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1 Introduction and Quick Start

Maxima has many functions for defining and manipulating matrices, and our filembe5.mac adds additional tools which
are used in typical matrix solution problems in what follows. These new tools build on what is already available. In
particular, these new tools build on matrix functions defined in two packages written by the Maxima developer, Barton
Willis, namely.../share/linearalgebra/linearalgebra.mac and.../share/contrib/diag.mac .

As you learn about matrices, we recommend you always have a window with the Maxima help manual open. Inside the
XMaxima interface, (which we always use) you can use the two key commandAlt+h to display the Help menu list, and
select the first item on the list “Maxima Manual”, to see the html help manual, in which you can use either index views,
or contents views, and can scroll up and down independently in the detailed righthand panel. We leave this Help manual
open as a separate window as we work inside the XMaxima interface.

Our matrix packagembe5.mac setsdisplay2d:false to allow more information per screen and also to reduce the
number of pages in this pdf file. If you want to see a particularresult in more transparent notation, (or just override this
setting) usedisplay2d:true after loading inmbe5.mac , or edit this file for your use.

Our maxima-init.mac file is in the folderc:\Users\ted\maxima on our Windows 7 computer, and in the folder
c:\Documents and Settings\ted\maxima on our Windows XP computer. The file reads

maxima_userdir: "c:/work9" $
maxima_tempdir : "c:/work9"$
file_search_maxima : append(["c:/work9/###.{mac,mc}"] ,file_search_maxima )$
file_search_lisp : append(["c:/work9/###.lisp"],file_ search_lisp )$
display2d:false$
ratsimp : false$

With this guidance for Maxima, we can useload(mbe5) to load the filembe5.mac instead of the longerload("mbe5.mac") ,
or the even more explicitload("c:/work9/mbe5.mac") . Note that you should use forward slashes/ , (rather than
backward slashes\ ) for a Maxima string which defines a file path. Likewise, we can useload(diag) instead of
load("diag.mac") , etc.

We have placed ashortcut to the XMaxima interface application, which is the executable ....\bin\xmaxima.exe , in
our work folderc:\work9 , and we then launch XMaxima (our interface of choice) frominsideour work folder.

To create a shortcut toxmaxima.exe using Windows 7 in folderc:\work9 , right-click the desktop, choose “new”, then
“shortcut.” Then choose “browse,” and select the filexmaxima.exe in the Maxima program folder...\bin using Win-
dows Explorer. The new shortcut will appear on your desktop,and you can rename it. Then rightclick the shortcut icon,
and choose “copy”. Then rightclick on folderc:\work9 (in Windows Explorer) and choose “paste.”

To create a shortcut toxmaxima.exe using Windows XP, right-click the file...\bin\xmaxima.exe , and from the
drop-down menu select: “Create Shortcut.” A separate shortcut named “Shortcut to xmaxima.exe” will appear next to
xmaxima.exe , and you can then copy or move the shortcut to your work folderand rename it with a more convenient
name.

The settingfpprintprec:8$ is also made inmbe5.mac . If you want 16 significant figure printouts on your screen, use
fpprintprec:16$ .



1 INTRODUCTION AND QUICK START 4

There are many matrix functions available when you start Maxima and these functions can be used without loading in any
additional packages. Here is the list (but several of these –see below – need separate packages loaded) from the Maxima
html Help Manual (In the Help Manual index, type: matrixp, and then click on the category: Matrices, to see this list.)

Category: Matrices

addcol addrow adjoint augcoefmatrix cauchy_matrix charpo ly coefmatrix
col columnvector covect copymatrix determinant detout dia g diagmatrix
doallmxops domxexpt domxmxops domxnctimes doscmxops dosc mxplus
echelon eigen ematrix entermatrix genmatrix ident invert l ist_matrix_entries
lmxchar matrix matrix_element_add matrix_element_mult
matrix_element_transpose matrixmap matrixp mattrace min or ncharpoly
newdet nonscalar nonscalarp permanent rank ratmx row scala rmatrixp
scalarp setelmx sparse submatrix tracematrix transpose tr iangularize zeromatrix

In this Manual list,diag needs package.../share/contrib/diag.mac loaded,eigen is not found anywhere,
mattrace andncharpoly need package.../share/matrix/nchrpl.mac loaded, andtracematrix needs pack-
age.../share/simplification/functs.mac loaded.

1.1 Examples of Matrix Syntax

To show a few of the core functions at work with a purely symbolic matrix, let’s define

A =





a b c
d e f
g h i



 (1.1)

(%i1) A : matrix([a,b,c],[d,e,f],[g,h,i]);
(%o1) matrix([a,b,c],[d,e,f],[g,h,i])
(%i2) col(A,1);
(%o2) matrix([a],[d],[g])
(%i3) col(A,2);
(%o3) matrix([b],[e],[h])
(%i4) row(A,1);
(%o4) matrix([a,b,c])
(%i5) row(A,2);
(%o5) matrix([d,e,f])
(%i6) determinant(A);
(%o6) a * (e * i-f * h)-b * (d * i-f * g)+c * (d * h-e * g)
(%i7) A[1,1];
(%o7) a
(%i8) A[1,2];
(%o8) b
(%i9) A[2,1];
(%o9) d
(%i10) list_matrix_entries(A);
(%o10) [a,b,c,d,e,f,g,h,i]
(%i11) list_matrix_entries( col(A,1));
(%o11) [a,d,g]
(%i12) list_matrix_entries( row(A,1));
(%o12) [a,b,c]
(%i13) ident(3);
(%o13) matrix([1,0,0],[0,1,0],[0,0,1])
(%i14) invert(A);
(%o14) matrix([(e * i-f * h)/(a * (e * i-f * h)+b * (f * g-d * i)+c * (d * h-e * g)),

(c * h-b * i)/(a * (e * i-f * h)+b * (f * g-d * i)+c * (d * h-e * g)),
(b * f-c * e)/(a * (e * i-f * h)+b * (f * g-d * i)+c * (d * h-e * g))],

[(f * g-d * i)/(a * (e * i-f * h)+b * (f * g-d * i)+c * (d * h-e * g)),
(a * i-c * g)/(a * (e * i-f * h)+b * (f * g-d * i)+c * (d * h-e * g)),
(c * d-a * f)/(a * (e * i-f * h)+b * (f * g-d * i)+c * (d * h-e * g))],

[(d * h-e * g)/(a * (e * i-f * h)+b * (f * g-d * i)+c * (d * h-e * g)),
(b * g-a * h)/(a * (e * i-f * h)+b * (f * g-d * i)+c * (d * h-e * g)),
(a * e-b * d)/(a * (e * i-f * h)+b * (f * g-d * i)+c * (d * h-e * g))])

(%i15) matrixp(A);
(%o15) true
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(%i16) transpose(A);
(%o16) matrix([a,d,g],[b,e,h],[c,f,i])

To show a few of these functions at work with a simple numerical matrix, let’s define

A =





1 2 3
4 5 6
7 8 9



 (1.2)

(%i17) A : matrix([1,2,3],[4,5,6],[7,8,9]);
(%o17) matrix([1,2,3],[4,5,6],[7,8,9])
(%i18) col(A,1);
(%o18) matrix([1],[4],[7])
(%i19) row(A,1);
(%o19) matrix([1,2,3])
(%i20) A[1,1];
(%o20) 1
(%i21) invert(A);
expt: undefined: 0 to a negative exponent.

-- an error. To debug this try: debugmode(true);
(%i22) determinant(A);
(%o22) 0
(%i23) rank(A);
(%o23) 2

Matrix multiplication is indicated by a dot with white spaceseparationA . B .

(%i24) B : matrix([1,1,1],[0,2,2],[0,3,3]);
(%o24) matrix([1,1,1],[0,2,2],[0,3,3])
(%i25) A . B;
(%o25) matrix([1,14,14],[4,32,32],[7,50,50])
(%i26) x : col(A,1);
(%o26) matrix([1],[4],[7])
(%i27) A . x;
(%o27) matrix([30],[66],[102])

Addition of matrices, multiplication and division of a matrix by scalars (and division of a matrix by a matrix), and mapping
a function onto the elements of a matrix is illustrated next.

(%i28) A + B;
(%o28) matrix([2,3,4],[4,7,8],[7,11,12])
(%i29) 2 * A;
(%o29) matrix([2,4,6],[8,10,12],[14,16,18])
(%i30) Aˆ2;
(%o30) matrix([1,4,9],[16,25,36],[49,64,81])
(%i31) cos(A);
(%o31) matrix([cos(1),cos(2),cos(3)],[cos(4),cos(5), cos(6)],[cos(7),cos(8),

cos(9)])
(%i32) A/2;
(%o32) matrix([1/2,1,3/2],[2,5/2,3],[7/2,4,9/2])
(%i33) A/B;
expt: undefined: 0 to a negative exponent.

-- an error. To debug this try: debugmode(true);
(%i34) B/A;
(%o34) matrix([1,1/2,1/3],[0,2/5,1/3],[0,3/8,1/3])
(%i35) Aˆˆ2;
(%o35) matrix([30,36,42],[66,81,96],[102,126,150])

Differentiation of a matrix with respect to a symbolic parameter:

(%i36) C : matrix([t,tˆ2],[tˆ3,tˆ4]);
(%o36) matrix([t,tˆ2],[tˆ3,tˆ4])
(%i37) diff(C, t);
(%o37) matrix([1,2 * t],[3 * tˆ2,4 * tˆ3])
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triangularize (A) returns the upper triangular form of the matrixA, as produced by Gaussian elimination. The re-
turn value oftriangularize is the same asechelon , except that the leading nonzero coefficient in each row is not
normalized to 1.

(%i38) A;
(%o38) matrix([1,2,3],[4,5,6],[7,8,9])
(%i39) triangularize(A);
(%o39) matrix([1,2,3],[0,-3,-6],[0,0,0])
(%i40) echelon(A);
(%o40) matrix([1,2,3],[0,1,2],[0,0,0])

1.2 Supplementary Matrix Functions

The code filembe5.mac loads the matrix related supplementary code fileslinearalgebra.mac , anddiag.mac , and
the latter file loadseigen.mac . You can check what functions the individual Maxima packages define by restarting a
new session of Maxima and load only one package at a time. Hereis a list of functions available fromeigen.mac alone:

(%i1) functions;
(%o1) []
(%i2) load(eigen);
(%o2) "C:/Program Files/Maxima-sbcl-5.36.1/share/maxi ma/5.36.1/share/matrix/eigen.mac"
(%i3) functions;
(%o3) [innerproduct(x,y),unitvector(x),columnvector( x),

gramschmidt(x,[myinnerproduct]),eigenvalues(mat),ei genvectors(mat),
substvectk(l,n,exp),uniteigenvectors(M),similarityt ransform(mat),
conj(x),inprod(x,y),uvect(x),covect(x),gschmit(x,[f ]),eivals(mat),
eivects(mat),ueivects(mat),simtran(mat)]

Here is a list of functions defined bylinearalgebra.mac alone:

(%i1) functions;
(%o1) []
(%i2) load(linearalgebra);
(%o2) "C:/Program Files/Maxima-sbcl-5.36.1/share/maxi ma/5.36.1/share/linearalgebra/linearalgebra.mac"
(%i3) functions;
(%o3) [require_integer(i,pos,fn),require_symbol(x,po s,fn),

request_rational_matrix(m,pos,fn),dotproduct(a,b),n ullspace(m),
nullity(m),orthogonal_complement([v]),
locate_matrix_entry(m,r1,c1,r2,c2,fn,rel),columnspa ce(a),
linalg_rank(m),rowswap(m,i,j),columnswap(m,i,j),row op(m,i,j,theta),
columnop(m,i,j,theta),hipow_gzero(e,x),good_pivot(e ,x),
ptriangularize(m,v),ptriangularize_with_proviso(m,v ),
column_reduce(m,i,x),mat_norm(m,p),mat_fullunblocke r(m),
mat_unblocker(m),mat_trace(m),kronecker_product(a,b ),diag_matrix([d]),
hilbert_matrix(n),hankel([q]),toeplitz([q]),polytoc ompanion(p,x),
moore_penrose_pseudoinverse(m)]

And here is a list of functions defined when you loaddiag.mac .

(%i1) functions;
(%o1) []
(%i2) load(diag);
(%o2) "C:/Program Files/Maxima-sbcl-5.36.1/share/maxi ma/5.36.1/share/contrib/diag.mac"
(%i3) functions;
(%o3) [innerproduct(x,y),unitvector(x),columnvector( x),

gramschmidt(x,[myinnerproduct]),eigenvalues(mat),ei genvectors(mat),
substvectk(l,n,exp),uniteigenvectors(M),similarityt ransform(mat),
conj(x),inprod(x,y),uvect(x),covect(x),gschmit(x,[f ]),eivals(mat),
eivects(mat),ueivects(mat),simtran(mat),diag_matrix ify(expr),
diag_zeropad_row(r,indent,width),diag(lst),JF(eival ,n),
diag_calculate_mult_partition(A,multiplicity,eival) ,jordan(A),
diag_jordan_info_check(lst),minimalPoly(jordan_info ),
dispJordan(jordan_info),diag_sorted_list_histogram( list),
diag_kernel_element(A),diag_general_jordan_chain(A, eival,degree),
diag_find_li_chain(li_rows,chain_expr,variables),di ag_mode_matrix(a,F),
ModeMatrix(A,[jordan_info]),diag_taylor_coefficient s(expr,var,maxpow),
diag_taylor_expand_block(coeffs,var,eigenvalue,size ),
diag_mat_function_jordan(jordan,expr,var),mat_funct ion(f,A)]
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The functions in the first four lines and all of the fifth line except the last functiondiag_matrixify are defined in
eigen.mac .

To display, via the same route, the functions defined bymbe5.mac , we temporarily comment out the load commands of
linearalgebra anddiag , restart Maxima, and load inmbe5.mac .

(%i1) functions;
(%o1) []
(%i2) load(mbe5);
(%o2) "c:/work9/mbe5.mac"
(%i3) functions;
(%o3) [gschmidt(Mm),inner_prod(Vv,Uu),normed(Vv),nor mal(Amatrix),

diagp(Amatrix),modal_matrix(Aa),mJordan(Aa),jordan_ chain(Aa,Ee),
Mexp(Aa),eAt_diag(Amatrix),row_partial_L(Ab1,Nn1,Mm 1),
row_partial(Ab,Nn,Mm),to_solve(Ab1,xL1),solve_aug(B c1,zL1),
mcol_solve(known_col,unknown_col,uk_varL),echelon_t est1(e,q),
echelon_test2(e1,q),triangularize_test1(e,q),cvec(z zL),nullity(BB),
mtrace(Mat),multiplicity(MA),vrank_num(BB,kk),vrank _max(Bb,Mult),
vrank_numbers(Bb,Mm),vrank(Bb,Vv),chained(Vv1,Bb,Vv 2),vL_rank(Bb,VL),
mcombine(L),row_vector(alist),exp_taylor(%A,%n),eAt _CH(Am),
FSS_sector(Amatrix,eival,multiplicity),
FM_sector(Amatrix,eival,multiplicity),FSS(Amatrix), eAt_FSS(A),
gauss_jordan(Aa,BbL,XxL),NZero_rows(Zz),NZero_rows1 (Zz),rinverse(M),
Jrow(k),dorow(k,r),Mexp_block(kk),expJ(kv,eival),eA t_jordan(Amatrix)]

1.3 Linear Inhomogeneous Set of Equations

To solve the system of three linear inhomogeneous equations

x1 − 2x2 + 3x3 = 7

−x1 + x2 − 2x3 = −5

2x1 − x2 − x3 = 4

using matrix methods, we (mentally) write the equations in matrix form as

Ax = b, (1.3)

and find the solution using the inverseA−1 of A (if it exists)

x = A−1 b. (1.4)

The matrixA is a3× 3 matrix, so ifrank(A) < 3, then the inverse does not exist, and there is no solution.

In interactive work with Maxima, it is easiest to pick out theelements of the matrixA using the rules for matrix multipli-
cation, and defineA using lists of row elements, as in

A : matrix ([1,-2,3], [-1,1,-2], [2,-1,-1] );

An alternative approach, which may be useful if you are writing small automated programs, is to use the Maxima function
coefmatrix , as is done below. We use the Maxima functioninvert(A) to produce the inverse matrix, and use the
mbe5.mac functioncvec(alist) to produce a matrix column vector. We also userank(A) to find the (matrix) rank of
A.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : coefmatrix([x1 - 2 * x2 + 3 * x3, -x1 + x2 -2 * x3 ,

2* x1 - x2 - x3],[x1,x2,x3]);
(%o2) matrix([1,-2,3],[-1,1,-2],[2,-1,-1])
(%i3) bv : cvec([7,-5,4]);
(%o3) matrix([7],[-5],[4])
(%i4) rank(A);
(%o4) 3
(%i5) xv : invert(A) . bv;
(%o5) matrix([2],[-1],[1])
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The code filembe5.mac has the linedisplay2d:false$ , in order to allow more information per Maxima screen while
working on a problem. You can temporarily override that setting to get a more normal look at the matrices:

(%i6) display2d:true$
(%i7) bv;

[ 7 ]
[ ]

(%o7) [ - 5 ]
[ ]
[ 4 ]

(%i8) A;
[ 1 - 2 3 ]
[ ]

(%o8) [ - 1 1 - 2 ]
[ ]
[ 2 - 1 - 1 ]

(%i9) xv;
[ 2 ]
[ ]

(%o9) [ - 1 ]
[ ]
[ 1 ]

(%i10) display2d:false$

As a (usually not needed) double check on the returned solution, you can useis ( equal ( A . xv, bv) ) .

(%i11) is (equal (A . xv, bv));
(%o11) true

and sometimes it helps to useexpand before checking equality, as in

is (equal ( expand (A . xv) , bv));

1.4 Eigenvalues and Eigenvectors

LetA be an× n matrix.

• An eigenvalueof A is a numberλ such thatAv = λv for some nonzero column vectorv.

• An eigenvectorof A is a nonzero column vectorv such thatAv = λv for some numberλ.

• The matrixA hasn eigenvalues (including each according to its multiplicity).

• The sum of then eigenvalues ofA is the same as thetrace of A, that is, the sum of the principle diagonal elements
of A.

• The product of then eigenvalues ofA is the same as the determinant ofA.

