sin(x)

Placing the cursor at the position of the curve crossing thgig, we findx-root = 0.62  roughly. We can
then find a more accurate value:

(%il1) g(x) =1 - 2 *x/3 - sin(x)$

(%i2) 9(0.62);

(%02) 0.005631506129361585

(%i3) fpprec : 40$

(%i4) rt : bf_find_root(g,0.6,0.64);

(%04) 6.2380651896161231998761522616487920495b-1
(%i5) o(rt);

(%05) -2.29588740394978028900143854926219858949b-41

2.9 Bigfloat Number Gaps and Binary Arithmetic

The value of the integdpprec determines the number of DECIMAL digits to be retained in shesequent
arithmetic. In fact, thexctual arithmetic is carried out witlinary arithmetic. Due to the inevitably finite
number of binary bits used to represent a floating point nuraba bigfloat, there will be a range of floating
point numbers (or bigfloats) which are not recognised asisifft.
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The internal Lisp representation of a bigfloat is

‘ ( (BIGFLOAT SIMP precision) mantissa exponent ) |

in which precision is an integer which is related to the number of bits of precisnh the mantissa (the
number of bits in the “fractional parfsee below] of a bigfloat isprecision - 1 ), and this number can
be retrieved from the console prompt usitfgprec

Here is an example of settirigprec to the integer 2:

(%i1) fpprec:2$
(%i2) ?fpprec;
(%02) 9

(%i3) :lisp $fpprec
2

(%i3) :lisp fpprec
9

so if we ask for Zecimal digits of precision (two digit arithmetic, with the answeunded to 2 digits), Lisp
uses 8 bits of precision in the fractional part of the bigfloat

The “exponent” is a signed integer representing the scalesofiumber.

The “mantissa” is a signed integer used to represent adrzaltportion defined by

‘ fraction = mantissa / 2°(precision) |

such that the actual decimal number is the product

‘ fraction * 2"(exponent) |

We start with a bigfloat which is represented by both a zermegpt and a zero mantissa (and hence a zero
fraction), retainingpprec=2 for now.

(%i3) x : 0.0b0$
(%i4) :lisp $x;
((BIGFLOAT SIMP 9) 0 0)

Here is another example

(%i4) x : 1.0bo;

(%04) 1.0b0

(%i5) ?print(x);

((BIGFLOAT SIMP 9) 256 1)
(%05) 1.0b0

(%i6) :lisp $x

((BIGFLOAT SIMP 9) 256 1)

We can also define a value »finside the Lisp interpreter. (We are usimgetq instead ofsetq or setf to
avoid useless noise from the SBCL Lisp interpreter.)

(%i6) :lisp (msetq $x '((BIGFLOAT SIMP 9) 0 0))
((BIGFLOAT SIMP 9) 0 0)

(%i6) Xx;

(%06) 0.0b0
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If we increase the mantissa integer by 1, weZyeb-3 .

(%i7) :lisp (msetqg $u '((BIGFLOAT SIMP 9) 1 0))
((BIGFLOAT SIMP 9) 1 0)

(%i7) u;

(%07) 2.0b-3

Consider the gap around the numkefioat(2/3) for the casdpprec = 4. We will find that?fpprec has the
valuel6 and that Maxima behaves as if (for this case) the fractioaglqf a bigfloat number is represented by
the state of a system consistingld binary bits.

Letu = 2718 If we letxl = x + u we get a number which is treated as having a nonzero differmom
x. However, if we letw be a number whose least significant decimal digit is one leas i, and define
x2 = x + w, x2 Is treated as havingero difference fromx. Thus the gap in bigfloats around our choses
roughlyulp = 2 - 2718 = 2717 ~ 7.63b — 6, and this gap should be the same size (as lorfg@sc = 4) for
any bigfloat with a magnitude less than

If we consider a bigfloat number whose decimal magnitudesis fleanl, its value is represented by a “frac-
tional binary number”. For the case that this fractionalapjnnumber is the state dfg8 (binary) bits, the
smallest base 2 number which can occur is the state in whitlitsiare off (0) except the least significant bit
which is on (1), and the decimal equivalent of this fractidsiaary number is preciselg 8. Adding two
bigfloats (each of which has a decimal magnitude less 1havhen each is represented by the state o1&n
binary bit system (interpreted as a fractional binary numpbieis not possible to increase the value of any one
bigfloat by less than this smallest b&seumber.

Continuing with ourfpprec = 4 example:

(%il) fpprec;

(%01) 16

(%i2) fpprec:4$

(%i3) ?fpprec;

(%03) 16

(%i4) x :bfloat(2/3);
(%04) 6.667b-1

(%i5) u : bfloat(27(-18));
(%05) 3.815b-6

(%i6) x1 : x + u;

(%06) 6.667b-1

(%i7) x1 - x;

(%07) 1.526b-5

(%i8) x2 : x + 3.814b-6;
(%08) 6.667b-1

(%i9) x2 - x;

(%09) 0.0b0

(%il0) ulp : bfloat(2°(-17));
(%010) 7.629b-6

In computer sciencénit in the Last Place, or Unit of Least Precision ulp(x), associated with a floating
point numbetx is the gap between the two floating-point numbers closes$tg@aluex. We assume here that
the magnitude ok is less than 1. These two closest numbers witkbe u andx — u whereu is the smallest
positive floating point number which can be accurately repnéed by the systems of binary bits whose states
are used to represent the fractional parts of the floatingtpoimbers.

The amount of error in the evaluation of a floating-point @pien is often expressed in ULP. We see that for
foprec =4, 1 ULP is abouB - 10-6. An average error of 1 ULP is often seen as a tolerable error.



2 BIGFLOAT NUMBERS IN MAXIMA 23

We can repeat this example for the csarec = 16.

(%i11) fpprec:16$

(%il2) ?fpprec;

(%012) 56

(%il3) x :bfloat(2/3);

(%013) 6.666666666666667b-1
(%il4) u : bfloat(2°(-58));
(%014) 3.469446951953614b-18
(%il5) x1 : x + u;

(%015) 6.666666666666667b-1
(%il6) x1 - x;

(%016) 1.387778780781446b-17
(%i17) x2 : x + 3.469446951953613b-18;
(%017) 6.666666666666667b-1
(%il8) x2 - x;

(%018) 0.0b0

(%i19) ulp : bfloat(2°(-57));
(%019) 6.938893903907228hb-18

2.10 Effect of Floating Point Precision on Function Evaluabn

Increasing the value dpprec allows a more accurate numerical value to be found for theevaf a function

at some point. A simple function which allows one to find theabte value of the change produced by in-

creasing the value dpprec has been presented by Richard Faterndimis function isuncert( f, arglist), in
which f is a Maxima function, depending on one or more variables,agtist is the n-dimensional point at
which one wants the change in valuef giroduced by an increase fpiprec by 10. This function returns a two

element list consisting of the numerical value of the fumictat the requested point and also the absolute value

of the difference induced by increasing the value of theanufpprec setting by the amouritO.

We present here a version of Fateman'’s function which hadditi@anal argument to control the amount of the

increase ofpprec, and also has been simplified to accept only a function of anable.

The functionfdf is defined in the Ch. 9 filefloat.mac,

| * fdf(f,x,dfp) finds the absolute value
of the difference of f(x) at the current
value of fpprec and at the value (fpprec+dfp),
and returns [f(x), df(x)]
*/

fdf (%ff, %xx, %dfp) :=
block([fv1,fv2,df],
fvl : bfloat (%ff (bfloat (%xx))),
block ([fpprec : fpprec + %dfp ],
fv2: Dbfloat (%ff (bfloat (%xx))),
df: abs (fv2 - fvl) ),
[bfloat (fv2), bfloat (df)] )$

Here is an example of how this function can be used.

(%il) load(bfloat);

(%01) "c:/work3/bfloat.mac"

(%i2) fpprintprec:8$

(%i3) g(x) := sin(x/2)$

(%i4) fpprec;

(%04) 16

(%i5) fdf(g,1,10);

(%05) [4.7942553b-1,1.834924b-18]

*see his draft paper “Numerical Quadrature in a Symbolic/Hical Setting”, in the filequad.pdf in the folder:
http://www.cs.berkeley.edu~fateman/papers/
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(%i6) fdf(g,1,10),fpprec:30;

(%06) [4.7942553b-1,2.6824592b-33]
(%i7) fpprec;

(%07) 16

In the first examplefpprec is 16, and increasing the value &6 produces a change in the function value of
about2 x 10718, In the second examplgprec is 30, and increasing the value 40 produces a change in the
function value of abous x 10733,

In the later section describing the “tanh-sinh” quadratmethod, we will use this function for a heuristic
estimate of the contribution of floating point errors to tpg@ximate numerical value produced for an integral
by that method.

3 High Accuracy Quadrature with Maxima

3.1 Using bromberg for High Accuracy Quadrature

A bigfloat version of the Romberg quadrature method is definédsp code in the file
...Ishare/numeric/brmbrg.lisp . You need to uséad(brmbrg)  or load("brmbrg.lisp") to be
able to use the functiobromberg.

The use obromberg is identical to the use abmberg (see the Maxima Manual entry fesmberg ) except
thatrombergtol (used for a possible return based on relative error) is ceplay the bigfloabrombergtol with

a default value of..0b-4 andrombergabs (used for a possible return based on the absolute errorplisced
by the bigfloatorombergabswhich has the default valug&0bQ andrombergit (which causes an return after
halving the step size that many times) is replaced by thg@anterombergit which has the default valu®l,
and finally,rombergmin (the minimum number of halving iterations) is replaced byititegedrombergmin
which has the default valu@

If the function being integrated has a magnitude of order @rex the domain of integration, then an given
absolute error is approximately equal to a the same relatnag. We will testbromberg using the function
exp(x) over the domaiif1, 1], and use only the absolute error parambtembergabs settingbrombergtol

to 0.0b0so that the relative error test cannot be satisfied. Thengpeaimate value of the integral is returned
when the absolute value of the change in value from one r@lt@énation to the next is less than the bigfloat
numberbrombergabs

We explore the use and behavior lmomberg for the simple integray_l1 e* dx, binding a value accurate
to 42 digits totval, defining parameter values, callibgomberg first with fpprec equal to 30 together with
brombergabsset to1.0b-15and find an actual absolute error (compared wit) of about7 x 10724,

(%il) load(bfloat);

(%01) "c:/work3/bfloat.mac"

(%i2) fpprintprec:8$

(%i3) load(brmbrg);

(%03) "C:/Program Files (x86)/Maxima-sbcl-5.36.1/share /maxima/5.36.1/share/numeric/brmbrg.lisp"
(%i4) [brombergtol,brombergabs,brombergit,orombergmi n,fpprec,fpprintprec];
(%04) [1.0b-4,0.0b0,11,0,16,8]

(%i5) integrate(exp(x),x,-1,1);

(%05) %e-%e"-1

(%i6) tval : bfloat(%),fpprec:42;

(%06) 2.3504023b0

(%i7) fpprec;

(%07) 16
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(%i8) (brombergtol:0.0b0,brombergit:100)$

(%i9) bl5:(brombergabs:1.0b-15, bromberg (exp(x),X,-1, 1) ), fpprec:30;
(%09) 2.3504023b0

(%il0) abs (b15 - tval),fpprec:42;

(%010) 6.9167325b-24

(%ill) b20:(brombergabs:1.0b-20, bromberg (exp(x),x,-1 ,1) ), fpprec:30;
(%011) 2.3504023b0

(%il2) abs (b20 - tval),fpprec:42;

(%012) 1.5154761b-29

We see that, for the case of this test integral involving d tvethaved integrand, the actual absolute error of
the result returned blyromberg is much smaller than the requested “absolute error” sugplethe parameter
brombergabs

For later use, we defingbromberg in file bfloat.mac with the code:

| * gbromberg(f,a,b,raccur,fp,itmax) sets fpprec to fp, brom bergit to itmax,
sets brombergabs to bfloat( 107(-raccur)), sets brombergt ol to 0.0b0,
calls bromberg to integrate f over [a,b].
*/
gbromberg(%f,a,b,raccur,fp, itmax ) =
block([brombergtol,brombergabs,brombergit,
fpprec:fp 1,
if raccur > fp then
( print(" raccur should be less than fp "),
return(done) ),
brombergabs : bfloat(10"(-raccur)),
brombergtol : 0.0b0,
brombergit : itmax,
bromberg(%f(x),x,a,b) )$

This function, with the syntax

‘ gbromberg ( f, a, b, raccur, fp, itmax ) |

uses the Maxima functiobromberg to integrate the Maxima functionover the intervala, b] , setting the
local value offpprec  to fp , settingbrombergtol  to 0, settingbrombergabs to 10~"2“"* whereraccur
is the “requested absolute error”.

Here is a test ofjbromberg for this simple integral.