Example 1

Given the matrix

A =





0 1 1
1 0 1
1 1 0



 , (1.5)

what can we say (using Maxima) about its eigenvalues and eigenvectors?

The Maxima functionseigenvalues and jordan (respectively defined ineigen.mac anddiag.mac ) are loaded by
mbe5.mac and both give eigenvalue information.
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(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix ([0,1,1],[1,0,1],[1,1,0] );
(%o2) matrix([0,1,1],[1,0,1],[1,1,0])
(%i3) eigenvalues(A);
(%o3) [[2,-1],[1,2]]
(%i4) jordan(A);
(%o4) [[2,1],[-1,1,1]]
(%i5) [a1,a2] : map (’first, %);
(%o5) [2,-1]
(%i6) a3 : a2;
(%o6) -1
(%i7) eigenvectors(A);
(%o7) [[[2,-1],[1,2]],[[[1,1,1]],[[1,0,-1],[0,1,-1]] ]]

The first sublist returned byeigenvalues(A) is a list of the eigenvalues ofA, and the second sublist is a list of the cor-
responding (algebraic) multiplicities of each of these eigenvalues. Thus the eigenvalueλ = −1 has multiplicitym = 2.

The first sublist returned byjordan(A) is [2,1] , which says that the eigenvalueλ = 2 has multiplicitym = 1. The
second sublist is[-1,1,1] , says that the eigenvalueλ = −1 has multiplicitym = 2 (the sum of the second and third
elements), and that there exist two ordinary (rank 1) eigenvectors corresponding to the eigenvalueλ = −1 (see Sec. 5).
We expect there to exist three ordinary rank 1 eigenvectors since rank(A) = length(A) .

The Maxima functioneigenvectors(A) (from packageeigen.mac ) returns both the eigenvalue and multiplicity in-
formation (the first list) returned byeigenvalues(A) and also ordinary (rank 1) eigenvectors (the second list), corre-
sponding to the eigenvalues. But note that the eigenvectorsthemselves are returned as lists of the vector elements, and
these lists need to be converted to matrix column vectors. Weuse thembe5.mac functioncvec(alist) to create matrix
columns from the lists of vector elements. Note that the second set of eigenvectors corresponds to the second eigenvalue
λ = −1.

In Section 4.1 we discuss the concepts ofNullB, the nullspace of a matrixB, and the dimension (“nullity”) of that
nullspace. Here we specialize to the case of asquaren×n matrixB. ThenNullB is the set of all n-dimensional column
vectorsv such thatBv = 0. Thenullity of the matrixB is number of basis vectorsv needed to span the nullspace (the
dimension of the nullspace). The “rank-nullity theorem” states that the sum of therank of a matrix and thenullity of a
matrix is equal to the number of columns of the matrix. For a square matrix, the number of columns equals the number of
rows. In Maxima,length(B) returns of number of rows of the matrixB. Since we are assumingB is a square matrix,
we can calculate the nullity of a matrix usingnullity(B) : length(B) - rank(B) . The “nullity” of B = A− λI
is the number of ordinary rank 1 vectors associated with the matrix A and the eigenvalueλ.

(%i8) B1 : A - a1 * ident(3);
(%o8) matrix([-2,1,1],[1,-2,1],[1,1,-2])
(%i9) rank(B1);
(%o9) 2
(%i10) nullity(B1);
(%o10) 1
(%i11) B2 : A - a2 * ident(3);
(%o11) matrix([1,1,1],[1,1,1],[1,1,1])
(%i12) rank(B2);
(%o12) 1
(%i13) nullity(B2);
(%o13) 2

We find it simpler to write down the eigenvectors by using the return value of thembe5.mac function
jordan_chain(A, eival) , using the syntax (if the eigenvalueeival has multiplicitym):

[v1, v2, ..., vm] : map (’cvec, jordan_chain (A, eival))

Using this method, and comparing the vectors with those returned byeigenvectors(A) , we have
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(%i14) [evals, evecs] : eigenvectors(A);
(%o14) [[[2,-1],[1,2]],[[[1,1,1]],[[1,0,-1],[0,1,-1] ]]]
(%i15) [v1] : map(’cvec, jordan_chain(A,2));
(%o15) [matrix([1],[1],[1])]
(%i16) v1;
(%o16) matrix([1],[1],[1])
(%i17) [v2, v3] : map(’cvec, jordan_chain(A,-1));
(%o17) [matrix([1],[0],[-1]),matrix([0],[1],[-1])]
(%i18) v2;
(%o18) matrix([1],[0],[-1])
(%i19) v3;
(%o19) matrix([0],[1],[-1])
(%i20) is (equal (A . v1, 2 * v1));
(%o20) true
(%i21) is (equal (A . v2, -v2));
(%o21) true
(%i22) is (equal (A . v3, -v3));
(%o22) true

For this matrixA, eigenvectors(A) has returned three ordinary (rank 1) eigenvectors which arelinearly independent
but not necessarily orthogonal. If we form the3 × 3 matrixM = [v1, v2, v3], then the set of three vectors arelinearly
independentif det(M) 6= 0, which is equivalent torank(M) = length(M) which implies thatM−1 exists (see Sec.
3: Inverse of a Matrix). We use thembe5.mac functionmcombine(alist) to createM.

(%i293 M : mcombine([v1,v2,v3] );
(%o23) matrix([1,1,0],[1,0,1],[1,-1,-1])
(%i24) rank(M);
(%o24) 3
(%i25) determinant(M);
(%o25) 3

which confirms the linear independence of the three eigenvectors. Technically,A has three eigenvalues:(2,−1,−1) but
only two distinct eigenvalues. For the3 × 3 matrix A, the sum of its 3 eigenvalues is the same as the trace ofA and
the product of its 3 eigenvalues is the same as the determinant ofA. Thembe5.mac function mtrace(A) is used to
calculate the trace ofA, although adding up three zeros mentally is not so hard!

(%i26) 2 + (-1) + (-1);
(%o26) 0
(%i27) mtrace(A);
(%o27) 0
(%i28) 2 * (-1) * (-1);
(%o28) 2
(%i29) determinant(A);
(%o29) 2

To check normalization and orthogonality of this set of three eigenvectors, we use thembe5.mac function
inner_prod(u,v) , which has the definition

inner_prod(u,v) := ratsimp(expand ( transpose (conjugate (u)) . v))$

v1 is not normalized to 1, but is orthogonal tov2 andv3 .

(%i30) inner_prod(v1,v1);
(%o30) 3
(%i31) inner_prod(v1,v2);
(%o31) 0
(%i32) inner_prod(v1,v3);
(%o32) 0

Both v2 andv3 are not normalized to 1, andv2 andv3 are not orthogonal to each other.

(%i33) inner_prod(v2,v2);
(%o33) 2
(%i34) inner_prod(v3,v3);
(%o34) 2
(%i35) inner_prod(v2,v3);
(%o35) 1
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To check normalization more quickly we can use the syntax (here, f is an undefined function):

(%i36) map (’f, [1,2,3],[1,2,3]);
(%o36) [f(1,1),f(2,2),f(3,3)]

To check for orthogonality more quickly, we can use the syntax

(%i37) map (’f, [1,2,3],[2,3,1]);
(%o37) [f(1,2),f(2,3),f(3,1)]

(%i38) map (’inner_prod,[v1,v2,v3],[v1,v2,v3] );
(%o38) [3,2,2]
(%i39) map (’inner_prod,[v1,v2,v3],[v2,v3,v1] );
(%o39) [0,1,0]

We use thembe5.mac function gschmidt(L) which calls theeigen.mac package functiongramschmidt , but adds
ratsimp (expand (... , to finally arrive at three eigenvectorsv1,v2,v3 which are orthogonal (but still not normal-
ized).

We leave the eigenvectorv1 alone, and use the Gram-Schmidt process to orthogonalize the pair(v2, v3) . We use the
aliaslme , defined inmbe5.mac for list_matrix_entries , which converts a column matrix into a list of values.

(%i40) map (’lme,[v2,v3]);
(%o40) [[1,0,-1],[0,1,-1]]
(%i41) gschmidt(%);
(%o41) [[1,0,-1],[-1/2,1,-1/2]]
(%i42) [v2,v3] : map (’cvec,%);
(%o42) [matrix([1],[0],[-1]),matrix([-1/2],[1],[-1/2 ])]
(%i43) map (’inner_prod,[v1,v2,v3],[v1,v2,v3] );
(%o43) [3,2,3/2]
(%i44) map (’inner_prod,[v1,v2,v3],[v2,v3,v1] );
(%o44) [0,0,0]
(%i45) is (equal (A . v1, 2 * v1));
(%o45) true
(%i46) is (equal (A . v2, -v2));
(%o46) true
(%i47) is (equal (A . v3, -v3));
(%o47) true

Example 2

We use the same tools to look at the eigenvalues and eigenvectors of the matrix

A =

[

1 −1
1 3

]

(1.6)

We find there is one distinct repeated eigenvalueλ = 2, but only one ordinary (rank 1) eigenvector.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix ([1,-1],[1,3]);
(%o2) matrix([1,-1],[1,3])
(%i3) eigenvalues(A);
(%o3) [[2],[2]]
(%i4) jordan(A);
(%o4) [[2,2]]
(%i5) [a1] : map (’first, %);
(%o5) [2]
(%i6) a2 : a1;
(%o6) 2
(%i7) eigenvectors(A);
(%o7) [[[2],[2]],[[[1,-1]]]]
(%i8) [v1,v2] : map (’cvec, jordan_chain(A,a1));
(%o8) [matrix([-1],[1]),matrix([1],[0])]
(%i9) is (equal (A . v1, a1 * v1));
(%o9) true
(%i10) is (equal (A . v2, a2 * v2));
(%o10) false
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The list returned byjordan(A) is [[2,2]] which indicates there is only onedistinct eigenvalueλ = 2, with mul-
tiplicity m = 2, and there is one Jordan chain of generalized eigenvectors with maximum vector rank 2, so there will
be one ordinary rank 1 eigenvector (here calledv1 ) which satisfies the eigenvalue equation, and one rank 2 generalized
eigenvector (here calledv2 ), which does not satisfy the eigenvalue equation. (We discuss the concepts of the rank of a
vector, generalized eigenvectors and Jordan chains in detail in Sec. 5.)

Defining the square matrixB = A−λ I, we use thembe5.mac functionsvrank(B , v) andchained (va, B, vb)

to first return the vector ranks of the vectors defined via the return value ofjordan_chain(A,eival) and then confirm
that the two vectors are a “Jordan chain” of “generalized vectors.”

The “nullity” of B = A− λI is the number of ordinary rank 1 vectors associated with the matrixA and the eigenvalueλ.

(%i11) B : A - a1 * ident(2);
(%o11) matrix([-1,-1],[1,1])
(%i12) length(B);
(%o12) 2
(%i13) rank(B);
(%o13) 1
(%i14) nullity(B);
(%o14) 1
(%i15) vrank(B,v1);
(%o15) 1
(%i16) vrank(B,v2);
(%o16) 2
(%i17) chained (v1, B, v2);
(%o17) true
(%i18) expand (B . v1);
(%o18) matrix([0],[0])
(%i19) expand (B . v2);
(%o19) matrix([-1],[1])
(%i20) expand (Bˆˆ2 . v2);
(%o20) matrix([0],[0])

Example 3: Complex Eigenvalues and Eigenvectors

We use our tools to look at the eigenvalues and eigenvectors of the matrix

A =

[

−1/2 1
−1 −1/2

]

(1.7)

We find there are two distinct complex eigenvaluesλ1 = −(1 + 2 i)/2 and andλ2 = −(1 − 2 i)/2, which are complex
conjugates of each other, and two ordinary (rank 1) eigenvectors, each of which have one element which is a complex
number. Since the two eigenvalues are distinct, the corresponding eigenvectors are automatically orthogonal.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix ([-1/2, 1], [-1,-1/2] );
(%o2) matrix([-1/2,1],[-1,-1/2])
(%i3) jn : jordan(A);
(%o3) [[-(2 * %i+1)/2,1],[(2 * %i-1)/2,1]]
(%i4) [a1, a2] : map (’first, jn);
(%o4) [-(2 * %i+1)/2,(2 * %i-1)/2]
(%i5) a1;
(%o5) -(2 * %i+1)/2
(%i6) a2;
(%o6) (2 * %i-1)/2

The return value ofjordan(A) indicates each eigenvalue corresponds to an ordinary rank 1eigenvector.

(%i7) [v1] : map (’cvec, jordan_chain(A,a1));
(%o7) [matrix([1],[-%i])]
(%i8) v1;
(%o8) matrix([1],[-%i])
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(%i9) [v2] : map (’cvec, jordan_chain(A,a2));
(%o9) [matrix([1],[%i])]
(%i10) v2;
(%o10) matrix([1],[%i])
(%i11) is (equal (A . v1, a1 * v1));
(%o11) true
(%i12) is (equal (A . v2, a2 * v2));
(%o12) true
(%i13) inner_prod(v1,v1);
(%o13) 2
(%i14) inner_prod(v2,v2);
(%o14) 2
(%i15) inner_prod(v1,v2);
(%o15) 0

Looking at thenullity (see previous example) ofB = A−λI for each eigenvalue, ifnullity(B) = dimNullB = 1, then
one basis vector is needed to spanNullB, and there is one ordinary rank 1 eigenvector correspondingto the eigenvalue
λ.

(%i16) B1 : A - a1 * ident(2);
(%o16) matrix([(2 * %i+1)/2-1/2,1],[-1,(2 * %i+1)/2-1/2])
(%i17) rank(B1);
(%o17) 1
(%i18) length(B1);
(%o18) 2
(%i19) nullity(B1);
(%o19) 1
(%i20) vrank(B1,v1);
(%o20) 1
(%i21) expand (B1 . v1);
(%o21) matrix([0],[0])
(%i22) B2 : A - a2 * ident(2);
(%o22) matrix([(-(2 * %i-1)/2)-1/2,1],[-1,(-(2 * %i-1)/2)-1/2])
(%i23) rank(B2);
(%o23) 1
(%i24) length(B2);
(%o24) 2
(%i25) nullity(B2);
(%o25) 1
(%i26) vrank(B2,v2);
(%o26) 1
(%i27) expand (B2 . v2);
(%o27) matrix([0],[0])

1.5 Initial Value Problem for a Set of Three First Order Linear ODE’s

We can use Maxima’s symbolic abilities to find the analytic solutions to the set of three first order linear ordinary differ-
ential equations (ode’s)

d

dt
u1(t) = u1(t) + 2u2(t)− u3(t)

d

dt
u2(t) = −4u1(t)− 7u2(t) + 4u3(t)

d

dt
u3(t) = −4u1(t)− 4u2(t) + u3(t)

which we can write in matrix form as
d

dt
u(t) = Au(t), (1.8)

in which the “coefficient matrix”A is

A =





1 2 −1
−4 −7 4
−4 −4 1



 . (1.9)
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As we discuss later, if the initial values of the three dependent variablesuj are given by the column vectoru(0), then the
solution in matrix form is

u(t) = et Au(0), (1.10)

in which et A is the “exponential matrix” as a function of the matrixt A. We later present various ways to analytically
evaluate this exponential matrix, including a function (inmbe5.mac ) calledeAt_jordan(A) , which we use here.

We assume

u(0) =





1
−1
0



 . (1.11)

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix ([1,2,-1],[-4,-7,4],[-4,-4,1]);
(%o2) matrix([1,2,-1],[-4,-7,4],[-4,-4,1])
(%i3) jordan(A);
(%o3) [[-3,1],[-1,2]]
(%i4) eAt : eAt_jordan(A);
(%o4) matrix([2 * t * %eˆ-t+%eˆ-t,%eˆ-t-%eˆ-(3 * t),t * %eˆ-t-%eˆ-t+%eˆ-(3 * t)],

[-4 * t * %eˆ-t,3 * %eˆ-(3 * t)-2 * %eˆ-t,
(-2 * t * %eˆ-t)+3 * %eˆ-t-3 * %eˆ-(3 * t)],

[-4 * t * %eˆ-t,2 * %eˆ-(3 * t)-2 * %eˆ-t,
(-2 * t * %eˆ-t)+3 * %eˆ-t-2 * %eˆ-(3 * t)])

(%i5) u0 : cvec ([1,-1,0]);
(%o5) matrix([1],[-1],[0])
(%i6) ut : eAt . u0;
(%o6) matrix([2 * t * %eˆ-t+%eˆ-(3 * t)],[(-4 * t * %eˆ-t)+2 * %eˆ-t-3 * %eˆ-(3 * t)],

[(-4 * t * %eˆ-t)+2 * %eˆ-t-2 * %eˆ-(3 * t)])
(%i7) [ut1,ut2,ut3] : list_matrix_entries(ut);
(%o7) [2 * t * %eˆ-t+%eˆ-(3 * t),(-4 * t * %eˆ-t)+2 * %eˆ-t-3 * %eˆ-(3 * t),

(-4 * t * %eˆ-t)+2 * %eˆ-t-2 * %eˆ-(3 * t)]
(%i8) ut1;
(%o8) 2 * t * %eˆ-t+%eˆ-(3 * t)
(%i9) ut2;
(%o9) (-4 * t * %eˆ-t)+2 * %eˆ-t-3 * %eˆ-(3 * t)
(%i10) ut3;
(%o10) (-4 * t * %eˆ-t)+2 * %eˆ-t-2 * %eˆ-(3 * t)
(%i11) ut1,t=0;
(%o11) 1
(%i12) ut2,t=0;
(%o12) -1
(%i13) ut3,t=0;
(%o13) 0
(%i14) plot2d([ut1,ut2,ut3],[’t,0,1],[legend,false],

[style,[lines,4]])$
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which produces the plot

t

-1

-0.5

 0

 0.5

 1

 0  0.2  0.4  0.6  0.8  1

Figure 1: Case:u1(0) = 1, u2(0) = −1, u3(0) = 0

One can usecoefmatrix to derive the coefficient matrixA from the form of the right hand sidesAu of the three
differential equations.