(%il) load(bfloat);

(%01) "c:/work3/bfloat.mac"

(%i2) fpprintprec:8$

(%i3) load(brmbrg);

(%03) "C:/Program Files (x86)/Maxima-sbcl-5.36.1/share /maxima/5.36.1/share/numeric/brmbrg.lisp"
(%i4) [brombergtol,brombergabs,brombergit,orombergmi n,fpprec,fpprintprec];
(%04) [1.0b-4,0.0b0,11,0,16,8]

(%i5) gbr20 : gbromberg(exp,-1,1,20,40,100);

(%05) 2.3504023b0

(%i6) abs(gbr20 - tval);

(%06) 0.0b0

(%i7) abs(gbr20 - tval),fpprec:40;

(%07) 1.0693013b-29

We have to be careful in the above step-by-step method tipjsetc to a large enough value to see the actual
size of the absolute error in the returned answer.
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Instead of the work involved in the above step by step metih@more convenient to define a functigbrlist
which is passed a desirdédprec as well as a list of requested absolute accuracy goalsréonberg. The
functiongbrlist ~ then assumes a sufficiently accurbtal is globally defined, and proceeds through the list
to calculate thdoromberg value for each requested absolute accuracy, computestie absolute error in
the result, and prints a line containing (raccur, fppretyeavalue-error). Here is the code for such a function,
defined inbfloat.mac

defined, sets fpprec to fp,
n f over [a,b] with

| * gbrlist(f,a,b,rplist,fp,itmax) assumes tval is globally
brombergit to itmax, computes bromberg integral of functio
each raccur in rplist and computes absolute error of result.
*/
gbrlist(%f,a,b,rplist,fp,itmax) :=
block([fpprec:fp,fpprintprec,brombergtol,brombergab s,brombergit,val,verr,raccur],
if not listp(rplist) then (print("rplist # list"),return( done)),

brombergtol : 0.0b0,
brombergit : itmax,
fpprintprec:8,
print(" raccur  fpprec val verr "),
print(" "),
for raccur in rplist do
( brombergabs : bfloat(10°(-raccur)),
val: bromberg(%f(x),x,a,b),
verr: abs(val - tval),

print"  "raccur,”  "fp,”  “yval"  "verr) ) )$

and here is an example of usegidrlist in which the requested absolute erraccur is set to three different
values supplied by the lisplist ~ for each setting ofpprec  used. We use the “true” valueal computed
above. Here is our test for three different valuefppirec  (the next to last arg):

(%i8) gbrlist(exp,-1,1,[10,15,17 ],20,100)$

raccur  fpprec val verr
10 20 2.3504023b0 4.5259436b-14
15 20 2.3504023b0 1.3552527b-20
17 20 2.3504023b0 1.3552527b-20

(%i9) gbrlist(exp,-1,1,[10,20,27 ],30,100)$

raccur  fpprec

10 30
20 30
27 30

(%i10) gbrlist(exp
raccur  fpprec

10 40
20 40
30 40
35 40

val

2.3504023b0
2.3504023b0
2.3504023b0

-1,1,[10,20,30,35],40,100)$

val

2.3504023b0
2.3504023b0
2.3504023b0
2.3504023b0

verr

4.5259437b-14
1.4988357b-29
5.5220263b-30

verr

4.5259437b-14
1.0693013b-29
1.1938614b-39
1.1938614b-39

We see that witlipprec equal to40, increasingaccur from 30to 35 results in no improvement in the actual

absolute error of the result.
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When bromberg Falils

One should not try to useromberg for an integrand which has end point algebraic and/or |bigiaic

singularities. Here is an example in which the integrandahbgyarithmic singularity at the lower end point:

fol VtIn(t) dt. Theintegrate function has no problem with this integral. To illustrate throblem, we use
our homemade functiobromberg_abs(f,a,b,abserr) , defined inbfloat.mac

(%il) load(bfloat);

(%01) "c:/work3/bfloat.mac"

(%i2) g(x):= sqrt(x) *log(x)$

(%i3) i1 : integrate(g(t),t,0,1);

(%03) -4/9

(%i4) fpprec : 20%

(%i5) tval : bfloat(il);

(%05) -4.4444444444444444445h-1

(%i6) i18 : bromberg_abs(g,0,1,1.0b-18);

log: encountered log(0).

#0: g(x=0.0b0)

#1: brombergl(%f=g,a=0,b=1,n=2)

#2: bromberg_abs(%g=g,%x1=0,%x2=1,%abserr=1.0b-18)(b float.mac line 286)
-- an error. To debug this try: debugmode(true);

The Maxima code fobromberg_abs , easier to follow than the Lisp code immbrg.lisp  , is based on the
Romberg Method pseudo-code in Ch. 4 of the Seventh Ed. (280Mumerical Analysis by Burden and
Faires.

bromberg_abs(%g, %x1, %x2, %abserr) :=
block([count,maxit:20,rvall,rval2 ],

%abserr : bfloat(%abserr),

rvall : brombergl(%g,%x1,%x2,2),

count :1,
do (
rval2 : brombergl(%g,%x1,%x2,count+3),
if abs (rval2 - rvall) < %abserr then return(),
count : count + 1,
if count > maxit then (
print(" reached max number of iterations, maxit = ",maxit),
return()),
rvall : rval2 ),
rval2)$
and the first call is tbromberg1(f,a,b,n) with n=2. The code fobrombergl is

brombergl (%f, a, b, n) :=
block ([h, fxv, pxL,fxL ],
local(R),
a : bfloat(a),
b : bfloat(b),
h: (b - a),
R[1,1] : h *(%f(a) + %f(b))/2.0b0,
for i:2 thru n do (

p 1 2°(i-2),
xL : makelist(a + (k - 0.5b0) +h, k ,1,p),
fxL : map (%f, xL),
/ = approximation from trapezoidal method */
R[2,1] : ( R[1,1] + h *apply ("+", fxL) )/ 2.0b0,
/ = extrapolation */
for j:2 thru i do
R[2,j] : R[2j-1] + (R[2,j-1] - R[1,j-1])/ bfloat(4"(j-1) - 1),
h : h/2.0b0,
/= update R[1,k] */
for j:1 thru i do R[1]] : R[2,j]),
R[2,n])$
We then see that the first step takerboymbergl(f,a,b,n) is to evaluate the given integrand at both of the

endpoints of the given interval. Thus, this is more acclyatalled the Romberg End Point Method.

You can instead use the tanh-sinh quadrature method fonteigral (see Sec. 3.3).
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3.2 A Double Exponential Quadrature Method fora < x < oo

This method (H. Takahasi and M. Mori, 1974; see Sec 3.3) extffe for integrands which contain a factor
with some sort of exponential damping as the integratioratsée becomes large.

An integral of the form/. ™ g(y) dy can be converted into the integrg” f(x) dx by making the change of
variable of integratiory — x given byy = x + a. Thenf(x) = g(x + a).

The double exponential method used here then convertstégrat;* f(x) dx into the integral[*"_ F(u) du
using a variable transformation— u:

x(u) = exp(u — exp(—u)) (3.1)
and hence
F(u) = f(x(u)) w(u), where  w(u) = % = exp(—exp(—u)) + x(u). (3.2)

You can confirm thak(0) = exp(—1), w(0)=2x(0) and thatc(—oc) =0, x(c0) = 0.

Because of the rapid decay of the integrand when the magnitiudis large, one can approximate the value of
the infinite domain integral by using a trapezoidal numerical approximatiothwtep sizéh using a modest
number @ N + 1) of function evaluations.

N
I(h,N)~h Y  F(u) where u;=jh (3.3)
j=-N
This method is implemented with, for example, the functioad_de(f, a, ra, fp) defined in the Ch. 9

file quad_de.mac . We demonstrate the available functions on the simpleiatg@O e *dx=1

(%il) fpprec;

(%o01) 16

(%i2) fpprintprec:8$

(%i3) g(x):= exp(-x)$

(%i4) ival : integrate(g(x),x,0,inf);
(%o04) 1

(%i5) tval : bfloat(ival),fpprec:45;
(%05) 1.0b0

(%i6) load(quad_de);

(%06) "c:/work3/quad_de.mac"
(%i7) quad_de(g,0,30,40);

(%07) [1.0b0,4,4.8194669b-33]
(%i8) abs(first(%) - tval),fpprec:45;
(%08) 9.1835496b-41

The functionquad_de(f, a, ra, fp) integrates the Maxima functioin over the domairix > al, using
fpprec : fp, and returns a three element list whedhiff (the absolute value of the difference obtained for
the integral in successive k levels) becomes less than @l ég@a0—"2. The parametera is the “requested
accuracy”, and the value d¢f is repeatedly halved until thediff magnitude either satisfies this criterion or
starts increasing. The first element of the returned lishésapproximate value of the integral. The second
element (4 above) is the “final k-level” used, wheris related to the step siteby h = 27X, so a larger value
of k corresponds to a smaller value lnf The third and last element of the returned list is the fin&lieaf
vdiff. We see in the above example that requesting accutaey 30 and using floating point precisidpprec

. 40 results in an answer good to abditdigits. This sort of accuracy is typical.
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The package functiowlek(f, a, k, fp) integrates the Maxima functidnover the domaitia, oo using
a “k-level approximation” withh = 1 /2% andfpprec : fp, and returns an approximate value of the integral.

(%i9) idek(g,0,4,40);

(%09) 1.0b0

(%il0) abs(% - tval),fpprec:45;
(%010) 9.1835496b-41

The package functioidek_e(f, a, k, fp) does the same calculation @ek(f, a, k, fp), but returns
both the approximate value of the integral and also a routiimate of the amount of the error which is due to
the arithmetic precision being used. (The error of the axipration has three contributions: 1. the quadrature
algorithm being used, 2. the step slzbeing used, and 3. the precision of the arithmetic being.ysed

(%ill) idek_e(g,0,4,40);

(%011) [1.0b0,8.3668155h-42]
(%il2) abs(first(%) - tval),fpprec:45;
(%012) 9.1835496b-41

The package functiore(f, a, ra, fp) follows the same path apuad_de(f, a, ra, fp) , but
shows the progression toward success as the k level insréasel correspondingly decreases ), The value
vdiff  is the absolute difference between the returned approidmand the previous approximation defined
by the algorithm.

(%i13) ide(g,0,30,40)$

requested accuracy = 30 fpprec = 40
k value vdiff
1 1.0b0
2 1.0b0 4.9349774b-8
3 9.9999999b-1  4.8428706b-16
4 1.0b0 4.8194669b-33

The package functiole_test(f, a, ra, fp) follows the path ofde(f, a, ra, fp) , but adds

to the table the value of the absolute value of the error ofé¢hened result (when compared to the global value
of tval ) for eachk level attempted. The usefulness of this function dependsasing an accurate value of
the integral bound to the global varialtiel.

(%i14) ide_test(g,0,30,40)$

requested accuracy = 30 fpprec = 40
k value vdiff verr
1 1.0b0 4.9349775b-8
2 1.0b0 4.9349774b-8 4.8428706b-16
3 9.9999999b-1  4.8428706b-16 4.8194668b-33
4 1.0b0 4.8194669b-33 9.1835496b-41
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Test Integral 1

Here we test this double exponential method code with thevkriotegral

30

/Ooe—_tdt:\/F (3.4)

Vit

(%i15) g(x):= exp(-x)/sqrt(x)$

(%il6) integrate(g(t),t,0,inf);

(%016) sqrt(%opi)

(%il7) tval : bfloat(%),fpprec:45;
(%017) 1.7724538b0

(%il18) quad_de(g,0,30,40);

(%018) [1.7724538b0,4,1.0443243b-34]
(%il9) abs(first(%) - tval),fpprec:45;
(%019) 1.8860005b-40

(%i20) idek_e(g,0,4,40);

(%020) [1.7724538b0,2.7054206b-41]

Again we see that the combinaticsm= 30, fp = 40leads to an answer good to abd@accurate digits .

Test Integral 2

Our second known integral is

0

/ Tevi2at — NZIP (3.5)

(%i21) g(x) = exp(-x"2/2)$

(%i22) tval : bfloat(sqrt(%pi/2)),fpprec:45%
(%i23) quad_de(g,0,30,40);

(%023) [1.2533141b0,5,1.099771b-31]
(%i24) abs(first(%) - tval),fpprec:45;
(%024) 2.1838045b-40

(%i25) idek_e(g,0,5,40);

(%025) [1.2533141b0,1.3009564b-41]

Test Integral 3

Our third test integral is

/ e ‘costdt =1/2 (3.6)
0

(%i26) g(x) = exp(-x) *CoS(X)$
(%i27) integrate(g(x),x,0,inf);

(%027) 1/2

(%i28) tval : bfloat(%),fpprec:45$
(%i29) quad_de(g,0,30,40);

(%029) [5.0b-1,5,1.7998243b-33]
(%i30) abs(first(%) - tval),fpprec:45;
(%030) 9.1835496b-41

(%i31) idek_e(g,0,5,40);

(%031) [5.0b-1,9.8517724b-42]
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3.3 The tanh-sinh Quadrature Method fora <x <b

H. Takahasi and M. Mori (1974: see references at the end sfstgtion) presented an efficient method for
the numerical integration of the integral of a function oadinite domain. This method is known under the
names “tanh-sinh method” and “double exponential methdtiis method can handle integrands which have
algebraic and logarithmic end point singularities, and el wuited for use with high accuracy work.