(%i15) A;
(%o15) matrix([1,2,-1],[-4,-7,4],[-4,-4,1])
(%i16) A : coefmatrix([u1+2 * u2-u3,-4 * u1-7 * u2+4 * u3,-4 * u1-4 * u2+u3],[u1,u2,u3]);
(%o16) matrix([1,2,-1],[-4,-7,4],[-4,-4,1])

The analytic solution matching the given initial conditions is then

u1(t) = 2 t e−t + e−3 t

u2(t) = (2− 4 t) e−t − 3 e−3 t

u3(t) = (2− 4 t) e−t − 2 e−3 t

1.6 Matrix Notation Used Here

Column vectors are represented by bold face lower-case English letters(x,y, z, ...). The i’th component of the vectorx
is xi. The row vector with the same elements as the column vectorx is thetransposeof x, and is represented byxT.

Matrices (other than vectors) are represented by upper-case English letters(A,B,C, ...). Subscripts, as inA1, A2, . . .
may be used to distinguish different matrices.A vector is a matrix with only one column or only one row.

Lower-case Greek letters, such asλ, α, γ will be used to represent real or complex numbers – never a vector or matrix.

The columns of the matrixA can be indicated bya(1), . . . ,a(n) or more simply asa1, . . . ,an

The components of a matrix A areaij . We can also write

A = (aij) i = 1, . . . ,m j = 1, . . . , n (1.12)
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to indicate thatA is the matrix

A =









a11 a12 · · · a1n
a21 a22 · · · a2n
· · · · · ·

am1 am2 · · · amn









(1.13)

If A has the same number,n, of rows and columns, we write

A = (aij) i, j = 1, . . . , n (1.14)

The rows of a matrix are horizontal, for example the third row

[a31, . . . , a3n]. (1.15)

The columns of a matrix are vertical, for example the seventhcolumn












a17
·
·
·

am7













(1.16)

To save space, we can write instead col(a17, · · · , am7) for the above column.

The lettere with a superscript is reserved for cartesian unit vectors, such thatej is a column vector with its jth component
equal to 1 and with all other components equal to 0.

A determinant is a single number computed from a square matrix (m = n). The simplest case is the determinant of a
2× 2 matrix

det

[

α δ
γ β

]

= αβ − γδ =

∣

∣

∣

∣

α δ
γ β

∣

∣

∣

∣

(1.17)

The transposeAT of a matrixA is formed by interchanging corresponding rows and columns.Thus row 1 ofA becomes
column 1 ofAT, row 2 ofA becomes column 2 ofAT, etc. An example for a2× 2 matrix is

[

α δ
γ β

]T

=

[

α γ
δ β

]

(1.18)

Then ifB = AT thenbij = aji.

If AT = A, which impliesaji = aij , then we say thatA is a symmetric matrix . If AT = −A, which impliesaji = −aij,
then we say thatA is an antisymmetric matrix . The Hermitian conjugate of a matrixA is indicated by eitherA† or
AH, and ifB = A†, thenbij = aji, in which the overbar indicates complex conjugation. In other words,

A† =
(

A
)T

= (AT). (1.19)

If A† = A, then we say thatA is a Hermitian matrix (self-adjoint). A matrix which is both real and symmetric isa
special case of a Hermitian matrix.

Matrix Multiplication

Ax for a Non-Square Matrix A

LetA be am× n matrix (m rows andn columns) with componentsaij , with (i = 1, 2, . . . ,m) and(j = 1, 2, . . . , n). If
x is a n-component column vector with componentsxj , then the number of rows ofAx equals the number of rows ofA,
and them elements of the column vectorAx are given by

(Ax)i =
n
∑

j=1

aij xj , (i = 1, 2, . . . ,m). (1.20)
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For example
[

1 2 3
4 5 6

]





x1
x2
x3



 =

[

x1 + 2x2 + 3x3
4x1 + 5x2 + 6x3

]

. (1.21)

Ax for a Square Matrix A

AssumeA is a squaren × n matrix with matrix elementsaij. The j’th column ofA is a(j), andaij = a
(j)
i . Let x be a

n-component column vector with componentsxj. The productAx is a column vector which is a linear superposition of
the columns ofA.

Ax =

n
∑

j=1

a(j) xj (1.22)

and thei’th component is

(Ax)i =

n
∑

j=1

a
(j)
i xj =

n
∑

j=1

aij xj. (1.23)

The productC = AB of two n× n matricesA andB has matrix components

Cij =
∑

k

aik bkj. (1.24)

The product of two diagonal matricesA andB is again diagonal. Letδij denote the Kronecker delta, which is equal to1
if i = j and otherwise is equal to0. Then ifAij = αi δij , andBij = βi δij , then withC = AB,

Cij =
∑

k

Aik Bkj =
∑

k

(αi δik) (βk δkj) = αi βi
∑

k

δik δkj = αi βi δij (1.25)

Vector Multiplication

If x andy are column vectors with the same numbern of components, then one kind of product is

xT y =

n
∑

i=1

xi yi = yT x. (1.26)

If x andy are linearly dependent, then one is a multiple of the other. We also define a product called thescalar product
or inner product , defined by

(x,y) =

n
∑

i=1

xi yi = xT y (1.27)

which is, in the general case, a complex number.

Here is a small example, using thembe5.mac function inner_prod(u,v) , which has a definition (both input matrix
column vectors are assumed to have the same number of elements) :

inner_prod (uA,vA) := ( conjugate( transpose(uA)) . vA )$

We first show thatconjugate(%i * a) just changes%i to -%i , sincea is assumed real unless you specifically declare it
complex (as indeclare (a, complex) ). We then define a three component column vectorv which has two complex
elements, and show whatconjugate does tov. We then define another three component column vectoru which has one
complex element, and calculate the inner product(u, v), usinginner_prod .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) conjugate(%i * a);
(%o2) -%i * a
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(%i3) declare(b,complex);
(%o3) done
(%i4) conjugate(%i * b);
(%o4) -%i * conjugate(b)
(%i5) v : cvec ([%i,%i * 2,3]);
(%o5) matrix([%i],[2 * %i],[3])
(%i6) conjugate(v);
(%o6) matrix([-%i],[-2 * %i],[3])
(%i7) u : cvec ([4,5,%i * 6]);
(%o7) matrix([4],[5],[6 * %i])
(%i8) inner_prod(u,v);
(%o8) -4 * %i

If (x,y) = 0, then the two vectorsx andy are said to beorthogonal, and are automatically linearly independent. The
inner product (scalar product) of a vector with itself is a real non-negative number whose square root is called thelength
of the vector.

(x,x) =

n
∑

i=1

xi xi =

n
∑

i=1

|xi|
2. (1.28)

Here is an example usingv defined above:

(%i9) inner_prod (v,v);
(%o9) 14
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2 Row-Echelon Form and Rank of a Matrix

Row-Echelon Form

Quoting Bronson, Ch. 1,

A zero row in a matrix is a row whose elements are all zero. Anonzero row is one that contains at least one
nonzero element. A matrix is azero matrix, denotedZ (or Zmn to emphasizem rows andn columns), if it
contains only zero rows.

A matrix is in row-echelonform if it satisfies four conditions:

1. All nonzero rows precede (that is, appear above) zero rowswhen both types are contained in the matrix.

2. The first (leftmost) nonzero element of each nonzero row isunity.

3. When the first nonzero element of a row appears in column c, then all elements in column c in succeed-
ing rows are zero.

4. The first nonzero element of any nonzero row appears in a later column (further to the right) than the
first nonzero element of any preceding row.

If a matrixA is in row-echelon form, then the non-zero rows of this form are linearly independent.

Elementary Row and Column Operations

Quoting Bronson (pg. 3)

There are threeelementary row operationswhich may be used to transform a matrix into row-echelon form:

1. Interchange any two rows.

2. Multiply the elements of any row by a nonzero scalar.

3. Add to any row, element by element, a scalar times the corresponding elements of another row.

Threeelementary column operationsare defined analogously.

Rank

The rank ( or row-rank ) of a matrix is the number ofnonzero rowsin the matrix after it has been transformed to row-
echelon form via elementary row operations.

The Maxima functionechelon(A) can be used to transform the matrixA into a (not usually unique) row-echelon form.
The core Maxima functionrank(A) can be used to calculate the rank ofA. Here is a simple example using the2 × 3
matrix (2 rows and3 columns).

A =

[

1 2 3
4 9 7

]

→

[

1 2 3
0 1 −5

]

(2.1)

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,2,3],[4,9,7]);
(%o2) matrix([1,2,3],[4,9,7])
(%i3) echelon(A);
(%o3) matrix([1,2,3],[0,1,-5])
(%i4) rank(A);
(%o4) 2

Quoting Bronson, p. 9,

The row-echelon form is not unique if a matrix has rank 2 or greater.
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In the example above, which has rank 2, we could add the secondrow to the first row of the row-echelon form returned,
and the result would still be in row-echelon form.

The rank of a matrix equals the number of linearly independent columns in the matrix. The rank of a matrix equals the
number of linearly independent rows in the matrix. For a square matrix, the maximum rank is the number of columns
(which is the same as the number of rows). A matrix which has the maximum rank is called a “full rank matrix.” The
product of two full rank matrices is itself full rank. The inverse of a squaren×n matrix exists (and is unique) if and only
if the rank of the matrix isn.

Row-Echelon Transformation Algorithm

Quoting Bronson, Ch. 1,

An algorithm for using elementary row operations to transform a matrix into row-echelon form is as follows:

1. LetR denote the work row, and initializeR = 1 (so the top row is the first work row).

2. Find the first column containing a nonzero element in either row R or any succeeding row. If no such
column exists, stop; the transformation is complete. Otherwise letC denote this column.

3. Beginning with rowR and continuing through successive rows, locate the first rowhaving a nonzero
element in columnC. If this row is not rowR, interchange it with rowR. RowR will now have a
nonzero element in columnC. This element is called thepivot; let P denote its value.

4. If P 6= 1, multiply the elements of rowR by 1/P ; otherwise continue.

5. Search all rows followingR for one having a nonzero element in columnC. If no such row exists, go
to step 8; otherwise designate that row as rowN , and the value of the nonzero element in rowN and
columnC asV .

6. Add to the elements of rowN the scalar−V times the corresponding elements of rowR.

7. Return to step 5.

8. IncreaseR by 1. If this new value ofR is larger than the number of rows in the matrix, stop; the
transformation is complete. Otherwise, return to step 2.

In addition to the example here, there are more examples in the section on matrix inversion.

Example 1

Follow the above steps to transform

B =

[

0 1 4
1 2 3

]

(2.2)

With R = 1 (step 1) andC = 1 (step 2), we apply step 3 and interchange rows 1 and 2, obtaining
[

1 2 3
0 1 4

]

(2.3)

which is in row-echelon form.

Example 2

Follow the above steps to transform

B =

[

0 2 4
0 0 1

]

(2.4)

With R = 1 (step 1) andC = 2 (step 2),P = 2 (step 3), we multiply the elements of row1 by 1/P = 1/2 to get a
row-echelon form

[

0 1 2
0 0 1

]

(2.5)

which is in row-echelon form.
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Example 3

Follow the above steps to transform

B =

[

1 2 3
4 9 7

]

(2.6)

With R = 1 (step 1) andC = 1 (step 2),N = 2 andV = 4 (step 5), we add to each element of row 2 (-4) times the
corresponding element in row 1, to get a row-echelon form

[

1 2 3
0 1 −5

]

(2.7)

3 Inverse of a Matrix

Quoting Bronson, Ch. 4,

Matrix B is theinverseof a square matrixA if

AB = BA = I. (3.1)

For both products to be defined simultaneously,A andB must be square matrices of the same order.

A square matrix is said to besingular if it does not have an inverse; a matrix that has an inverse is called
nonsingular or invertible . The inverse ofA, when it exists, is denoted asA−1.

PROPERTIES OF THE INVERSE

1. The inverse of a nonsingular matrix is unique.

2. If A is nonsingular, then
(

A−1
)−1

= A.

3. If A andB are nonsingular, then(AB)−1 = B−1A−1 .

4. If A is nonsingular, then so too isAT. Further,(AT)−1 =
(

A−1
)T

.

LetA be ann× n matrix. If any of the following equivalent conditions hold,thenA does nothave an inverse:

1. Ax = 0 has a nontrivial solution.

2. The columns ofA are linearly dependent.

3. The rank ofA is less thann.

4. A is notrow equivalent to the identity matrix.

5. det(A) = 0

The meaning of the fourth statement above is found in the algorithm of the derivation of the inverse by elementary row
operations discussed below.

LetA be ann× n matrix with real or complex entries. Then the following statements are equivalent.

1. A−1 exists.

2. The only solution toAx = 0 is the “trivial solution”x = 0.

3. The columns ofA are linearly independent.

4. rank(A) = n
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5. A is row equivalent toI. (A ⇔ I.)

6. det(A) 6= 0.

A consequence of the fifth statement above,A ⇔ I, is that there exist row operations that takeA to I. If we apply these
row operations to the augmented matrix[A|I], then we will produce[I|B]. The matrixB satisfiesAB = I. But to be
an inverse, it must also satisfyBA = I. One can show that, by virtue of the row reduction method of findingB, and its
reversibility,B satisfiesBA = I automatically, and thus is the unique inverse ofA sought.

ThusA−1 exists if and only ifA ⇔ I.

3.1 Inversion Using Maxima core functions

In Maxima, we can use either of the two equivalent forms:invert(A) or Aˆˆ-1 (or Aˆˆ(-1) ) to determine the inverse
of A, if it exists.

Example 1

We use Maxima to find the inverse of

A =

[

5 3
2 1

]

. (3.2)

(%i1) A : matrix([5,3],[2,1]);
(%o1) matrix([5,3],[2,1])
(%i2) B : invert(A);
(%o2) matrix([-1,3],[2,-5])
(%i3) B . A;
(%o3) matrix([1,0],[0,1])
(%i4) A . B;
(%o4) matrix([1,0],[0,1])
(%i5) Aˆˆ-1;
(%o5) matrix([-1,3],[2,-5])
(%i6) Aˆˆ(-1);
(%o6) matrix([-1,3],[2,-5])

which says that

A−1 =

[

−1 3
2 −5

]

. (3.3)

Note that

(%i7) rank(A);
(%o7) 2
(%i8) echelon(A);
(%o8) matrix([1,3/5],[0,1])
(%i9) length(A);
(%o9) 2

andrank(A) is equal to the number of rows ofA and there are no zero rows in the row-echelon form ofA.

Example 2

We use Maxima to seek the inverse of

A =





1 2 3
4 5 6
7 8 9



 . (3.4)

(%i10) A : matrix([1,2,3],[4,5,6],[7,8,9]);
(%o10) matrix([1,2,3],[4,5,6],[7,8,9])
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(%i11) B : invert(A);
expt: undefined: 0 to a negative exponent.

-- an error. To debug this try: debugmode(true);
(%i12) echelon(A);
(%o12) matrix([1,2,3],[0,1,2],[0,0,0])
(%i13) rank(A);
(%o13) 2
(%i14) length(A);
(%o14) 3

Note that the singular matrixA has a rank which is less than the number of rows, and the row-echelon form has one zero
row. A−1 does not exist.

3.2 Inversion Using Elementary Row Operations

From Bronson, Ch. 4,

CALCULATING INVERSES USING ELEMENTARY ROW OPERATIONS

Inverses may be found through the use of elementary row operations. This procedure not only yields the
inverse when it exists, but also indicates when the inverse does not exist. An algorithm for finding the inverse
of a matrixA is as follows:

1. Form the partitioned matrix[A |I ], whereI is the identity matrix having the same order asA.

2. Using elementary row operations, transformA into row-echelon form, applying each row operation to
the entire partioned matrix formed in Step 1. Denote the result as [C |D ], whereC is in row-echelon
form.

3. If C has a zero row, stop; the original matrixA is singular and does not have an inverse. Otherwise
continue; the original matrix is invertible.

4. Beginning with the last column ofC and progressing backward iteratively through the second column,
use elementary row operation (3) to transform all elementsabove the diagonal ofC to zero. Apply
each operation, however, to the entire matrix[C |D ]. Denote the result as[ I |B ]. The matrixB is the
inverse of the original matrixA.

If exact arithmetic is not used in Step 2, then a pivoting strategy should be employed. No pivoting strategy is
used in Step 4; the pivot is always one of the unity elements onthe diagonal ofC. Interchanging any rows
after Step 2 has been completed will undo the work of that stepand, therefore, is not allowed.

A homemade functionrinverse(A) (available inmbe5.mac ) implements this algorithm in the Maxima language,
using echelon as the first step in the row reduction (see code below). In therinverse code we use the function
mat_unblocker , defined in thelinearalgebra.mac package of functions. If this package is not already loaded,the
first time use ofrinverse will take a little longer because the package automaticallyloads when we first use its function
mat_unblocker .

In the examples below, the row reduction is done “by hand” first, as further examples of using the elementary row
operations.

Example 1

We use the elementary row operation algorithm to find the inverse of

A =

[

5 3
2 1

]

. (3.5)
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We first form the partitioned matrix[A |I ].

[A |I ] =

[

5 3 | 1 0
2 1 | 0 1

]

. (3.6)

With R = 1, C = 1, andP = 5, we first multiply row1 by (1/5) to get

[

1 3/5 | 1/5 0
2 1 | 0 1

]

. (3.7)

With R = 1, C = 1, N = 2, andV = 2, we replace row2 by the sum of row2 and(−2) times row1 to get

[

1 3/5 | 1/5 0
0 −1/5 | −2/5 1

]

. (3.8)

With R = 2, C = 2, andP = −1/5, we multiply row2 by (−5) to get

[C |D ] =

[

1 3/5 | 1/5 0
0 1 | 2 −5

]

. (3.9)

C does not have a zero row, soA is invertible, and we continue to find the inverse. We replacerow 1 by the sum of row1
plus(−3/5) times row2, to get

[ I |B ] =

[

1 0 | −1 3
0 1 | 2 −5

]

. (3.10)

This determines the inverse ofA as

A−1 = B =

[

−1 3
2 −5

]

, (3.11)

which agrees with our Maxima calculation above.