Quoting (loosely) David Bailey’s (see references belowgespresentations on this subject:

The tanh-sinh quadrature method can accurately handlgedktnable functions”, even those
with “blow-up singularities” or vertical slopes at the enaimits of the integration interval. In many

cases, reducing the step size h by half doubles the numberi@ct digits in the result returned

(“quadratic convergence”).

An integral of the formf:’ g(y)dy can be converted into the integrﬁ_f1 f(x) dx by making the change
of variable of integrationy — x given byy = ax+ 3 with a = (b—a)/2 and 8 = (a+ b)/2. Then
f(x) =aglax+3).

The tanh-sinh method introduces a change of variables u which implies

1 o]
/ f(x)dx :/ F(u)du. (3.7)
-1 —00
The change of variables is expressed by
T
x(u) = tanh (5 sinh u) (3.8)
and you can confirm that
u=0=x=0, u—»-—o0o=>x—-lLu—-oo=>x—1 (3.9
We also havex(—u) = —x(u).
The “weight”w(u) = dx(u)/duis
Z coshu
w(u) = 2 (3.10)

~ cosh? (% sinh u)
with the propertyw(—u) = w(u), in terms of whichF(u) = f(x(u) w(u). Moreover,F(u) has “double
exponential behavior” of the form

F(u) ~ exp <—g exp(|u] )) for u— +oc. (3.11)

Because of the rapid decay of the integrand when the magndtad is large, one can approximate the value
of the infinite domain integral by using a trapezoidal nuredrapproximation with step sizeusing a modest
number 2 N + 1) of function evaluations.

N
I(h,N)~h Y  F(u) where u;=jh (3.12)

i=-N
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This method is implemented with, for example, the functiprad_ts (f, a, b, ra, fp ) defined in
the Ch. 9 filequad_ts.mac , and we will illustrate the available package functionsigghe simple integral
f_ll e* dx.

The package functioquad_ts (f, a, b, ra, fp ) is the most useful workhorse for routine use, and
uses the tanh-sinh method to integrate the Maxima fundétiower the finite intervala, b] , stopping when
the absolute value of the differen¢l, — I ;) is less thanl0—™ (ra is the “requested accuracy” for the
result), usingp digit precision arithmeticfpprec set tofp , andbfloat being used to enforce this arithmetic
precision). This function returns the list

[ approx-value, k-level-used, abs(vdiff) ] , Where the last element should be smaller than
1072,

(%il) fpprec;
(%01) 16
(%i2) fpprintprec:8$
(%i3) tval : bfloat( integrate( exp(x),x,-1,1 )),fpprec:4 5;
(%03) 2.3504023b0
(%i4) load(quad_ts);
_kmax% = 8 _epsfac% = 2
(%o04) "c:/work3/quad_ts.mac"
(%i5) bfprint(tval,45)$
number of digits = 45
2.35040238728760291376476370119120163031143596b0
(%i6) quad_ts(exp,-1,1,30,40);
construct _yw%l[kk,fpprec] array for kk =
8 and fpprec = 40 ...working...
(%06) [2.3504023b0,5,0.0b0]
(%i7) abs(first(%) - tval),fpprec:45;
(%07) 2.719612b-40

A value of the integral accurate to about 45 digits is bounithéosymbotval. The package function

bfprint(bf, fpp) allows controlled printing ofpp digits of the “true value'tval to the screen. We then
compare the approximate quadrature result with this “tralee/. The packaggquad_ts.mac defines two
global parameters. kmax%is the maximum “k-level” possible (the defined default is &)jieh means the
minimum step size for the transformed “u-integralda = h = 1/2® = 1/256. The actual “k-level” needed

to return a result with the requested accurecyis the integer in the second element of the returned list. The
global parameterepsfac% (default value?) is used to decide how marfy, w) numbers to pre-compute
(see below).

We see that a “k-level” approximation with= 5 andh = 1/2° = 1/32 returned an answer with an actual
accuracy of about 40 correct digits (whesm= 30 andfp = 40).

The first time 40 digit precision arithmetic is called for, et sf (y, w) numbers are calculated and stored in
an array which we callyw%[8, 40] . They(u) values will later be converted tqu) numbers using high
precision, and the original integrand functiigx(u))  is also calculated at high precision. Th@i) numbers
are what we call “weights”, and are needed for the numBérs = f(x(u)) w(u) used in the trapezoidal rule
evaluation. The package precomputes p@irsv) for larger and larger values afuntil the magnitude of the
weightw becomes less thaps, whereeps = 10~ "P, wheren is the global parameterpsfac% (default2)
andp is the requested floating point precisiipn.

Once the set ofi0-digit ~ precision(y, w) numbers have been “pre-computed”, they can be used for the
evaluation of any similar precision integrals later, sittoese numbers are independent of the actual function
being integrated, but depend only on the nature of the tarthtsansformation being used.
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The package functiogtsk(f, a, b, k, fp) (note: argk replacega ) integrates the Maxima function
f over the domaiiia, b] using a “k-level approximation” witlh = 1/2* andfpprec : fp

(%i8) gtsk(exp,-1,1,5,40);
(%08) 2.3504023b0

(%i9) abs(% - tval),fpprec:45;
(%09) 2.719612b-40

A heuristic value of the error contribution due to the ari#tio precision being used (which is separate from
the error contribution due to the nature of the algorithm Hredstep size being used) can be found by using
the package functiogtsk_e(f, a, b, k, fp); . The first element of the returned list is the value of the
integral, the second element of the returned list is a rowggimate of the contribution of the floating point
arithmetic precision being used to the error of the retuiaresiver.

(%il0) qtsk_e(exp,-1,1,5,40);

(%010) [2.3504023h0,2.0614559b-94]
(%ill) abs(first(%) - tval),fpprec:45;
(%011) 2.719612b-40

The very small estimate of the arithmetic precision contitn (two parts in10%4) to the error of the an-
swer is due to the high precision being used to convert fragrptie-computed to the needed abcissavia

x : bfloat(1 — y) and the subsequent evaluatifiix). The precision being used depends on the size of the
smallesty number, which will always be that appearing in the last el@éthe hashed arrayw%(8, 40]

(%il2) last(_yw%][8,40]);
(%012) [4.7024891b-83,8.9481574b-81]

(In Eq. (3.12) we have separated out (he 0, x = 0)term, and used the symmetry properti€s-u) = —x(u),
andw(—u) = w(u) to write the remainder as a sum over positive valuas @nd hence positive values x¥f
so only the larges values ofy(u) need to be pre-computed).

We see that the smallegihumber is abous x 10783 and if we subtract this from we will get 1 unless we
use a very high precision. It turns out thatitaapproaches plus infinity (as used here) approachHeéwhich

is 1 in our example) from values less than Since a principal virtue of the tanh-sinh method is itsigbtb
handle integrands which “blow up” at the limits of integoatj we need to make sure we stay away (even if
only a little) from those end limits.

We can see the precision with which the arithmetic is beimgexhout in this crucial step by using thexy(fp)
function

(%i13) fpxy(40)$
the last y value = 4.7024891b-83
the fpprec being used for x and f(x) is 93

and this explains the small number returned (as the secentkal) bygtsk_e(exp, -1, 1, 5, 40);

The package functiogts(f, a, b, ra, fp) follows the same path agiad_ts(f, a, b, ra, fp) ,
but shows the progression toward success ak theel increases ( anddecreases ):

(%i14) qts(exp,-1,1,30,40)$
ra = 30 fpprec = 40
k newval vdiff

2.350282b0

2.3504023b0 1.2031242b-4
2.3504023b0 8.136103b-11
2.3504023b0 1.9907055b-23
2.3504023b0 0.0b0

s wWN PR
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The package functiogts_test(f, a, b, ra, fp) follows the path ofyts(f, a, b, ra, fp) ,
but adds to the table the value of the absolute error of theoappate result for each level attempted. The
use of this function depends on an accurate value of theradtbging bound to the global varialtieal.

(%i15) qts_test(exp,-1,1,30,40)$

ra = 30 fpprec = 40
k value vdiff verr
1 2.350282b0 1.2031234b-4
2 2.3504023b0 1.2031242b-4 8.136103b-11
3 2.3504023b0 8.136103b-11 1.9907055b-23
4 2.3504023b0 1.9907055b-23 2.7550648b-40
5 2.3504023b0 0.0b0 2.7550648b-40

Test Integral 1

Here we test this tanh-sinh method code with the known iateghich confoundedbromberg_abs in Sec.
3.1:

/1 Viin(t)dt = —4/9 (3.13)

(%i16) g(x):= sqrt(x) *log(x)$

(%il7) tval : bfloat(integrate(g(t),t,0,1)),fpprec:45;
(%017) -4.4444444b-1

(%il8) quad_ts(g,0,1,30,40);

(%018) [-4.4444444b-1,5,3.4438311b-41]

(%i19) abs(first(%) - tval),fpprec:45;

(%019) 4.4642216b-41

(%i20) qtsk_e(g,0,1,5,40);

(%020) [-4.4444444b-1,7.9678502b-44]

Requesting thirty digit accuracy with forty digit arithneteturns a value for this integral which has about forty
correct digits. Note that “vdiff” (the third and last elemagi the list returned byuad_ts(g,0,1,30,40) )
is approximately the same as the actual absolute error.

Test Integral 2

Consider the integral

barctan(v/2 + t2) 9
dt = 572/96. (3.14)
o (1+t2)v2+t2
(%i21) g(x):= atan(sqrt(2+x"2))/(sqrt(2+x72) *(1+x72))$
(%i22) integrate(g(t),t,0,1);
(%022) ’integrate(atan(sqrt(t"2+2))/((t"2+1) *sqri(t"2+2)),t,0,1)

(%i23) quad_gags(g(t),t,0,1);

(%023) [0.5140419,5.7070115e-15,21,0]
(%i24) float(5 * %pi~2/96);

(%024) 0.5140419

(%i25) tval: bfloat(5 * %pi“2/96),fpprec:45;
(%025) 5.1404189b-1

(%i26) quad_ts(g,0,1,30,40);

(%026) [5.1404189b-1,5,1.5634993b-36]
(%i27) abs(first(%) - tval),fpprec:45;
(%027) 7.3300521b-41

(%i28) qtsk_e(g,0,1,5,40);

(%028) [5.1404189b-1,1.3887835b-43]
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Test Integral 3

We consider the integral

G
/Oﬁdt:2ﬁr(3/4)/r(1/4>

35

(3.15)

(%i29) g(x):= sqrt(x)/sgrt(1 - x"2)$
(%i30) quad_gags(g(t),t,0,1);

(%030) [1.1981402,8.6787244e-11,567,0]
(%i31) integrate(g(t),t,0,1);

(%031) beta(1/2,3/4)/2

(%i32) tval : bfloat(%),fpprec:45;
(%032) 1.1981402b0

(%i33) quad_ts(g,0,1,30,40);

(%033) [1.1981402b0,5,1.3775324b-40]
(%i34) abs(first(%) - tval),fpprec:45;
(%034) 1.8625393b-40

(%i35) qtsk_e(g,0,1,5,40);

(%035) [1.1981402h0,1.5833892b-45]

An alternative route to the “true value” is to convbeta to gammas usingmakegamma

(%i36) integrate(g(t),t,0,1);

(%036) beta(1/2,3/4)/2

(%i37) makegamma(%);

(%037) (2 *sqrt(%pi) *gamma(3/4))/gamma(l/4)
(%i38) bfloat(%),fpprec:45;

(%038) 1.1981402b0

Test Integral 4

We next consider the integral

1
/ In?tdt =2
0

(3.16)

(%i39) g(x) := log(x)"2$

(%i40) integrate(g(t),t,0,1);
(%040) 2

(%i41) tval : bfloat(%), fpprec:45;
(%041) 2.0b0

(%i42) quad_ts(g,0,1,30,40);
(%042) [2.0b0,5,0.0b0]

(%i43) abs( first(%) - tval ),fpprec:45;
(%043) 1.8367099b-40

(%i44) qtsk_e(g,0,1,5,40);

(%044) [2.0b0,4.3344016b-43]

Test Integral 5

We finally consider the known integral

/ﬂ/2 In(cost)dt = —m In(2)/2

(3.17)

(%i45) g(x) := log( cos(x) )$

(%i46) quad_gags(g(t),t,0,%pi/2);