To employ Maxima, we use bothinvert and thenrinverse .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([5,3],[2,1]);
(%o2) matrix([5,3],[2,1])
(%i3) rank(A);
(%o3) 2
(%i4) determinant(A);
(%o4) -1
(%i5) B1 : invert(A);
(%o5) matrix([-1,3],[2,-5])
(%i6) A . B1;
(%o6) matrix([1,0],[0,1])
(%i7) B1 . A;
(%o7) matrix([1,0],[0,1])
(%i8) B2 : rinverse(A);
(%o8) matrix([-1,3],[2,-5])
(%i9) A . B2;
(%o9) matrix([1,0],[0,1])
(%i10) B2 . A;
(%o10) matrix([1,0],[0,1])

Example 2

We use the elementary row operation algorithm to find the inverse of

A =





1 2 3
4 5 6
7 8 9



 . (3.12)
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We first form the partitioned matrix[A |I ].

[A |I ] =





1 2 3 | 1 0 0
4 5 6 | 0 1 0
7 8 9 | 0 0 1



 . (3.13)

With R = 1, C = 1, N = 2, andV = 4, we replace row2 by the sum of row2 and(−4) times row1 to get




1 2 3 | 1 0 0
0 −3 −6 | −4 1 0
7 8 9 | 0 0 1



 . (3.14)

With R = 1, C = 1, N = 3, andV = 7, we replace row3 by the sum of row3 and(−7) times row1 to get




1 2 3 | 1 0 0
0 −3 −6 | −4 1 0
0 −6 −12 | −7 0 1



 . (3.15)

We increaseR by 1, and withR = 2, C = 2, andP = −3, we replace row2 by (−1/3) times row2 to get




1 2 3 | 1 0 0
0 1 2 | 4/3 −1/3 0
0 −6 −12 | −7 0 1



 . (3.16)

With R = 2, C = 2, N = 3, andV = −6 we replace row3 by the sum of row3 and(6) times row2 to get

[C |D ] =





1 2 3 | 1 0 0
0 1 2 | 4/3 −1/3 0
0 0 0 | 1 −2 1



 . (3.17)

The left side of this partitioned matrix is in row-echelon form. Since its third row is a zero row, the original matrixA does
not have an inverse, which agrees with our Maxima calculations.

(%i11) A : matrix([1,2,3],[4,5,6],[7,8,9]);
(%o11) matrix([1,2,3],[4,5,6],[7,8,9])
(%i12) rank(A);
(%o12) 2
(%i13) determinant(A);
(%o13) 0
(%i14) rinverse(A);

the inverse does not exist
(%o14) done

Example 3

We use the elementary row operation algorithm to find the inverse of

A =





0 1 1
5 1 −1
2 −3 −3



 . (3.18)

We first form the partitioned matrix[A |I ].

[A |I ] =





0 1 1 | 1 0 0
5 1 −1 | 0 1 0
2 −3 −3 | 0 0 1



 . (3.19)

We interchangeR1 andR2 to get




5 1 −1 | 0 1 0
0 1 1 | 1 0 0
2 −3 −3 | 0 0 1



 . (3.20)
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With R = 1, C = 1, andP = 5, replaceR1 by (1/5)R1 to get




1 1/5 −1/5 | 0 1/5 0
0 1 1 | 1 0 0
2 −3 −3 | 0 0 1



 . (3.21)

With R = 1, C = 1, N = 3, andV = 2, we replaceR3 with the sum ofR3 and(−2)R1 to get




1 1/5 −1/5 | 0 1/5 0
0 1 1 | 1 0 0
0 −17/5 −13/5 | 0 −2/5 1



 . (3.22)

With R = 2, C = 2, N = 3, andV = −17/5, we replaceR3 with the sum ofR3 and(17/5)R2 to get




1 1/5 −1/5 | 0 1/5 0
0 1 1 | 1 0 0
0 0 4/5 | 17/5 −2/5 1



 . (3.23)

With R = 3, C = 3, andP = 4/5, we replaceR3 by (5/4)R3 to get

[C |D ] =





1 1/5 −1/5 | 0 1/5 0
0 1 1 | 1 0 0
0 0 1 | 17/4 −2/4 5/4



 . (3.24)

The left side of this partitioned matrix is now in row-echelon form and there are no zero rows, so the inverse of the original
matrixA exists. We start on column3 and replaceR2 by the sum ofR2 and(−1)R3 to get





1 1/5 −1/5 | 0 1/5 0
0 1 0 | −13/4 2/4 −5/4
0 0 1 | 17/4 −2/4 5/4



 . (3.25)

We next replaceR1 by the sum ofR1 and(1/5)R3 to get




1 1/5 0 | 17/20 2/20 5/20
0 1 0 | −13/4 2/4 −5/4
0 0 1 | 17/4 −2/4 5/4



 . (3.26)

We next replaceR1 by the sum ofR1 and(−1/5)R2 to get

[ I |B ] =





1 0 0 | 3/2 0 1/2
0 1 0 | −13/4 2/4 −5/4
0 0 1 | 17/4 −2/4 5/4



 . (3.27)

This determines the inverse ofA as

A−1 = B =





3/2 0 1/2
−13/4 2/4 −5/4
17/4 −2/4 5/4



 =
1

4





6 0 2
−13 2 −5
17 −2 5



 (3.28)

which agrees with a Maxima calculation using eitherinvert or rinverse .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([0,1,1],[5,1,-1], [2,-3,-3]);
(%o2) matrix([0,1,1],[5,1,-1],[2,-3,-3])
(%i3) B : invert(A);
(%o3) matrix([3/2,0,1/2],[-13/4,1/2,-5/4],[17/4,-1/2 ,5/4])
(%i4) 4 * B;
(%o4) matrix([6,0,2],[-13,2,-5],[17,-2,5])
(%i5) rinverse(A);
(%o5) matrix([3/2,0,1/2],[-13/4,1/2,-5/4],[17/4,-1/2 ,5/4])
(%i6) 4 * %;
(%o6) matrix([6,0,2],[-13,2,-5],[17,-2,5])
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The code forrinverse(M) is:

/ * rinverse(M) uses echelon and elementary row operations to d erive inverse of M,
mat_unblocker is from linearalgebra.mac, which loads auto matically * /

rinverse(M) :=
block([nrows,ncols, MI , M_inv ],

local(RL), / * local hashed array * /
nrows : length(M),
ncols : length( transpose(M)),

if nrows # ncols then (
print(" need square matrix M "),
return(done)),

if rank(M) < nrows then (
print(" the inverse does not exist"),
return(done)),

MI : mat_unblocker( matrix ( [ M, ident(nrows) ] ) ),
MI : echelon (MI),

for j thru nrows do RL[j] : lme (row (MI, j)),

/ * create 0’s above 1’s * /
for j:2 thru nrows do

for k thru (j - 1) do RL[k] : RL[k] - RL[k][j] * RL[j],

/ * right hand of partitioned matrix should now be M_inverse * /

for j thru nrows do RL[j] : rest ( RL[j], ncols ),

M_inv : matrix(RL[1]),
for j:2 thru nrows do M_inv : addrow(M_inv, RL[j] ),
M_inv)$

4 Set of Homogeneous Linear Algebraic EquationsAx = 0

Let A be am× n matrix (m rows andn columns). Letx be an n-component column vector. Let0 be a m-dimensional
column vector, all of whose elements are0. Then the matrix equationAx = 0 is equivalent to a system ofm linear
homogeneous equations inn unknowns.

Casem > n

In this case there are more equations than unknowns (the system is “overdetermined”) and only the trivial solutionx = 0

exists. Below we discuss the concepts ofnullspaceof a matrix and the definition of the dimension of the nullspace, called
thenullity of the matrix. The dimension of the “nullspace” of the matrixin the followingm > n example is 0. Here is
an example of three equations in two unknowns (m = 3, n = 2).

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) solve([x + y,2 * x + y,x + 2 * y],[x,y]);
solve: dependent equations eliminated: (3)
(%o2) [[x = 0,y = 0]]
(%i3) A1 : matrix([1,1],[2,1],[1,2]);
(%o3) matrix([1,1],[2,1],[1,2])
(%i4) rank(A1);
(%o4) 2
(%i5) nullity(A1);
(%o5) 0
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(%i6) nullspace(A1);
(%o6) span()

4.1 Nullspace Basis Vectors of a Matrix

Let A be am × n matrix (m rows andn columns). In the following, we assumem ≤ n. Thenullspaceof the matrix
A, denotedNullA, is theset of all n-dimensional column vectorsx such thatAx = 0, in which the right hand side
is a m-component vector, all of whose elements equal0. NullA is asubspaceof the set of all n-dimensional vectors.
Elementary row operations on a matrixA do not changeNullA.

The dimension of the nullspaceNullA is called thenullity of the matrixA, and can be denoted bynullity(A) or
(more often) bydimNullA. SinceA0 = 0, the setNullA always contains0, the trivial solution, so using set notation,
NullA 6= ∅. If NullA only contains the trivial solution vector, then the nullspace has dimension 0.

If the square matrix A is invertible (A−1 exists), then (again using set notation)NullA = {0}, since the solution to
Ax = 0 is given by the unique solutionx = A−1 0 = 0.

Therank-nullity theorem states that the sum of the rank of a matrix and the nullity of a matrix is equal to the number of
columns of the matrix. This theorem is used to define the function nullity(A) (in mbe5.mac ):

nullity(BB) := ( length(transpose(BB)) - rank(BB) )$

Here is a simple example, which eventually usesnullspace(A) , a function defined inlinearalgebra.mac , which
automatically loads when you loadmbe5.mac .

We seek the nullspace ofA, NullA, for the2× 3 matrix

A =

[

1 2 3
4 5 6

]

. (4.1)

In our work below,A is a2× 3 matrix (two rows and three columns),xs is a 3-element column vector of unknowns, and
the matrix productA . xs produces a 2-element column vector, so the matrix equationAxs = 0 requres the right hand
side to be a 2-element column of 0’s, and the result is equivalent to two equations in three unknowns, an under-determined
system, whose solution will involve one arbitrary parameter.

The work below then shows the nullspace ofA is spanned by one basis vector, and the most general vector belonging
the the nullspace ofA is an arbitrary constant times the basis vector. This is consistent with nullity(A) --> 1 .
In the following, we show two different methods to obtain thematrix column vectorv1 , given the return value from
nullspace(A) .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix ([1,2,3],[4,5,6]);
(%o2) matrix([1,2,3],[4,5,6])
(%i3) rank(A);
(%o3) 2
(%i4) nullity(A);
(%o4) 1
(%i5) nspc : nullspace(A);
(%o5) span(matrix([-3],[6],[-3]))
(%i6) [v1] : nspc, ’span = "[";
(%o6) [matrix([-3],[6],[-3])]
(%i7) v1;
(%o7) matrix([-3],[6],[-3])
(%i8) v1 : part (nspc, 1);
(%o8) matrix([-3],[6],[-3])
(%i9) A . v1;
(%o9) matrix([0],[0])
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(%i10) v1/(-3);
(%o10) matrix([1],[-2],[1])

We compare the use ofnullspace (above) with the direct use ofsolve for this system of algebraic equations, getting
the equations from the matrix definition for practice. We seebelow thatsolve produces a solution vector depending on
one arbitrary parameter, which we callr . We letAxs be the matrix column vector (two rows, one column) given by the
matrix productA . xs .

(%i11) xs : cvec([x,y,z]);
(%o11) matrix([x],[y],[z])
(%i12) Axs : A . xs;
(%o12) matrix([3 * z+2 * y+x],[6 * z+5 * y+4 * x])
(%i13) eq1 : Axs[1,1];
(%o13) 3 * z+2 * y+x
(%i14) eq2 : Axs[2,1];
(%o14) 6 * z+5 * y+4 * x
(%i15) solns : solve([eq1,eq2],[x,y,z]);
(%o15) [[x = %r1,y = -2 * %r1,z = %r1]]
(%i16) solns : solns, %r1 = r;
(%o16) [[x = r,y = -2 * r,z = r]]
(%i17) soln : solns[1];
(%o17) [x = r,y = -2 * r,z = r]
(%i18) xL : map(’rhs,soln);
(%o18) [r,-2 * r,r]
(%i19) xvec : cvec(xL);
(%o19) matrix([r],[-2 * r],[r])
(%i20) A . xvec;
(%o20) matrix([0],[0])
(%i21) xvec/r;
(%o21) matrix([1],[-2],[1])

In general, one finds the nullspace of a matrix by finding a basis, and the dimension of the basis is then known. The di-
mension of the nullspace ofA is equal to the number of basis vectors needed to “span the space”, i.e., allow any solution
of Ax = 0 to be written in terms of the set of basis vectors, using multiplicative scalar constants (parameters).

If u is a basis vector of a one dimensional vector space, so thatAu = 0, then the most general vector in that space is
x = cu, in whichc is a scalar parameter, sinceAcu = cAu = c0 = 0.

Here is another example. We seek the nullspace ofA, NullA, for the3× 5 matrix

A =





−3 6 −1 1 −7
1 −2 2 3 −1
2 −4 5 8 −4



 . (4.2)

The elements ofNullA will be 5-component vectors, and the matrix equationAx = 0 stands for three algebraic equa-
tions.

A Maxima solution for the nullspace ofA can be found using the Maxima contributed packagelinearalgebra.mac ,
which has its own definition of the functionsrank(A) , nullity(A) , andnullspace(A) which are illustrated here.
When you loadmbe5.mac , the file linearalgebra.mac will also load. The functionnullspace returns the vectors
which form a basis of the nullspace in the special formspan(v1,v2,...vn) , and one can use
subst(’span = "[", returned-result) to get an ordinary Maxima list of basis vectors, if you wish.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([-3,6,-1,1,-7],[1,-2,2,3,-1], [2,-4,5, 8,-4]);
(%o2) matrix([-3,6,-1,1,-7],[1,-2,2,3,-1],[2,-4,5,8, -4])
(%i3) rank(A);
(%o3) 2
(%i4) nullity(A);
(%o4) 3
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(%i5) nspc : nullspace(A);
(%o5) span(matrix([-10],[-5],[0],[0],[0]),matrix([0] ,[0],[-20],[15],[5]),

matrix([0],[5],[20],[-10],[0]))
(%i6) [v1,v2,v3] : nspc, ’span = "[";
(%o6) [matrix([-10],[-5],[0],[0],[0]),matrix([0],[0] ,[-20],[15],[5]),

matrix([0],[5],[20],[-10],[0])]
(%i7) v1;
(%o7) matrix([-10],[-5],[0],[0],[0])
(%i8) A . v1;
(%o8) matrix([0],[0],[0])
(%i9) map(lambda([u], A . u),[v1,v2,v3]);
(%o9) [matrix([0],[0],[0]),matrix([0],[0],[0]),matri x([0],[0],[0])]

Instead of usingnullspace , we can use the core Maxima functionsolve to find the nullspace ofA, as follows here.

Without using the rank-nullity theorem, we can use the Maxima functionsolve to “solve” for the basis vectors of the
nullspace ofA and thus infer the dimension of the nullspace. We use the symbol xL for a list of the five (unknown)
elements ofx. We use the symbolx to represent, in matrix form, the 5-element column vectorx. We let the symbolAx

represent the column vector produced by the matrix productA . x , and we let the symbolAxL represent the list of the
elements of the column vectorAx.

(%i10) xL : [x1,x2,x3,x4,x5];
(%o10) [x1,x2,x3,x4,x5]
(%i11) x : cvec(xL);
(%o11) matrix([x1],[x2],[x3],[x4],[x5])
(%i12) Ax : A . x;
(%o12) matrix([(-7 * x5)+x4-x3+6 * x2-3 * x1],[(-x5)+3 * x4+2 * x3-2 * x2+x1],

[(-4 * x5)+8 * x4+5 * x3-4 * x2+2 * x1])
(%i13) AxL : list_matrix_entries(Ax);
(%o13) [(-7 * x5)+x4-x3+6 * x2-3 * x1,(-x5)+3 * x4+2 * x3-2 * x2+x1,(-4 * x5)+8 * x4+5 * x3-4 * x2

+2* x1]
(%i14) solns : solve(AxL,xL);
solve: dependent equations eliminated: (3)
(%o14) [[x1 = 2 * %r3+%r2-3 * %r1,x2 = %r3,x3 = 2 * %r1-2 * %r2,x4 = %r2,x5 = %r1]]

The solution depends on three arbitrary parameters, which could be called anything, so this subspace is three dimensional,
spanned by three (5-element) basis vectorsu, v, andw, which will respectively be represented byu, v , andw in our
Maxima work. The Maxima functionsolve uses%rj as the symbol for arbitrary parameters, starting withj = 1. In our
own summary, we can use any symbols for these arbitrary parameters. If we write this solution as

x = r1 u+ r2 v+ r3 w, (4.3)

then we have












x1
x2
x3
x4
x5













= r1












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0
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1


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
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


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1
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0
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



(4.4)

from which we make the identification of three possible basisvectors of the three dimensional nullspace ofA:

u =













−3
0
2
0
1












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
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

1
0
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2
1
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



. (4.5)

Using our functioncvec(L) in mbe5.mac to define Maxima column vectors in terms of matrices,

(%i15 u : cvec([-3,0,2,0,1]);
(%o15) matrix([-3],[0],[2],[0],[1])
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(%i16) v : cvec([1,0,-2,1,0]);
(%o16) matrix([1],[0],[-2],[1],[0])
(%i17) w : cvec([2,1,0,0,0]);
(%o17) matrix([2],[1],[0],[0],[0])

If these three basis vectors are linearly dependent, then there exist scalar constantsc1, c2, andc3 (not all zero) such that
z = c1 u+ c2 v + c3 w = 0 so that we can express one of the vectors(u,v,w) in terms of the others.

(%i18) cL : [c1,c2,c3];
(%o18) [c1,c2,c3]
(%i19) z : c1 * u + c2 * v + c3 * w;
(%o19) matrix([2 * c3+c2-3 * c1],[c3],[2 * c1-2 * c2],[c2],[c1])
(%i20) zL : list_matrix_entries(z);
(%o20) [2 * c3+c2-3 * c1,c3,2 * c1-2 * c2,c2,c1]
(%i21) solve(zL, cL);
solve: dependent equations eliminated: (5 1)
(%o21) [[c1 = 0,c2 = 0,c3 = 0]]

and the only solution for the set of three constantscj is the trivial solutioncj = 0. This should have been expected, since
we are trying to solve five equations for three constants, an overdetermined system. We conclude that the three basis
vectors found,u, v, andw, are linearly independent, and are a basis of the nullspace ofA.

We can obtain a different set of basis vectors of the nullspace ofA by usingsolve with B : echelon(A) .

(%i22) B : echelon(A);
(%o22) matrix([1,-2,1/3,-1/3,7/3],[0,0,1,2,-2],[0,0, 0,0,0])
(%i23) Bx : B . x;
(%o23) matrix([(7 * x5)/3-x4/3+x3/3-2 * x2+x1],[(-2 * x5)+2 * x4+x3],[0])
(%i24) BxL : list_matrix_entries(Bx);
(%o24) [(7 * x5)/3-x4/3+x3/3-2 * x2+x1,(-2 * x5)+2 * x4+x3,0]
(%i25) soln : solve(BxL,xL);
solve: dependent equations eliminated: (3)
(%o25) [[x1 = %r3,x2 = (%r3-%r2+3 * %r1)/2,x3 = 2 * %r1-2 * %r2,x4 = %r2,x5 = %r1]]

If we again write this solution as
x = r1 u

′ + r2 v
′ + r3 w

′, (4.6)

then we have
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from which we make the identification of a set of three possible basis vectors of the three dimensional nullspace ofA:
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Casem < n

A system ofm linear homogeneous equations inn unknowns always has a nontrivial solution ifm < n. Here is an
example of two equations in three unknowns (m = 2, n = 3).

(%i26) solve([x+y+z,2 * x+y+z],[x,y,z]);
(%o26) [[x = 0,y = -%r1,z = %r1]]

where%r1 can be chosen at will.
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Casem = n

Here we consider the casem = n, the number of equations equals the number of unknowns. We assume here thatA is a
squaren×n matrix, (the “coefficient matrix”), and the n-component column vectorx is to be found. The matrix equation
Ax = 0 then stands forn equations inn unknowns.

This system of equations has the unique trivial solutionxj = 0 for all j if detA 6= 0. A nontrivial solution, defined up to
a multiplicative constant, exists if and only ifdetA = 0. An alternative requirement is that the rank of the matrix beone
less than the number of columns. Here is a3× 3 singular matrix example, using forA

A =





1 2 3
4 5 6
7 8 9



 . (4.9)

If we use thenullspace function from linearalgebra.mac , we find that the dimension of the nullspace ofA is 1,
and the single basis vector is proportional to[−3, 6,−3]T, which means the general solution isx = c [1,−2, 1]T, wherec
is a constant.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,2,3],[4,5,6],[7,8,9]);
(%o2) matrix([1,2,3],[4,5,6],[7,8,9])
(%i3) determinant(A);
(%o3) 0
(%i4) rank(A);
(%o4) 2
(%i5) nullity(A);
(%o5) 1
(%i6) nullspace(A);
(%o6) span(matrix([-3],[6],[-3]))

If instead we use the Maxima functionsolve , we get the same result.

(%i7) xL : [x1,x2,x3];
(%o7) [x1,x2,x3]
(%i8) x : cvec(xL);
(%o8) matrix([x1],[x2],[x3])
(%i9) Ax : A . x;
(%o9) matrix([3 * x3+2 * x2+x1],[6 * x3+5 * x2+4 * x1],[9 * x3+8 * x2+7 * x1])
(%i10) AxL : list_matrix_entries(Ax);
(%o10) [3 * x3+2 * x2+x1,6 * x3+5 * x2+4 * x1,9 * x3+8 * x2+7 * x1]
(%i11) soln : solve(AxL,xL);
solve: dependent equations eliminated: (3)
(%o11) [[x1 = %r1,x2 = -2 * %r1,x3 = %r1]]

We can useechelon to triangularizeA without changing the solution of the homogeneous equation,as another way to
get the general solution.

(%i12) B : echelon(A);
(%o12) matrix([1,2,3],[0,1,2],[0,0,0])
(%i13) rank(B);
(%o13) 2
(%i14) nullity(B);
(%o14) 1
(%i15) determinant(B);
(%o15) 0
(%i16) Bx : B . x;
(%o16) matrix([3 * x3+2 * x2+x1],[2 * x3+x2],[0])
(%i17) BxL : list_matrix_entries(Bx);
(%o17) [3 * x3+2 * x2+x1,2 * x3+x2,0]
(%i18) BxL : rest(BxL,-1);
(%o18) [3 * x3+2 * x2+x1,2 * x3+x2]
(%i19) soln : solve(BxL,xL);
(%o19) [[x1 = %r2,x2 = -2 * %r2,x3 = %r2]]

which produces the same general solution as when using the original matrixA.
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4.2 Examples of Eigenvalues and Eigenvectors

The set of eigenvalues of a matrix is often called thespectrum of the matrix. It is important to note that not all matrices
have eigenvalues. For example the matrix

A =

[

0 1
0 0

]

(4.10)

does not have nonzero eigenvalues.

(%i1) A : matrix([0,1],[0,0]);
(%o1) matrix([0,1],[0,0])
(%i2) rank(A);
(%o2) 1
(%i3) eigenvalues(A);
(%o3) [[0],[2]]

Let A be a squaren × n matrix. Let the column vectorsvj be n-component eigenvectors ofA, and letλj be the
corresponding scalar (nonzero) eigenvalues (either real or complex) which satisfy the equation

Avj = λj v
j , 1 ≤ j ≤ n (4.11)

From linear algebra
Av = λv ⇔ (A− λ I)v = 0 (4.12)

andv 6= 0 if and only if
p(λ) = det(A− λ I) = 0. (4.13)

Each of the set of eigenvaluesλj satisfy the “characteristic equation”

p(λ) = 0. (4.14)

The “fundamental theorem of algebra” states that if the roots of (4.14) are counted with multiplicities, thenp(λ) has
exactlyn rootsλ1, . . . , λn and

p(λ) = (−1)n (λ− λ1) . . . (λ− λn). (4.15)

If A hasn distincteigenvaluesλ1, . . . , λn, then there existn linearly independenteigenvectorsv1, . . . ,vn.

Determinant Test for Linear Independence of Eigenvectors

Let M be then × n matrix whose columnsm(j) are the eigenvectorsv(j) of the matrixA, and letc be an n-component
column vector whose elements are constant numberscj such that the equation

M c =
∑

j

v(j) cj = 0 (4.16)

is satisfied. A non-trivial solution, in which not all of thecj are equal to zero, exists if and only ifdet(M) = 0, in which
case we can always express one of thev(j) as a linear combination of the other eigenvectors. Thus we can only have a
linearly independent set of eigenvectorsv(j) if det(M) 6= 0.

Some Simple Facts to Remember

1. The sum of the eigenvalues of a matrix is equal to thetrace of that matrix, which is the sum of the elements on its main
diagonal.
2. The product of the eigenvalues (counting multiplicities) of a matrix is equal to the determinant of that matrix.
3. Eigenvectors corresponding to different eigenvalues are linearly independent.
4. A matrix is singular if and only if it has a zero eigenvalue,in which case its determinant is zero.

In general, an×n matrixA hasn eigenvalues. If two or more of these eigenvalues are equal, we say thatA is degenerate.
If A hasn distinct eigenvalues,A is said to benondegenerate. A has at least as many linearly independent eigenvectors
as it has distinct eigenvalues.
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Eigenvalues and Eigenvectors of Hermitian Matrices

Quoting Boyce and DiPrima (Ch. 7), and using a dagger, as inA† instead ofA∗ for the Hermitian conjugation symbol,
and using the overbaraji for complex conjugation:

An important class of matrices, calledself-adjoint or Hermitian matrices, are those for whichA† = A, that
is aji = aij. Hermitian matrices include as a subclass real symmetric matrices, that is, matrices which have
real elements and for whichAT = A. The eigenvalues and eigenvectors of Hermitian matrices always have
the following useful properties.

1. All eigenvalues are real.

2. There always exists a full set ofn linearly independent eigenvectors, regardless of the multiplicities of
the eigenvalues.

3. If v(1) andv(2) are eigenvectors that correspond to different eigenvalues, then the inner product(v(1),v(2)) =
0. Thus, if all eigenvalues are “simple” (multiplicity one),then the associated eigenvectors form an or-
thogonal set of vectors.

4. Corresponding to an eigenvalue of multiplicitym , it is possible to choosem eigenvectors that are
mutually orthogonal. Thus the full set ofn eigenvectors can always be chosen to be orthogonal as well
as linearly independent.

Eigenvalues and Eigenvectors of Non-Hermitian Matrices

If the n × n matrix A is not Hermitian, consider first the case thatA is real. Then there are three possibilities for the
eigenvalues ofA:
1. All eigenvalues are real and distinct.
2. Some eigenvalues occur in complex conjugate pairs, but the real eigenvalues are all distinct.
3. Some real eigenvalues are repeated.

The first case leads to no difficulties. There is a single linearly independent real eigenvector for each eigenvalue.

In the second case, there existn linearly independent eigenvectors, with those corresponding to the complex eigenvalues
being themselves complex.

In the third case the number of linearly independent eigenvectors corresponding to a single repeated eigenvalue may be
less than the multiplicity of that repeated eigenvalue.

If A is non-Hermitian but iscomplex, then complex conjugate eigenvalues need not occur in conjugate pairs and the
eigenvectors are normally complex even if the corresponding eigenvalue is real.

Example 1: Distinct Real Eigenvalues of a Real Non-Hermitian Matrix

We take the case

A =





8 −5 10
2 1 2
−4 4 −6



 . (4.17)

To find the trace of a given matrix, we use the functionmtrace from the file mbe5.mac . The three eigenvalues of
the given matrixA are real and distinct (each eigenvalue has multiplicitym = 1). We can useeigenvalues(A) ,
jordan(A) , eigenvectors(A) , and jordan_chain(A,eival) to get the distinct eigenvalues, multiplicities, and
eigenvectors (see also Sec. 5).

We first show thatA is not a “normal matrix”, sinceAAH 6= AH A, where in generalAH = AT =
(

A
)T

is the Hermitian
conjugate ofA, which reduces to the transpose ofA if all the elements ofA are real. Only ifA is a normal matrix can we
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be assured that there exists a set of eigenvectors which can be arranged to form anorthogonal set. To determine ifA is a
normal matrix, we can use thembe5.mac functionnormal(A) which returns eithertrue or false .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([8,-5,10],[2,1,2],[-4,4,-6]);
(%o2) matrix([8,-5,10],[2,1,2],[-4,4,-6])
(%i3) normal(A);
(%o3) false
(%i4) diagp(A);
(%o4) true
(%i5) eigenvalues(A);
(%o5) [[-2,2,3],[1,1,1]]
(%i6) jordan(A);
(%o6) [[-2,1],[2,1],[3,1]]
(%i7) [a1,a2,a3] : map(’first, %);
(%o7) [-2,2,3]
(%i8) eigenvectors(A);
(%o8) [[[-2,2,3],[1,1,1]],[[[1,0,-1]],[[0,1,1/2]],[[ 1,1,0]]]]
(%i9) [v1] : map (’cvec, jordan_chain(A,a1));
(%o9) [matrix([1],[0],[-1])]
(%i10) [v2] : map (’cvec, jordan_chain(A,a2));
(%o10) [matrix([0],[1],[1/2])]
(%i11) [v3] : map (’cvec, jordan_chain(A,a3));
(%o11) [matrix([1],[1],[0])]

Each eigenvector is defined up to an overall constant multiplier. The eigenvalueλ1 = −2 corresponds to the eigenvector

v1 =





1
0
−1



 . (4.18)

The eigenvalueλ2 = 2 corresponds to the eigenvector

v2 =





0
1

1/2



 . (4.19)

The eigenvalueλ3 = 3 corresponds to the eigenvector

v3 =





1
1
0



 . (4.20)

If in doubt about the correctness of the returned results, wecan check the eigenvalue equation for the three eigenvectors:

(%i12) is (equal (A . v1, a1 * v1));
(%o12) true
(%i13) is (equal (A . v2, a2 * v2));
(%o13) true
(%i14) is (equal (A . v3, a3 * v3));
(%o14) true

The three rank 1 eigenvectors found are not normalized to 1, nor are they mutually orthogonal.

(%i15) map (’inner_prod, [v1,v2,v3],[v1,v2,v3] );
(%o15) [2,5/4,2]
(%i16) map (’inner_prod, [v1,v2,v3], [v2,v3,v1]);
(%o16) [-1/2,1,1]

We see thatnone of the eigenvectors produced are orthogonal to the others. If we try to use thembe5.mac function
gschmidt(L) which calls theeigen.mac package functiongramschmidt , despite the fact thatA is not a “normal”
matrix, we find that although we can end up with orthogonal vectors, two of them are no longer eigenvectors ofA.

We use the aliaslme , defined inmbe5.mac for list_matrix_entries , which converts a column matrix into a list of
values.
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(%i17) [v1l,v2L,v3L] : map (’lme, [v1,v2,v3]);
(%o17) [[1,0,-1],[0,1,1/2],[1,1,0]]
(%i18) gschmidt(%);
(%o18) [[1,0,-1],[1/4,1,1/4],[2/9,-1/9,2/9]]
(%i19) [v1,v2,v3] : map (’cvec, %);
(%o19) [matrix([1],[0],[-1]),matrix([1/4],[1],[1/4]) ,

matrix([2/9],[-1/9], [2/9])]
(%i20) map (’inner_prod, [v1,v2,v3],[v1,v2,v3] );
(%o20) [2,9/8,1/9]
(%i21) map (’inner_prod, [v1,v2,v3], [v2,v3,v1]);
(%o21) [0,0,0]

which shows mutual orthogonality, but two of the vectors areno longer eigenvectors ofA corresponding to the eigenvalues
of A:

(%i22) is (equal (A . v1, a1 * v1));
(%o22) true
(%i23) is (equal (A . v2, a2 * v2));
(%o23) false
(%i24) is (equal (A . v3, a3 * v3));
(%o24) false

Ex. 1: Finding the Eigenvalues and Eigenvectors “by Hand”

If we work this out “by hand”, instead of usingeigenvectors , we first form the characteristic polynomialp(λ)
(4.13) whose roots are the eigenvalues ofA. We will usea instead oflambda to save space. The Maxima function
charpoly(A, a) returns the appropriate characteristic polynomial, as a function ofa, given the matrixA. In our Max-
ima work, we letv be a general vector with unknown componentsu1,u2,u3 . (This is easier to type thanv11,v12,v13 .)

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) p : expand (charpoly(A, a));
(%o2) (-aˆ3)+3 * aˆ2+4 * a-12
(%i3) a_solns : solve(p);
(%o3) [a = -2,a = 2,a = 3]
(%i4) [a1,a2, a3] : map(’rhs, a_solns);
(%o4) [-2,2,3]
(%i5) v : cvec ( [u1, u2, u3] );
(%o5) matrix([u1],[u2],[u3])

We first solve for an eigenvectorv1 corresponding to the eigenvaluea1 = -2 . In the first step, the column vectorw

should have all zero components ifv is an eigenvector corresponding toa1.

(%i6) w : A . v - a1 * v;
(%o6) matrix([10 * u3-5 * u2+10 * u1],[2 * u3+3 * u2+2 * u1],[(-4 * u3)+4 * u2-4 * u1])
(%i7) w[1,1];
(%o7) 10 * u3-5 * u2+10 * u1
(%i8) u_solns : solve([w[1,1],w[2,1],w[3,1]],[u1,u2,u3 ]);
solve: dependent equations eliminated: (3)
(%o8) [[u1 = -%r10,u2 = 0,u3 = %r10]]

We then have the freedom to choose the arbitrary constant%r10 = -1 to define the column eigenvectorv1 corresponding
to the eigenvaluea1 = -2 (the same result returned byjordan_chain(A,a1) ). We then perform an unnecessary check
on the eigenvector solution.

(%i9) map (’rhs, first(u_solns));
(%o9) [-%r10,0,%r10]
(%i10) v1 : cvec (%), %r10 = -1;
(%o10) matrix([1],[0],[-1])
(%i11) is (equal (A . v1, a1 * v1));
(%o11) true
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We are solving a set of three equations for three unknownsu1, u2, andu3, in which the right hand sides are zero. The
coefficient matrixB = A− λ I of this homogeneous set of equations

B v =





0
0
0



 (4.21)

can be simplified by replacing any row by a multiple of that row, and by replacing any target row by adding or subtracting
another row to or from the target row, in a way that simplifies the coefficient matrix and the resulting algebra. Maxima has
the functiontriangularize(M) and the functionechelon(M) for this task, with the latter function giving the simplest
result.

Reconsidering the eigenvectorv1 corresponding toa1 = -2 , w2below represents a column vector, all of whose elements
should be zero.

(%i12) B : A - a1 * ident(3);
(%o12) matrix([10,-5,10],[2,3,2],[-4,4,-4])
(%i13) B1 : triangularize(B);
(%o13) matrix([10,-5,10],[0,40,0],[0,0,0])
(%i14) B2 : echelon(B);
(%o14) matrix([1,-1/2,1],[0,1,0],[0,0,0])
(%i15) w2 : B2 . v;
(%o15) matrix([u3-u2/2+u1],[u2],[0])

From the form ofw2 we immediately see thatu2 = 0 , and then using this in the first row, thatu3 = -u1 , and then the
value ofu1 is arbitrary. Takingu1 = 1 then leads again to the same eigenvectorv1 , without usingsolve .

We now useechelon to find the eigenvectorv2 corresponding to the eigenvaluea2 = 2 .

(%i16) B : echelon(A - a2 * ident(3));
(%o16) matrix([1,-5/6,5/3],[0,1,-2],[0,0,0])
(%i17) w : B . v;
(%o17) matrix([(5 * u3)/3-(5 * u2)/6+u1],[u2-2 * u3],[0])
(%i18) u_solns : solve([w[1,1],w[2,1]],[u1,u2,u3]);
(%o18) [[u1 = 0,u2 = 2 * %r2,u3 = %r2]]

If we chooseu2 = 1 , thenu3 = 1/2 .

(%i19) map (’rhs, first(u_solns));
(%o19) [0,2 * %r11,%r11]
(%i20) v2 : cvec (%), %r11 = 1/2;
(%o20) matrix([0],[1],[1/2])
(%i21) is (equal (A . v2, a2 * v2));
(%o21) true

We repeat this for the third eigenvaluea3 = 3 and eigenvectorv3 :

(%i22) B : echelon(A - a3 * ident(3));
(%o22) matrix([1,-1,2],[0,0,1],[0,0,0])
(%i23) w : B . v;
(%o23) matrix([2 * u3-u2+u1],[u3],[0])
(%i24) u_solns : solve([w[1,1],w[2,1]],[u1,u2,u3]);
(%o24) [[u1 = %r3,u2 = %r3,u3 = 0]]

We chooseu1 = u2 = 1 .