(%046) [-1.088793,8.8817842e-15,231,0]

(%id7) integrate(g(t),t,0,%pi/2);

(%047) (%i *%pi"2)/24-(6  *%pi*log(4)+%i *%pi°2)/24

(%i48) tval : bfloat(%),fpprec:45;

(%048) 4.1123351b-1 *%i-4.1666666b-2  *(9.8696044b0 * %i+2.6131033b1)
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(%i49) rectform(%);

(%049) (-6.9388939b-18 * %:i)-1.088793b0

(%i50) float(-%pi *l0g(2)/2);

(%050) -1.088793

(%i51) tval : bfloat(-%pi *log(2)/2),fpprec:45;
(%051) -1.088793b0

(%i52) quad_ts(g,0,%pi/2,30,40);

(%052) [1.2979374b-80 * 9%i-1.088793b0,5,9.1835496b-41]
(%i53) ans: realpart( first(%) ),fpprec:45;

(%053) -1.088793b0

(%i54) abs(ans - tval),fpprec:45;

(%054) 1.9661688b-40

(%i55) qtsk_e(g,0,%pi/2,5,40);

(%055) [1.2979374b-80  * %i-1.088793b0,1.2858613b-42]

We see that the tanh-sinh result includes a tiny imaginary e to bigfloat errors, and taking the real part
produces an answer good to about 40 digits (ugng 30, fp = 40 ).

References for the tanh-sinh Quadrature Method

This method was initially described in the arti@euble Exponential Formulas for Numerical Integration, by Hidetosi
Takahasi and Masatake Mori, in the journal Publicationshef Research Institute for Mathematical Sciences ( Publ.
RIMS), vol.9, Number 3, (1974), 721-741, Kyoto Universiigpan. A recent summary by the second authDigsovery

of the Double Exponential Transformation and Its Developmats, by Masatake Mori, Publ. RIMS, vol.41, Number 4,
(2005), 897-935. Both of the above articles can be downldb&aen the Project Euclid RIMS webpage

http://projecteuclid.org/
DPubS?service=Ul&version=1.0&verb=Display&page=past &handle=euclid.prims

A good summary of implementation ideas can be found in thert@fanh-Sinh High-Precision Quadrature, by David
H. Bailey, Jan. 2006, LBNL-60519, which can be downloadednifthe webpage

‘ http://crd.Ibl.gov/"dhbailey/dhbpapers/

Further Improvements for the tanh-sinh Quadrature Method

The code provided in the filguad_ts.mac has been lightly tested, and should be used with caution.

No proper investigation has been made of the efficiency obsing to use a floating point precision (for all terms of the
sum) based on the small size of the smaljestlue.

No attempt has been made to translate into Lisp and comgledtie to make timing trials for comparison purposes.

These (and other) refinements are left to the initiative eftijppothetical alert reader of limitless dedication (HARQ)L
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3.4 The Gauss-Legendre Quadrature Method fom < x < b
Loosely quoting from David Bailey’s slide presentationsgseferences at the end of the previous section)

The Gauss-Legendre quadrature method is an efficient méhaodntinuous, well-behaved func-
tions. In many cases, doubling the number of points at whiehintegrand is evaluated doubles
the number of correct digits in the result. This method penopoorly for functions with alge-
braic and/or logarithmic end point singularities. The aafstomputing the zeros of the Legendre
polynomials and the corresponding “weights” increasea’and thus becomes impractical for
use beyond a few hundred digits.

Since one can always make a change of integration variate tihe domairja, b] to the integration domain
[-1, 1], this method approximates an integral ofj4r, 1] as the sum

1 N
/ f(x)dx ~ ) w;f(x;) (3.18)

where thex; are the roots of the N-th degree Legendre polynomia(x) on[-1, 1], and the weightsv; are

-2
M N 1) PR(x) P ()

(3.19)

This method is implemented with our Ch.9 packagedil@d _gs.mac , and Richard Fateman'’s lisp file:

‘ http://lwww.cs.berkeley.edu/fateman/generic/quad-ma xima.lisp |

which can be downloaded to use this package. This needefiléisp now also available with the other Ch. 9
software files on the Maxima by Example webpage.

Except for the “driver” Maxima functioquad_gs(f,a,b,rp) , all the Maxima functions iquad_gs.mac
are functions defined by Fateman in either the comment secfithe above lisp file, or in the file
http://www.cs.berkeley.edu/ fateman/papers/quadmax. mac.

An introduction to high accuracy code and some backgroundegroblem of high accuracy quadrature has
been provided by Richard Fateman in his draft pdjp@merical Quadrature in a Symbolic/Numerical Set-
ting, quad.pdf (see Sec. 2.10).

We will illustrate the available functions using the sim'pdta.egralf_l1 e*dx.

The package functiogaussunit(f, N)integrates the Maxima functidrover the domairi—1, 1] using N point
Gauss-Legendre quadrature. We gaassunit(exp, 4) with the default valudpprec = 16 , which in-
tegrates the exponential function oyer,1]  using 4 point Gauss-Legendre quadrature. This generates th
hashed arragb_and_wts[4,16]  with elements appropriate to the function being integrated

(%il) load("quad-maxima.lisp");

STYLE-WARNING: using deprecated EVAL-WHEN situation name s EVAL COMPILE LOAD
(%01) "c:/work3/quad-maxima.lisp”

(%i2) fpprintprec:8$

(%i3) tval : bfloat(integrate(exp(x),x,-1,1)),fpprec:4 5;

(%03) 2.3504023b0

(%i4) load(quad_gs);

(%04) "c:/work3/quad_gs.mac"

(%i5) arrays;

(%05) [ab_and_wts]
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(%i6) arrayinfo(ab_and_wts);

(%06) [hashed,2]

(%i7) gaussunit(exp,4);

(%07) 2.350402b0

(%i8) abs(% - tval),fpprec:45;

(%08) 2.9513122b-7

(%i9) fpprec;

(%09) 16

(%i10) arrayinfo(ab_and_wts);
(%010) [hashed,2,[4,16]]

(%ill) first( ab_and_wts[4, 16] );
(%011) [8.6113631b-1,3.3998104b-1]
(%il2) second( ab_and_wts[4, 16] );
(%012) [3.4785484b-1,6.5214515b-1]
(%il3) Ip4 : legenp(4,x);

(%013) (35 *x4)/18-(15  *x"2)/4+3/8
(%il4) float(solve(lp4));

(%014) [x = -0.86113631,x = 0.86113631,x = -0.33998104,x = 0 .33998104]
(%il5) ab_and_wts[4,16];
(%015) [[8.6113631b-1,3.3998104b-1],[3.4785484b-1,6. 5214515b-1]]

With the default value ofpprec = 16 and using only four integrand evaluation points (with apprate
values given byoo14), the error is about 2 parts ir07. Thefirst element%o11 of the two index hashed array
ab_and_wts[4,16] s a list of thepositive zeros of the fourth order Legendre polynonial(x) ( calculated
with 16 digit arithmeticfpprec = 16).