(%i25) map (’rhs, first(u_solns));
(%o25) [%r12,%r12,0]
(%i26) v3 : cvec (%), %r12=1;
(%o26) matrix([1],[1],[0])

We have arrived at the same set of eigenvectors ofA as we did usingjordan_chain , but we needed to make a choice
for an arbitrary parameter returned bysolve for each eigenvector.
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Example 2: Repeated Real Eigenvalues of a Hermitian Matrix

LetA be the matrix

A =





0 1 1
1 0 1
1 1 0



 . (4.22)

A is real and symmetric (AT = A), a special case of aHermitian or self-adjointmatrix. We know that any hermitian
matrix is a normal matrix and there exists a set of mutually orthogonal eigenvectors.

The two distinct eigenvalues of the given matrixA are real with one eigenvalue having multiplicity two. We canuse
eigenvalues(A) , jordan(A) , eigenvectors(A) , andjordan_chain(A,eival) to get the distinct eigenvalues,
multiplicities, and eigenvectors.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([0,1,1],[1,0,1],[1,1,0]);
(%o2) matrix([0,1,1],[1,0,1],[1,1,0])
(%i3) jn : jordan(A);
(%o3) [[2,1],[-1,1,1]]
(%i4) [a1,a2] : map (’first,jn);
(%o4) [2,-1]
(%i5) a3 : a2;
(%o5) -1
(%i6) [v1] : map (’cvec, jordan_chain(A,a1));
(%o6) [matrix([1],[1],[1])]
(%i7) [v2,v3] : map (’cvec, jordan_chain(A,a2));
(%o7) [matrix([1],[0],[-1]),matrix([0],[1],[-1])]

Each eigenvector is defined up to an overall constant multiplier. The eigenvalueλ1 = 2 corresponds to the eigenvector

v1 =





1
1
1



 . (4.23)

The eigenvalueλ = −1 has multiplicity2. The eigenvalueλ2 = −1 corresponds to the eigenvector

v2 =





1
0
−1



 . (4.24)

The eigenvalueλ3 = −1 corresponds to the eigenvector

v3 =





0
1
−1



 . (4.25)

Here is a check of the eigenvalue equation solutions found:

(%i8) is (equal (A . v1, a1 * v1));
(%o8) true
(%i9) is (equal (A . v2, a2 * v2));
(%o9) true
(%i10) is (equal (A . v3, a3 * v3));
(%o10) true

and a check of inner products.

(%i11) map (’inner_prod, [v1,v2,v3], [v1,v2,v3] );
(%o11) [3,2,2]
(%i12) map (’inner_prod, [v1,v2,v3], [v2,v3,v1] );
(%o12) [0,1,0]



4 SET OF HOMOGENEOUS LINEAR ALGEBRAIC EQUATIONSAX = 0 39

We leavev1 alone and orthogonalize the pair(v2,v3) using the Gram-Schmidt process.

(%i13) normal(A);
(%o13) true
(%i14) map (’lme,[v2,v3]);
(%o14) [[1,0,-1],[0,1,-1]]
(%i15) gschmidt(%);
(%o15) [[1,0,-1],[-1/2,1,-1/2]]
(%i16) [v2,v3] : map (’cvec, %);
(%o16) [matrix([1],[0],[-1]),matrix([-1/2],[1],[-1/2 ])]
(%i17) map (’inner_prod, [v1,v2,v3], [v1,v2,v3] );
(%o17) [3,2,3/2]
(%i18) map (’inner_prod, [v1,v2,v3], [v2,v3,v1] );
(%o18) [0,0,0]

Finally, we can produce an orthonormal set of eigenvectors using thembe5.mac function normed(v) which returns a
vector normalized to 1.

(%i19) [v1,v2,v3] : map (’normed, [v1,v2,v3])$
(%i20) map (’inner_prod, [v1,v2,v3], [v1,v2,v3] );
(%o20) [1,1,1]
(%i21) map (’inner_prod, [v1,v2,v3], [v2,v3,v1] );
(%o21) [0,0,0]

and again check the eigenvalue equation.

(%i22) is (equal (A . v1, a1 * v1));
(%o22) true
(%i23) is (equal (A . v2, a2 * v2));
(%o23) true
(%i24) is (equal (A . v3, a3 * v3));
(%o24) true

Ex 2: Solving for the Eigenvectors by Hand

Given the eigenvalues, we solve for the eigenvectors by handas an example of using Maxima at a lower level. First for
λ1 = 2, we need to solve for the eigenvectorv which satisfies the eigenvector equation(A−λ1 I)v = B v = 0. We can
simplify the algebra by reducing the coefficient matrixB to a simple triangular form usingechelon .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([0,1,1],[1,0,1],[1,1,0]);
(%o2) matrix([0,1,1],[1,0,1],[1,1,0])
(%i3) B : A - 2 * ident(3);
(%o3) matrix([-2,1,1],[1,-2,1],[1,1,-2])
(%i4) B : echelon(B);
(%o4) matrix([1,-1/2,-1/2],[0,1,-1],[0,0,0])
(%i5) v : cvec ( [u1, u2, u3] );
(%o5) matrix([u1],[u2],[u3])
(%i6) w : B . v;
(%o6) matrix([(-u3/2)-u2/2+u1],[u2-u3],[0])
(%i7) w[1,1];
(%o7) (-u3/2)-u2/2+u1
(%i8) w[2,1];
(%o8) u2-u3
(%i9) u_solns : solve([w[1,1],w[2,1]],[u1,u2,u3]);
(%o9) [[u1 = %r1,u2 = %r1,u3 = %r1]]

All three components ofv1 are equal, but otherwise not constrained, so the simplest choice is to take them all equal to1,
which is the choice made byeigenvectors above.

For the caseλ = −1 we proceed as above:

(%i10) B : echelon(A + ident(3));
(%o10) matrix([1,1,1],[0,0,0],[0,0,0])
(%i11) w : B . v;
(%o11) matrix([u3+u2+u1],[0],[0])
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The single constraint is the equationu1 + u2 + u3 = 0, so two values can be chosen arbitrarily, and the third valueis
given by this equation. Choosingu1 = 1, u2 = 0, we then getu3 = −1 for the components ofv2. SinceA is a Hermitian
matrix, we know thatv1 andv2 are automatically orthogonal (see below for a check).

To get a linearly independent eigenvectorv3 corresponding to the same eigenvalue, we can make a different choice foru1
andu2 in such a way thatv3 is not proportional tov1 nor tov2, for exampleu1 = 0, u2 = 1, we then getu3 = −1 for the
components ofv3. Note that with this choicev3 is not orthogonal tov2, but is linearly independent. We then check that
the determinant of the matrix whose columns are the three eigenvectors is not zero, to confirm the linear independence of
our chosen set of eigenvectors.

(%i12) v1 : cvec([1,1,1]);
(%o12) matrix([1],[1],[1])
(%i13) v2 : cvec([1,0,-1]);
(%o13) matrix([1],[0],[-1])
(%i14) v3 : cvec([0,1,-1]);
(%o14) matrix([0],[1],[-1])
(%i15) determinant (mcombine ([v1,v2,v3]));
(%o15) 3
(%i16) map (’inner_prod, [v1,v2,v3],[v2,v3,v1] );
(%o16) [0,1,0]

Sincev2 andv3 correspond to the same eigenvalue, they are not automatically orthogonal. If we requirev3 to be
orthogonal tov2, as well as corresponding to the eigenvalueλ = −1, then we need to satisfy two equations:

(%i17) eqn1 : u1+u2+u3 = 0;
(%o17) u3+u2+u1 = 0
(%i18) eqn2 : inner_prod(v2,v) = 0;
(%o18) u1-u3 = 0
(%i19) usolns : solve([eqn1,eqn2],[u1,u2,u3]);
(%o19) [[u1 = %r4, u2 = -2 * %r4, u3 = %r4]]

Making the choice%r4 = 1,

(%i20) map (’rhs, first(usolns));
(%o20) [%r4, -2 * %r4, %r4]
(%i21) v3 : cvec (%), %r4 = 1;
(%o21) matrix([1],[-2],[1])
(%i22) map (’inner_prod, [v1,v2,v3],[v2,v3,v1] );
(%o22) [0,0,0]
(%i23) determinant (mcombine ([v1,v2,v3]));
(%o23) -6

Example 3: Repeated Real Eigenvalues of a Real Non-Hermitian Matrix

For a non-Hermitian matrix, it may not be possible to find as many linearly independent eigenvectors (corresponding to a
repeated eigenvalue) as the multiplicity of that eigenvalue. Thus, consider:

A =

[

1 −1
1 3

]

. (4.26)

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,-1],[1,3]);
(%o2) matrix([1,-1],[1,3])
(%i3) eigenvalues(A);
(%o3) [[2],[2]]
(%i4) jordan(A);
(%o4) [[2,2]]
(%i5) eigenvectors(A);
(%o5) [[[2],[2]],[[[1,-1]]]]

The eigenvalues areλ = 2 with a multiplicity m = 2, but only one rank 1 eigenvector is found byeigenvectors . The
return value ofjordan(A) indicates that there exists a set of generalized eigenvectors, a chain consisting of one rank 1
eigenvector, and one rank 2 generalized eigenvector (see Sec. 5).
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(%i6) [v1,v2] : map (’cvec, jordan_chain(A,2));
(%o6) [matrix([-1],[1]),matrix([1],[0])]
(%i7) is (equal (A . v1, 2 * v1));
(%o7) true
(%i8) is (equal (A . v2, 2 * v2));
(%o8) false
(%i9) B : A - 2 * ident(2);
(%o9) matrix([-1,-1],[1,1])
(%i10) vL_rank(B, [v1,v2] );
(%o10) [1,2]
(%i11) chained (v1, B, v2);
(%o11) true

If we look at the eigenvector problem by hand, from the point of view that ifv is a rank 1 eigenvector ofA corresponding
to the eigenvalueλ = 2, andB = A− 2 I, thenB v = 0.

(%i12) v : cvec([u1, u2]);
(%o12) matrix([u1],[u2])
(%i13) B : echelon(A - 2 * ident(2));
(%o13) matrix([1,1],[0,0])
(%i14) w : B . v;
(%o14) matrix([u2+u1],[0])

and the only constraint on the eigenvectorv is thatu2 = −u1. With the arbitrary choiceu1 = 1, we get (up to an overall
constant)

v =

[

1
−1

]

. (4.27)

Thus there is only one rank 1 eigenvector associated with therepeated eigenvalue.

5 Generalized Eigenvectors, Jordan Chains, Canonical Basis, Jordan Canonical Form

There may not always exist a full set ofn linearly independent eigenvectors of ann × n matrixA. This happens when
the algebraic multiplicitym of at least one eigenvalueλi is greater than its “geometric multiplicity”,mg, defined as the
nullity of the matrix(A− λi I), which is the dimension of thenullspaceof the matrix(A− λi I).

The difference of the algebraic and geometric multiplicities(m−mg) is the number of extra “generalized eigenvectors”
needed to get a complete set ofn linearly independent eigenvectors of ann × n matrix A, and these extra vectors will
have “vector rank” greater than 1.

The so-called “generalized eigenvectors” satisfy criteria which are more relaxed than those for an ordinary eigenvector.
Quoting Bronson, Ch.9, where he defines the concept ofvector rank of ageneralized eigenvector,

A non-zero vectorvm is a generalized(right) eigenvector ofvector rank m for the square matrixA and
associated eigenvalueλ if

(A− λ I)m vm = 0 but (A− λ I)m−1 vm 6= 0. (5.1)

In particular, for the usual eigenvectors withvector rank 1 which correspond to the casem = 1 (such as are returned by
eigenvectors(A) or nullspace(A - eival * I) ), becauseB0 = I for any square matrixB, and henceB0 v = v,
for anyB and any non-zero (conformable) column vectorv,

(A− λ I)v1 = 0 but (A− λ I)0 v1 6= 0. (5.2)

Everyn× n matrixA hasn linearly independent generalized eigenvectors associated with it. A generalized eigenvector
of vector rank 1 is an ordinary eigenvector. Ifλi is an eigenvalue of algebraic multiplicitym, thenA will havem linearly
independent generalized eigenvectors corresponding toλi (including the ordinary vector rank 1 eigenvectors). The set of



5 GENERALIZED EIGENVECTORS, JORDAN CHAINS, CANONICAL BASIS, JORDAN CANONICAL FORM42

vectors spanned by all generalized eigenvectors for a givenλi forms thegeneralized eigenspacefor λi.

A generalized eigenvectorvi corresponding toλi, having multiplicity m, together with the matrixB = (A − λi I)
generate aJordan chain of independent generalized eigenvectors which form eithera canonical basisfor the subspace
associated with the matrixA and the eigenvalueλi or a “chained part” of a canonical basis.

An alternative set ofm linearly independent generalized eigenvectors (a basis but not a “canonical basis”) associated with
the matrixA and the eigenvalueλi is returned bynullspace(Bˆˆp) , in whichB = (A − λi I), andp is the smallest
positive integer such that the dimension of the nullspace ofBˆˆp equals the multiplicitym of the eigenvalueλi.

As discussed in the Examples below, thembe5.mac function vrank_max(B,m) returns the positive integerp which
satisfies the conditionnullity(Bˆˆp) = m .

Jordan Chains

Let vm be a generalized eigenvector of vector rank m correspondingto the matrixA and the eigenvalueλ, such that

(A− λ I)m vm = 0 but (A− λ I)m−1 vm 6= 0. (5.3)

The chain generated byvm is a set of vectors{vm,vm−1, . . . ,v1} with the properties

vm−1 = (A− λ I)vm,

vm−2 = (A− λ I)2 vm = (A− λ I)vm−1,

vm−3 = (A− λ I)3 vm = (A− λ I)vm−2,

...

v1 = (A− λ I)m−1 vm = (A− λ I)v2.

Thus, in general,
vj = (A− λ I)m−j vm = (A− λ I)vj+1 (j = 1, 2, . . . ,m− 1). (5.4)

andvj is a generalized eigenvector of vector rank j correspondingto the eigenvalueλ. A chain is a linearly independent
set of vectors.

Canonical Basis

LetA be ann× n matrix. A set ofn linearly independent generalized eigenvectors is acanonical basisif it is composed
entirely of Jordan chains. Thus, once we have determined that a generalized eigenvector of vector rankm is in a canonical
basis, it follows that them− 1 vectorsvm−1,vm−2, . . . ,v1 that are in the Jordan chain generated byvm are also in the
canonical basis.

5.1 Example 1

Suppose

A =

[

1 1
0 1

]

. (5.5)

5.1.1 Example 1 Using mcolsolve(known col,unknown col, ukvarL)

This simple example introduces a group of usefulmbe5.mac functions which can be used to analyze and check Jordan
chains.

In the following Maxima session, we useeigenvalues to find that there is only one eigenvalueλ = 1 and its algebraic
multiplicity is m = 2.
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We use the rank 1 ordinary eigenvector returned byeigenvectors , calling it v1 . For convenience, we define
B : A - ident(2) , corresponding toλ = 1.

The functionvrank(B,v) returns the vector rank of the column vectorv .

The functionvrank_max(B,m) returns the smallest positive integerp such that the dimension of the nullspace ofBˆˆp

equals the multiplicitymof the eigenvalueeival , with B : A - eival * I . This numberp is then the maximum vector
rank needed in the set of generalized eigenvectors. This is criterion is equivalent torank(Bˆˆp) = n - m , using the
rank-nullity theorem (n is the number of rows of the matrixA or B).

The functionvrank_num(B,k) returns the number of generalized eigenvectors which have vector rank equal tok .

The functionvrank_numbers(B,m) returns the list[ [1,n1], [2,n2],...[p,np] ] , in which nj is the number
of generalized eigenvectors (assoc. with the matrixA and eigenvalueλ with multiplicity m) which have rankj , andp =

maximum vector rank, in whichB = (A− λ I).

We usenullity(B) to confirm that the “geometric multiplicity”mg, ( the dimension of the nullspace of the matrixB) is
equal to 1, one less than the algebraic multiplicity, indicating that we need one generalized eigenvector of rank 2 (chained
to the eigenvector of rank 1) to arrive at a full set of generalized eigenvectors corresponding to the single eigenvalue
λ = 1. We finally check thatv1 is a rank 1 matrix, using bothvrank and explicitly checking thatB . v1 is [0, 0]T,
represented bymatrix([0],[0]) .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,1],[0,1]);
(%o2) matrix([1,1],[0,1])
(%i3) eigenvalues(A);
(%o3) [[1],[2]]
(%i4) B : A - ident(2);
(%o4) matrix([0,1],[0,0])
(%i5) determinant(B);
(%o5) 0
(%i6) rank(B);
(%o6) 1
(%i7) nullity(B);
(%o7) 1
(%i8) vrank_max(B,2);
(%o8) 2
(%i9) nullity(Bˆˆ2);
(%o9) 2
(%i10) vrank_num(B,1);
(%o10) 1
(%i11) vrank_numbers(B,2);

maximum vector rank = 2
(%o11) [[1,1],[2,1]]
(%i12) [eivals,vecs] : eigenvectors(A);
(%o12) [[[1],[2]],[[[1,0]]]]
(%i13) v1L : part(vecs,1,1);
(%o13) [1,0]
(%i14) v1 : cvec(v1L);
(%o14) matrix([1],[0])
(%i15) vrank(B,v1);
(%o15) 1

To solve for the rank 2 generalized eigenvectorv2, represented in Maxima byv2 , we definev2 in terms of two unknowns,
v21 andv22 , and require that the matrix equationv1 = (A− λ I)v2, represented in Maxima asv1 = B . v2 is satis-
fied.

(Note: We cannot simply usev2 : invert(B) . v1 here because the matrixB is singular and the inverse does not
exist; eitherrank(B) = 1 < 2 or equivalently,determinant(B) = 0 , shows thatB is singular.)
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We let the symbolBv2 stand for the column matrixB . v2 , which will be a function of the two unknownsv21 and
v22 . We then letsolve tell us the constraints imposed on these two unknown scalars, using thembe5.mac function
mcol_solve(v1,Bv2,[v21,v22]) , which are then used to define a value ofv2 which satisfies the matrix equation
v1 = (A− λ I)v2 between columns.

We then finally check thatv1 = B . v2 andBˆˆ2 . v2 = 0 , as is needed ifv2 is to be a rank 2 generalized eigen-
vector. The first property can be checked usingchained(v1,B,v2) , which returns true if this relation is satisfied. The
second property can be checked by usingvrank(B,v2) , which returns 2.

(%i16) v2L : [v21,v22];
(%o16) [v21,v22]
(%i17) v2 : cvec(v2L);
(%o17) matrix([v21],[v22])
(%i18) Bv2 : B . v2;
(%o18) matrix([v22],[0])
(%i19) solns : mcol_solve(v1,Bv2,v2L);
(%o19) [v21 = %r1,v22 = 1]
(%i120) v2L : map(’rhs, solns);
(%o120) [%r1,1]
(%i121) v2 : cvec(v2L);
(%o121) matrix([%r1],[1])
(%i22) vrank(B,v2);
(%o22) 2
(%i23) Bˆˆ2 . v2;
(%o23) matrix([0],[0])
(%i24) chained(v1,B,v2);
(%o24) true
(%i25) v1;
(%o25) matrix([1],[0])
(%i26) B . v2;
(%o26) matrix([1],[0])

The arbitrary scalar%r1 can be left arbitrary, or simplified, say by letting it be zero.

(%i27) v2 : v2, %r1 = 0;
(%o27) matrix([0],[1])
(%i28) vrank(B,v2);
(%o28) 2
(%i29) chained(v1,B,v2);
(%o29) true

Our code for thembe5.mac functionmcol_solve is:

mcol_solve(known_col, unknown_col, uk_varL) :=
block([eqns:[], ssL ],

if not matrixp(known_col) then (
print(" need column matrices on both sides"),

return(done)),
if not matrixp(unknown_col) then (

print(" need column matrices on both sides"),
return(done)),

for j thru length (unknown_col) do
if unknown_col [j,1] # 0 then eqns : cons(known_col[j,1] = un known_col[j,1], eqns),

ssL : solve ( eqns, uk_varL),
if length(ssL) = 1 then first(ssL)

else ssL)$
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5.1.2 Example 1 Using jordanchain(A, eival)

The contributed packagediag.mac is loaded automatically when we loadmbe5.mac , and contains several valuable
functions.

Thediag.mac function jordan(A) for this example returns[[1,2]] , indicating there is a single eigenvalueλ = 1 and
the single Jordan chain ends (begins) with a maximum vector rank 2 generalized eigenvector.

In a more complicated problem, such as Example 3, in whichA is a6× 6 matrix (Bronson, Prob. 9.10) :

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([4,2,1,0,0,0],[0,4,-1,0,0,0],[0,0,4,0 ,0,0],[0,0,0,4,2,0],

[0,0,0,0,4,0],[0,0,0,0,0,7])$
(%i3) eigenvalues(A);
(%o3) [[4,7],[5,1]]
(%i4) jordan(A);
(%o4) [[4,3,2],[7,1]]

in which the eigenvalueλ = 4 has multiplicitym = 5 and the eigenvalueλ = 7 has multiplicitym = 1, jordan(A) ’s
first sublist describes the chain content of theλ = 4 subspace: two chains, the first consisting of chained vectors with
ranks 1,2, and 3, and the second chain consisting of chained vectors with ranks 1 and 2, adding up to a total of 5 general-
ized eigenvectors spanning the subspace.

Thembe5.mac interface functionjordan_chain(A, eival) calls thediag.mac function ModeMatrix to produce
a set a generalized eigenvectors of the matrixA corresponding to the eigenvalueeival . The elements of the generalized
vectors are returned byjordan_chain as lists. The vector rank of a listvL of generalized eigenvectors can be inspected
all at once, as shown below, using thembe5.mac functionvL_rank(B,vL) .

(%i5) A : matrix([1,1],[0,1]);
(%o5) matrix([1,1],[0,1])
(%i6) eigenvalues(A);
(%o6) [[1],[2]]
(%i7) jordan(A);
(%o7) [[1,2]]
(%i8) chain : jordan_chain(A,1);
(%o8) [[1,0],[0,1]]
(%i9) [v1,v2] : map(’cvec, chain);
(%o9) [matrix([1],[0]),matrix([0],[1])]
(%i10) B : A - ident(2);
(%o10) matrix([0,1],[0,0])
(%i11) vL_rank(B,[v1,v2]);
(%o11) [1,2]
(%i12) chained(v1,B,v2);
(%o12) true

The advantage of usingjordan_chain(A,eival) is that one obtains a set of generalized eigenvectors, without having
to assign values to the arbitrary parameters, such as%r1, which solve returns with its solutions. Of course, in general,
the set will look different from a set derived “by hand”, using mcol_solve . In this case, the set of generalized eigenvec-
tors happens to be the same set as follows from our decision touse%r1 = 0 above.

An “almost diagonal” matrixJ in Jordan canonical form, related toA by a similarity transformation, is obtained by first
forming a “generalized modal matrix”M whose columns are a set of two chained generalized eigenvectors ofA. The
columns ofM are acanonical basisfor A, and the connection with the Jordan canonical form isAM = M J , which
impliesJ = M−1 AM . In this simple caseM turns out to be the same as the identity matrix.

M =
[

v1 v2

]

=

[

1 0
0 1

]

(5.6)

To illustrate a general approach, we use ourmbe5.mac function mcombine(L) , whereL is a list of column vectors, to
combine the two known generalized eigenvectors into one square matrix, and then the Jordan canonical (normal) formJ .



5 GENERALIZED EIGENVECTORS, JORDAN CHAINS, CANONICAL BASIS, JORDAN CANONICAL FORM46

(%i14) M : mcombine([v1,v2]);
(%o14) matrix([1,0],[0,1])
(%i15) J : Mˆˆ(-1) . A . M;
(%o15) matrix([1,1],[0,1])

In this simple case, becauseM is the same as the identity matrixI2 , and the inverse of the identity matrix is the same
identity matrix, the matrix product ofA andMgive the Jordan canonical form.

(%i16) I2 : ident(2);
(%o16) matrix([1,0],[0,1])
(%i17) I2ˆˆ(-1);
(%o17) matrix([1,0],[0,1])
(%i18) A . M;
(%o18) matrix([1,1],[0,1])

We can also directly use thembe5.mac interface functionsmodal_matrix(A) andmJordan(A) , both of which call
functions defined indiag.mac .

(%i19) M : modal_matrix(A);
(%o19) matrix([1,0],[0,1])
(%i20) J : Mˆˆ(-1) . A . M;
(%o20) matrix([1,1],[0,1])
(%i21) mJordan(A);
(%o21) matrix([1,1],[0,1])

5.2 Example 2: One Chain Per Eigenvalue Example

SupposeA is the5× 5 matrix

A =













1 0 0 0 0
3 1 0 0 0
6 3 2 0 0
10 6 3 2 0
15 10 6 3 2













. (5.7)

In the following Maxima session, we use eithereigenvalues or eigenvectors to find that there are two eigenvalues:
λ1 = 1 with algebraic multiplicitym1 = 2 and geometric multiplicitymg1 = 1, andλ2 = 2 with algebraic multiplicity
m2 = 3 and geometric multiplicitymg2 = 1.

5.2.1 Example 2 Using jordanchain(A, eival)

We described the origin and use ofjordan_chain(A,eival) above in Example 1 of our generalized vectors section.
For convenience, we defineB1 : A - I5 , in which I5 is the5× 5 identity matrix, andB2 : A - 2 * I5 .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,0,0,0,0],[3,1,0,0,0], [6,3,2,0,0],[ 10,6,3,2,0],[15,10,6,3,2])$
(%i3) eigenvalues(A);
(%o3) [[1,2],[2,3]]
(%i4) multiplicity(A);
(%o4) [[1,2],[2,3]]
(%i5) jordan(A);
(%o5) [[1,2],[2,3]]
(%i6) I5 : ident(5)$
(%i7) B1 : A - I5;
(%o7) matrix([0,0,0,0,0],[3,0,0,0,0],[6,3,1,0,0],[10 ,6,3,1,0],[15,10,6,3,1])
(%i8) vrank_numbers(B1,2);

maximum vector rank = 2
(%o8) [[1,1],[2,1]]
(%i9) chain1 : jordan_chain(A,1);
(%o9) [[0,3,-9,9,-3],[1,0,-15,44,-60]]
(%i10) [x1,x2] : map(’cvec, chain1);
(%o10) [matrix([0],[3],[-9],[9],[-3]),matrix([1],[0] ,[-15],[44],[-60])]
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(%i11) vL_rank(B1,[x1,x2]);
(%o11) [1,2]
(%i12) chained(x1,B1,x2);
(%o12) true

sox2 is a generalized eigenvector of rank 2, corresponding toλ = 1, chained tox1 and reflecting a particular choice of a
free arbitrary parameter.

We next generate the three generalized eigenvectors corresponding toλ = 2 and multiplicitym = 3.

(%i13) B2 : A - 2 * I5;
(%o13) matrix([-1,0,0,0,0],[3,-1,0,0,0],[6,3,0,0,0],

[10,6,3,0,0],[15,10,6,3,0])
(%i14) vrank_numbers(B2,3);

maximum vector rank = 3
(%o14) [[1,1],[2,1],[3,1]]
(%i15) chain2 : jordan_chain(A,2);
(%o15) [[0,0,0,0,9],[0,0,0,3,6],[0,0,1,0,0]]
(%i16) [y1,y2,y3] : map(’cvec, chain2);
(%o16) [matrix([0],[0],[0],[0],[9]),matrix([0],[0],[ 0],[3],[6]),

matrix([0],[0],[1],[0],[0])]
(%i17) vL_rank(B2,[y1,y2,y3]);
(%o17) [1,2,3]
(%i18) chained(y1,B2,y2);
(%o18) true
(%i19) chained(y2,B2,y3);
(%o19) true

soy2 is a rank 2 generalized eigenvector corresponding toλ = 2, andy3 is a rank 3 generalized eigenvector correspond-
ing toλ = 2, both corresponding to some unknown choice of free and arbitrary parameters.

The Jordan chained sets of generalized eigenvectors are simply picked out byjordan_chain(A) as the columns of the
(not unique) modal matrix usingmodal_matrix(A) :

(%i20) M : modal_matrix(A);
(%o20) matrix([0,1,0,0,0],[3,0,0,0,0],[-9,-15,0,0,1] ,

[9,44,0,3,0],[-3,-60,9,6,0])

5.2.2 Example 2 Using mcolsolve(known col,unknown col, ukvarL)

We use the rank 1 ordinary eigenvectors returned byeigenvectors , calling the rank 1 vectorx1 for theλ1 = 1 case
and calling the rank 1 vectory1 for theλ2 = 2 case.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,0,0,0,0],[3,1,0,0,0], [6,3,2,0,0],[ 10,6,3,2,0],[15,10,6,3,2])$
(%i3) eigenvalues(A);
(%o3) [[1,2],[2,3]]
(%i4) I5 : ident(5)$
(%i5) B1 : A - I5;
(%o5) matrix([0,0,0,0,0],[3,0,0,0,0],[6,3,1,0,0],[10 ,6,3,1,0],[15,10,6,3,1])
(%i6) vrank_numbers(B1,2);

maximum vector rank = 2
(%o6) [[1,1],[2,1]]
(%i7) B2 : A - 2 * I5;
(%o7) matrix([-1,0,0,0,0],[3,-1,0,0,0],[6,3,0,0,0],[ 10,6,3,0,0],[15,10,6,3,0])
(%i8) vrank_numbers(B2,3);

maximum vector rank = 3
(%o8) [[1,1],[2,1],[3,1]]
(%i9) [eivals,vecs] : eigenvectors(A);
(%o9) [[[1,2],[2,3]],[[[0,1,-3,3,-1]],[[0,0,0,0,1]]] ]
(%i10) x1L : part(vecs,1,1);
(%o10) [0,1,-3,3,-1]
(%i11) x1 : cvec(x1L);
(%o11) matrix([0],[1],[-3],[3],[-1])
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(%i12) vrank(B1,x1);
(%o12) 1
(%i13) y1L : part(vecs,2,1);
(%o13) [0,0,0,0,1]
(%i14) y1 : cvec(y1L);
(%o14) matrix([0],[0],[0],[0],[1])
(%i15) vrank(B2,y1);
(%o15) 1

We then follow steps similar to those in example 1, for each subspace, first forλ = 1.

(%i16) x2L : [x21,x22,x23,x24,x25];
(%o16) [x21,x22,x23,x24,x25]
(%i17) x2 : cvec(x2L);
(%o17) matrix([x21],[x22],[x23],[x24],[x25])
(%i18) B1x2 : B1 . x2;
(%o18) matrix([0],[3 * x21],[x23+3 * x22+6 * x21],[x24+3 * x23+6 * x22+10 * x21],

[x25+3 * x24+6 * x23+10 * x22+15 * x21])
(%i19) solns : mcol_solve(x1,B1x2,x2L);
(%o19) [x21 = 1/3,x22 = (-%r1)-20,x23 = 3 * %r1+55,

x24 = -(9 * %r1+136)/3,x25 = %r1]
(%i20) x2L : map(’rhs, solns), %r1 = 0;
(%o20) [1/3,-20,55,-136/3,0]
(%i21) x2 : cvec (x2L);
(%o21) matrix([1/3],[-20],[55],[-136/3],[0])
(%i22) vrank(B1,x2);
(%o22) 2
(%i23) chained(x1,B1,x2);
(%o23) true

sox2 is a generalized eigenvector of rank 2, corresponding toλ = 1, chained tox1 and reflecting a particular choice of
the arbitrary parameter%r1.

We can then find a set of generalized eigenvectors corresponding to λ = 2 with m2 = 3 in the same way, starting with
y1 .

(%i24) y2L : [y21,y22,y23,y24,y25];
(%o24) [y21,y22,y23,y24,y25]
(%i25) y2 : cvec(y2L);
(%o25) matrix([y21],[y22],[y23],[y24],[y25])
(%i26) B2y2 : B2 . y2;
(%o26) matrix([-y21],[3 * y21-y22],[3 * y22+6 * y21],[3 * y23+6 * y22+10 * y21],

[3 * y24+6 * y23+10 * y22+15 * y21])
(%i27) solns : mcol_solve(y1,B2y2,y2L);
solve: dependent equations eliminated: (4)
(%o27) [y21 = 0,y22 = 0,y23 = 0,y24 = 1/3,y25 = %r2]
(%i28) y2L : map(’rhs, solns),%r2 = 0;
(%o28) [0,0,0,1/3,0]
(%i29) y2 : cvec(y2L);
(%o29) matrix([0],[0],[0],[1/3],[0])
(%i30) vrank(B2,y2);
(%o30) 2
(%i31) chained(y1,B2,y2);
(%o31) true
(%i32) y3L : [y31,y32,y33,y34,y35];
(%o32) [y31,y32,y33,y34,y35]
(%i33) y3 : cvec(y3L);
(%o33) matrix([y31],[y32],[y33],[y34],[y35])
(%i34) B2y3 : B2 . y3;
(%o34) matrix([-y31],[3 * y31-y32],[3 * y32+6 * y31],[3 * y33+6 * y32+10 * y31],

[3 * y34+6 * y33+10 * y32+15 * y31])
(%i35) solns : mcol_solve(y2,B2y3,y3L);
solve: dependent equations eliminated: (4)
(%o35) [y31 = 0,y32 = 0,y33 = 1/9,y34 = -2/9,y35 = %r3]
(%i36) y3L : map(’rhs, solns), %r3 = 0;
(%o36) [0,0,1/9,-2/9,0]
(%i37) y3 : cvec(y3L);
(%o37) matrix([0],[0],[1/9],[-2/9],[0])
(%i38) vrank(B2,y3);
(%o38) 3
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(%i39) chained(y2,B2,y3);
(%o39) true

soy2 is a rank 2 generalized eigenvector corresponding toλ = 2, andy3 is a rank 3 generalized eigenvector correspond-
ing toλ = 2.

The above steps have produced a set ofbasis vectorsfor each of thegeneralized eigenspacesof A, which have included
choices of the values of three free variables (arbitrary parameters) whichsolve includes in the solutions. Those choices
affect the actual values of the vector elements, but any choices produce a valid complete set of basis vectors.

Together, the two chains of generalized eigenvectors span the space of all 5-dimensional column vectors; any such vector
can be written as a linear combination of these five generalized eigenvectors.

{x1,x2} =
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, {y1,y2,y3} =
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An “almost diagonal” matrixJ in Jordan canonical form, related toA by a similarity transformation, is obtained by first
forming a “generalized modal matrix”M whose columns are a set of five generalized eigenvectors ofA:

M =
[

x1 x2 y1 y2 y3

]

=













0 1/3 0 0 0
1 −20 0 0 0
−3 55 0 0 1/9
3 −136/3 0 1/3 −2/9
−1 0 1 0 0













(5.9)

We use ourmbe5.mac functionmcombine(L) , whereL is a list of column vectors.

(%i40) M : mcombine([x1,x2,y1,y2,y3]);
(%o40) matrix([0,1/3,0,0,0],[1,-20,0,0,0],[-3,55,0,0 ,1/9],

[3,-136/3,0,1/3,-2/9],[-1,0,1,0,0])

The columns ofM are a (not unique)canonical basisfor A, and the connection with the Jordan canonical form is
AM = M J , which impliesJ = M−1AM .

(%i41) J : Mˆˆ(-1) . A . M;
(%o41) matrix([1,1,0,0,0],[0,1,0,0,0],[0,0,2,1,0],[0 ,0,0,2,1],[0,0,0,0,2])
(%i42) display2d:true$
(%i43) J;

[ 1 1 0 0 0 ]
[ ]
[ 0 1 0 0 0 ]
[ ]

(%o43) [ 0 0 2 1 0 ]
[ ]
[ 0 0 0 2 1 ]
[ ]
[ 0 0 0 0 2 ]

which produces

J =













1 1 0 0 0
0 1 0 0 0
0 0 2 1 0
0 0 0 2 1
0 0 0 0 2













(5.10)
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The contributed packagediag.mac has the functiondispJordan(L) , in which L is the list returned byjordan(A) ,
which produces the Jordan canonical form without the necessity of interactively finding a canonical generalized basis
of A and constructing the generalized modal matrixM (as done above). Thembe5.mac function mJordan(A) is our
interface todispJordan .