That fourth order Legendre polynomiRl,(x) can be displayed with this package usiegenp(4, x)
Usingsolvewe see that the roots for negativeare simply the the positive roots with a minus sign, so the al-
gorithm used makes use of this symmetry and keeps track ptioabpositive roots, as seen in the outfatl 1

We can verify that the list of (positive) rod¥sol1returned is correct to within the global floating point pséon
(we do this two different ways):

(%i16) Ifp4(x) = legenp(4,x)$

(%il7) map(lfp4,%011);

(%017) [0.0b0,-3.4694469b-18]

(%i18) map( lambda([z], legenp (4, z)),%011 );
(%018) [0.0b0,-3.4694469b-18]

Thesecond elemenbf ab_and_wts[4,16] is a list of the weights which are associated with the pasitiv
roots (the negative roots have the same weights), with maleesponding to the order of the returned positive
roots.

The package functiogaussunit_e(f, N) does the same job agaussunit(f, N) , but returns a
rough estimate of the amount contributed to the error by tdaifig point precision used (as the second element
of the returned list:

(%i19) gaussunit_e(exp,4);

(%019) [2.350402b0,1.2761299b-17]
(%i20) arrayinfo(ab_and_wts);
(%020) [hashed,2,[4,16]]

We see that the error attributable to the floating point greniused is insignificant compared to the error due
to the low number of integrand evaluation points for thisregée.

An arbitrary finite integration interval is allowed with the functiogaussab(f, a, b, N) and
gaussab_e(f, a, b, N) which useN point Gauss-Legendre quadrature over the inteevab], with the
latter function being the analog gaussunit_e(f, N)
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(%i21) gaussab(exp,-1,1,4);

(%021) 2.350402b0

(%i22) abs(% - tval),fpprec:45;
(%022) 2.9513122b-7

(%i23) gaussab_e(exp,-1,1,4);
(%023) [2.350402b0,1.2761299b-17]
(%i24) arrayinfo(ab_and_wts);
(%024) [hashed,2,[4,16]]

The package functioguad_gs (f, a, b, ra ) integrates the Maxima functidn over the finite interval
la, b], successively doubling the number of integrand evalugtimints, stopping when the absolute value of
the differencgI, — I,,/2) is less thanl0~** (ra is the “requested accuracy” for the result), using the dloba
setting offpprec to use the corresponding precision arithmetic. We empblabat Fateman’s code uses a
global setting offpprec to achieve higher accuracy quadrature, rather than theaetbed in the previous two
sections in whichlipprec was set “locally” inside dlock.

This functionquad_gs (f, a, b, ra ) returns the list
[ approx-value, number-function-evaluations, abs(vdiff ) 1 , where the last element should
be smaller than 02,

Here we test this function for the three valdggsrec = 16, 30, and 40

(%i25) quad_gs(exp,-1,1,10);
fpprec = 16

(%025) [2.3504023b0,20,6.6613381b-16]
(%i26) abs(first(%) -tval),fpprec:45;
(%026) 6.2016267b-16

(%i27) arrayinfo(ab_and_wts);

(%027) [hashed,2,[4,16],[10,16],[20,16]]
(%i28) fpprec:30%

(%i29) quad_gs(exp,-1,1,20);

fpprec = 30

(%029) [2.3504023b0,20,1.2162089b-24]

(%i30) abs(first(%) -tval),fpprec:45;

(%030) 2.2001783b-30

(%i31) arrayinfo(ab_and_wts);

(%031) [hashed,2,[4,16],[10,16],[10,30],[20,16],[20, 30]]
(%i32) fpprec:40%

(%i33) quad_gs(exp,-1,1,30);

fpprec = 40

(%033) [2.3504023b0,40,1.8367099b-40]

(%i34) abs(first(%) -tval),fpprec:45;

(%034) 2.7905177b-40

(%i35) arrayinfo(ab_and_wts);

(%035) [hashed,2,[4,16],[10,16],[10,30],[10,40],[20, 16],
[20,30],[20,40],[40,40]]

(%i36) gaussab_e(exp,-1,1,40);

(%036) [2.3504023h0,1.8492214b-41]

(%i37) arrayinfo(ab_and_wts);

(%037) [hashed,2,[4,16],[10,16],[10,30],[10,40],[20, 16],
[20,30],[20,40],[40,40]]

We have checked the contribution to the error due to the fdigit arithmetic precision used, witN = 40
point Gauss-Legendre quadrature (rememberNhatthe middle element of the list returned by
quad_gs (f, a, b, ra ) and is also the last argument of the functgamissab_e(f, a, b, N)

We see that requestir®p digit accuracy for the answer while using the glofgrec set to40 results in an
answer good to abo@9 digits.



3 HIGH ACCURACY QUADRATURE WITH MAXIMA 40

Usingquad_gs (f, a, b, ra ) with fpprec = 16 led to the calculation of the abscissae and weight
array for the index pairfl0,16] and[20,16] before the requested precision was achieved (the funckion a
ways starts witthN\ = 10 point quadrature and then successively doubles that nummtiesuccess is achieved).

Usingquad_gs (f, a, b, ra ) with fpprec = 30 led to the calculation of the abscissae and weight
array for the index pairg0,30] and[20,30] before the requested precision was achieved.

Usingquad_gs (f, a, b, ra ) with fpprec = 40 led to the calculation of the abscissae and weight
array for the index pairgl0,40] ,[20,40] , and[40,40] before the requested precision was achieved.

Finally, we have the functioguad_gs_table(f, a, b, ra) which prints out a table showing the progres-
sion toward success:

(%i38) quad_gs_table(exp,-1,1,30)$
fpprec = 40
new val N vdiff

2.3504023b0 10

2.3504023b0 20 1.2162183b-24

2.3504023b0 40 1.8367099b-40
(%i39) arrayinfo(ab_and_wts);
(%039) [hashed,2,[4,16],[10,16],[10,30],[10,40],[20, 16],

[20,30],[20,40],[40,40]]