(%i44) display2d:false$
(%i45) dispJordan(jordan(A));
(%o45) matrix([1,1,0,0,0],[0,1,0,0,0],[0,0,2,1,0],[0 ,0,0,2,1],[0,0,0,0,2])
(%i46) mJordan(A);
(%o46) matrix([1,1,0,0,0],[0,1,0,0,0],[0,0,2,1,0],[0 ,0,0,2,1],[0,0,0,0,2])

The generalized modal matrix is not unique, but we get the same Jordan canonical form. Here we use thembe5.mac

interface functionmodal_matrix(A) .

(%i47) M : modal_matrix(A);
(%o47) matrix([0,1,0,0,0],[3,0,0,0,0],[-9,-15,0,0,1] ,

[9,44,0,3,0],[-3,-60,9,6,0])
(%i48) J : Mˆˆ(-1) . A . M;
(%o48) matrix([1,1,0,0,0],[0,1,0,0,0],[0,0,2,1,0],[0 ,0,0,2,1],[0,0,0,0,2])

5.3 Example 3: Two Chains Per Eigenvalue Example

Example 3 is Bronson, Prob. 9.10. The given matrixA is the6× 6 matrix

A =

















4 2 1 0 0 0
0 4 −1 0 0 0
0 0 4 0 0 0
0 0 0 4 2 0
0 0 0 0 4 0
0 0 0 0 0 7

















. (5.11)

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([4,2,1,0,0,0],[0,4,-1,0,0,0],[0,0,4,0 ,0,0],[0,0,0,4,2,0],[0,0,0,0,4,0],[0,0,0,0,0,7])$
(%i3) eigenvalues(A);
(%o3) [[4,7],[5,1]]
(%i4) jordan(A);
(%o4) [[4,3,2],[7,1]]

in which the eigenvalueλ = 4 has multiplicitym = 5 and the eigenvalueλ = 7 has multiplicitym = 1, jordan(A) ’s
first sublist[4,3,2] describes the chain content of theλ = 4 subspace: two chains, the first consisting of chained vectors
with ranks 1,2, and 3, and the second chain consisting of chained vectors with ranks 1 and 2, adding up to a total of 5
generalized eigenvectors corresponding toλ = 4.

(%i5) I6 : ident(6)$
(%i6) B4 : (A - 4 * I6)$
(%i7) vrank_max(B4,5);
(%o7) 3
(%i8) vrank_numbers(B4,5);

maximum vector rank = 3
(%o8) [[1,2],[2,2],[3,1]]
(%i9) nullity(B4);
(%o9) 2

The dimension of the nullspace of the matrixB4 is 2 and we get two ordinary rank 1 eigenvectors corresponding toλ = 4
usingeigenvectors(A) .

(%i10) eigenvectors(A);
(%o10) [[[4,7],[5,1]],[[[1,0,0,0,0,0],[0,0,0,1,0,0]] ,[[0,0,0,0,0,1]]]]



5 GENERALIZED EIGENVECTORS, JORDAN CHAINS, CANONICAL BASIS, JORDAN CANONICAL FORM51

The geometric multiplicity of theλ = 4 sector is 2, algebraic multiplicitym = 5, so we need 3 generalized eigenvectors
with rank greater than 1. Starting with two known eigenvectors of rank 1, one needs to add 3 generalized eigenvectors of
rank greater than 1.

(%i11) [v1,v2,v3,v4,v5] : map(’cvec,jordan_chain(A,4)) ;
(%o11) [matrix([-2],[0],[0],[0],[0],[0]),matrix([1], [-1],[0],[0],[0],[0]),

matrix([0],[0],[1],[0],[0],[0]),matrix([0],[0],[0], [2],[0],[0]),
matrix([0],[0],[0],[0],[1],[0])]

(%i12) vL_rank(B4, [v1,v2,v3,v4,v5]);
(%o12) [1,2,3,1,2]
(%i13) vrank(B4,v3);
(%o13) 3
(%i14) B4ˆˆ3 . v3;
(%o14) matrix([0],[0],[0],[0],[0],[0])
(%i15) chained (v2,B4,v3);
(%o15) true
(%i16) chained (v1,B4,v2);
(%o16) true
(%i17) vrank(B,v5);
(%o17) 2
(%i18) B4ˆˆ2 . v5;
(%o18) matrix([0],[0],[0],[0],[0],[0])
(%i19) chained (v4,B4,v5);
(%o19) true

The sixth eigenvector is the rank 1 vector corresponding toλ = 7 having multiplicitym = 1.

(%i20) B7 : (A - 7 * I6);
(%o20) matrix([-3,2,1,0,0,0],[0,-3,-1,0,0,0],[0,0,-3 ,0,0,0],[0,0,0,-3,2,0],

[0,0,0,0,-3,0],[0,0,0,0,0,0])
(%i21) nullity(B7);
(%o21) 1
(%i22) vrank_numbers(B7,1);

maximum vector rank = 1
(%o22) [[1,1]]
(%i23) [v6] : map(’cvec,jordan_chain(A,7));
(%o23) [matrix([0],[0],[0],[0],[0],[1])]
(%i24) v6;
(%o24) matrix([0],[0],[0],[0],[0],[1])
(%i25) vrank(B7,v6);
(%o25) 1
(%i26) B7 . v6;
(%o26) matrix([0],[0],[0],[0],[0],[0])

An “almost diagonal” matrixJ in Jordan canonical form, related toA by a similarity transformation, is obtained by first
forming a “generalized modal matrix”M whose columns are a set of six generalized eigenvectors ofA, which we then
compare with our interface functionmodal_matrix(A) .

(%i27) M : mcombine([v1,v2,v3,v4,v5,v6]);
(%o27) matrix([-2,1,0,0,0,0],[0,-1,0,0,0,0],[0,0,1,0 ,0,0],[0,0,0,2,0,0],

[0,0,0,0,1,0],[0,0,0,0,0,1])
(%i28) modal_matrix(A);
(%o28) matrix([-2,1,0,0,0,0],[0,-1,0,0,0,0],[0,0,1,0 ,0,0],[0,0,0,2,0,0],

[0,0,0,0,1,0],[0,0,0,0,0,1])

The columns ofM are a (not unique)canonical basisfor A, and the connection with the Jordan canonical form is
AM = M J , which impliesJ = M−1AM . We compare with using our interface functionmJordan(A) .

(%i29) J : Mˆˆ(-1) . A . M;
(%o29) matrix([4,1,0,0,0,0],[0,4,1,0,0,0],[0,0,4,0,0 ,0],[0,0,0,4,1,0],

[0,0,0,0,4,0],[0,0,0,0,0,7])
(%i30) mJordan(A);
(%o30) matrix([4,1,0,0,0,0],[0,4,1,0,0,0],[0,0,4,0,0 ,0],[0,0,0,4,1,0],

[0,0,0,0,4,0],[0,0,0,0,0,7])

which shows agreement.
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6 Set of Inhomogeneous Linear Algebraic EquationsAx = b

We assume here thatA is a given squaren × n matrix, (the “coefficient matrix”), the n-component columnvectorb is
known and the n-component column vectorx is to be found. The matrix equation

Ax = b (6.1)

then stands for a system ofn linear algebraic equations inn unknowns.

If the square matrixA is singular, that is,detA = 0, then solutions ofAx = b either do not exist, or do exist but are not
unique.

A system of simultaneous linear algebraic equations may possess no solutions, exactly one solution, or more than one
solution. A set of simultaneous equations isconsistentif it possesses at least one solution; otherwise it isinconsistent.

Theaugmented matrix corresponding to (6.1) is the partitioned matrix[A |b ].

Bronson (Ch. 2) presents two theorems and three simplifyingoperations.

1. The systemAx = b is consistent if and only if the rank ofA equals the rank of[A |b ].

2. Denote the rank ofA ask, and the number of unknowns asn. If the systemAx = b is consistent, then
the solution containsn−k arbitrary scalars, given in Maxima by the differencelength(A) - rank(A) .

Simplifying Operations

Three operations that alter the form of a system of simultaneous linear equations but do not alter its solution
set are:
(O1): Interchanging the sequence of two equations.
(O2): Multiplying an equation by a nonzero scalar.
(O3): Adding to one equation a scalar times another equation.

Applying operations O1, O2, and O3 to the system (6.1) is equivalent to applying the elementary row opera-
tions to the augmented matrix[A |b ].

Gaussian elimination is an algorithm for applying these operations systematically, to obtain a set of equa-
tions that is easy to analyze for consistency and easy to solve if it is consistent.

In linear algebra,Gaussian elimination (also known as row reduction) is an algorithm for solving systems of linear
equations. This method can also be used to find the rank of a matrix, to calculate the determinant of a matrix, and to
calculate the inverse of an invertible square matrix.

Errors due to rounding can become a problem inGaussian elimination. To minimize the effect of round-
off errors, a variety of pivoting strategies have been proposed (partial, scaled, or complete)-pivoting, each
modifying Step 3 of the algorithm for transformation of the augmented matrix to row-echelon form. Pivoting
strategies are merely criteria for choosing the pivot element.

Gaussian elimination with partial pivoting involves searching the work column of the augmented matrix
for the largest element in absolute value appearing in the current work row or a succeeding row. That element
becomes the new pivot. To usepartial pivoting , replace Step 3 of the algorithm for transforming a matrix to
row-echelon form with the following:

New Step 3: Beginning with row R and continuing through successive rows, locate the largest element in
absolute value appearing in the work column C. Denote the first row in which this element appears as row I.
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If I is different from R, interchange rows I and R. Row R will now have, in column C, the largest nonzero
element in absolute value appearing in column C of row R or anyrow suceeding it. This element in row R
and column C is called thepivot; let P denote its value.

There are more powerful pivoting strategies which require more computations. Since the goal is to avoid
significant roundoff error, it is not necessary to find the best pivot element at each stage, but rather to avoid
bad ones. Thus,partial pivoting is the strategy most often implemented.

The Maxima functionstriangularize andechelon both use a version of Gaussian elimination (not including partial
pivoting) to return the upper triangular form of a matrix, with the same return value, except that in the return value of
triangularize , the leading nonzero coefficient in each row is not normalized to 1. Both of these Maxima functions
convert input numbers to rational numbers (ratios of integers), and use integer arithmetic to arrive at the row echelon form
(or upper triangular form), producing exact answers in terms of rational numbers, which can then be used bysolve to
produce “exact” answers (and floating point answers accurate to 15 digits after the exact answer has been converted to
floating point), eliminating the need for using the methods of “partial pivoting.” Here is an example of using Maxima to
convert floating point numbers to rational numbers using theMaxima functionrationalize .

(%i1) fpprintprec:16$
(%i2) rationalize(0.1);
(%o2) 3602879701896397/36028797018963968
(%i3) float(%);
(%o3) 0.1
(%i4) rationalize(1e-20);
(%o4) 6646139978924579/66461399789245793645190353014 0172288
(%i5) float(%);
(%o5) 1.0e-20

(See the two sections below which carry out tests using smallvalues for a parameter in the given matrix.)

Both echelon and triangularize immediately switch rows to get a 1 in the working row and column without ad-
ditional work, and without any knowledge of the size of quantities represented by symbols. Here is an example of the
behavior oftriangularize with symbolic and integer inputs:

(%i6) triangularize(matrix([a,b,c],[d,e,f]));
(%o6) matrix([a,b,c],[0,a * e-b * d,a * f-c * d])
(%i7) triangularize(matrix([a,b,c],[1,e,f]));
(%o7) matrix([1,e,f],[0,b-a * e,c-a * f])
(%i8) triangularize(matrix([1,b,c],[d,e,f]));
(%o8) matrix([1,b,c],[0,e-b * d,f-c * d])

and here is an example of the behavior ofechelon with symbolic and integer inputs.

(%i9) echelon(matrix([a,b,c],[d,e,f]));
(%o9) matrix([1,b/a,c/a],[0,1,(a * f-c * d)/(a * e-b * d)])
(%i10) echelon(matrix([a,b,c],[1,e,f]));
(%o10) matrix([1,e,f],[0,1,(a * f-c)/(a * e-b)])
(%i11) echelon(matrix([1,b,c],[d,e,f]));
(%o11) matrix([1,b,c],[0,1,(f-c * d)/(e-b * d)])

6.1 Examples

Example 1

Consider solving the system (6.1) if

A =





1 1 1
2 3 5
4 0 5



 , b =





5
8
2



 . (6.2)

We use the Maxima functionaddcol(A,bL) to define the augmented matrixAb, given the coefficient matrixA and the
list bL of the elements of the column vectorb. We find that the rank ofA is 3, and the rank of the augmented matrix[A|b]
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is 3, so this system isconsistentand has at least one solution.

Since the rank ofA is the same as the number of unknowns (the number of rows ofA), there should be a single unique
solution. We useCd : echelon(Ab) to reduce the partitioned matrix to row-echelon form. We useour homemade
functions (available inmbe5.mac ) solve_aug(Cd, xL) andgauss_jordan(A,bL,xL) to independently find the so-
lution vectorxs .

The code for these homemade functions is listed in the next section.

Neither of these methods usesinvert(A) or determinant(A) . We finally check thatA . xs = b . We use the
homemade functioncvec , as inb : cvec(bL) for example, to convert a list into a matrix column vector.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,1,1],[2,3,5],[4,0,5]);
(%o2) matrix([1,1,1],[2,3,5],[4,0,5])
(%i3) rank(A);
(%o3) 3
(%i4) determinant(A);
(%o4) 13
(%i5) bL : [5,8,2];
(%o5) [5,8,2]
(%i6) Ab : addcol(A,bL);
(%o6) matrix([1,1,1,5],[2,3,5,8],[4,0,5,2])
(%i7) rank(Ab);
(%o7) 3
(%i8) Cd : echelon(Ab);
(%o8) matrix([1,0,5/4,1/2],[0,1,5/6,7/3],[0,0,1,-2])
(%i9) xL : [x1,x2,x3];
(%o9) [x1,x2,x3]
(%i10) solve_aug(Cd,xL);
(%o10) [x1 = 3,x2 = 4,x3 = -2]
(%i11) gauss_jordan(A,bL,xL);
(%o11) [x1 = 3,x2 = 4,x3 = -2]
(%i12) xsL : map(’rhs,%);
(%o12) [3,4,-2]
(%i13) b : cvec(bL);
(%o13) matrix([5],[8],[2])
(%i14) xs : cvec(xsL);
(%o14) matrix([3],[4],[-2])
(%i15) A . xs;
(%o15) matrix([5],[8],[2])

Example 2: A Singular Coefficient Matrix

Consider solving the system (6.1) if

A =





2 1 0
3 6 1
5 7 1



 , b =





5
1
8



 . (6.3)

Since the rank ofA is2, and the rank of the augmented matrix[A|b] is3, this system isinconsistentand no solution exists.

We note thatdetA = 0, which indicates that the inverse does not exist.

The use ofechelon on the augmented matrixAb shows that one of the three equations has the form0x1+0x2+0x3 = 1,
which cannot be satisfied.

If we nevertheless try to useinvert(A) , we get an error return, which warns that we are trying to divide by0.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([2,1,0],[3,6,1], [5,7,1]);
(%o2) matrix([2,1,0],[3,6,1],[5,7,1])
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(%i3) rank(A);
(%o3) 2
(%i4) determinant(A);
(%o4) 0
(%i5) bL : [5,1,8];
(%o5) [5,1,8]
(%i6) Ab : addcol(A,bL);
(%o6) matrix([2,1,0,5],[3,6,1,1],[5,7,1,8])
(%i7) rank(Ab);
(%o7) 3
(%i8) Cd : echelon(Ab);
(%o8) matrix([1,1/2,0,5/2],[0,1,2/9,-13/9],[0,0,0,1] )
(%i9) xL : [x1,x2,x3];
(%o9) [x1,x2,x3]
(%i10) solve_aug(Cd,xL);
(%o10) []
(%i11) gauss_jordan(A,bL,xL);

inconsistent problem: no solution
(%o11) done
(%i12) invert(A);
expt: undefined: 0 to a negative exponent.

-- an error. To debug this try: debugmode(true);

Example 3: A Solution Vector Depending on One Arbitrary Scalar

Consider solving the system (6.1) if

A =





0 4 1
2 6 −2
4 8 −5



 , b =





2
3
4



 . (6.4)

Since the rank ofA is 2, and the rank of the augmented matrix[A|b] is also2, this system isconsistentand at least one
solution exists.

Because the rank is1 less than the number of unknowns, the solution vector will depend on one arbitrary scalar, which
we call t in our Maxima solution. Since there are an infinite number of values we can choose fort, there are an infinite
number of solution vectors.

We also note thatdetA = 0, which indicates that the inverse does not exist. However, there still exist an infinite number
of solution vectors.

We again check the solution vector at the end.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([0,4,1],[2,6,-2],[4,8,-5]);
(%o2) matrix([0,4,1],[2,6,-2],[4,8,-5])
(%i3) rank(A);
(%o3) 2
(%i4) determinant(A);
(%o4) 0
(%i5) bL : [2,3,4];
(%o5) [2,3,4]
(%i6) Ab : addcol(A,bL);
(%o6) matrix([0,4,1,2],[2,6,-2,3],[4,8,-5,4])
(%i7) rank(Ab);
(%o7) 2
(%i8) Cd : echelon(Ab);
(%o8) matrix([1,3,-1,3/2],[0,1,1/4,1/2],[0,0,0,0])
(%i9) xL : [x1,x2,x3];
(%o9) [x1,x2,x3]
(%i10) solve_aug(Cd,xL);
solve: dependent equations eliminated: (3)
(%o10) [x1 = (7 * %r1)/4,x2 = -(%r1-2)/4,x3 = %r1]
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(%i11) gauss_jordan(A,bL,xL);
solution depends on 1 arbitrary parameter(s)
transfer to solve

solve: dependent equations eliminated: (3)
(%o11) [x1 = (7 * %r2)/4,x2 = -(%r2-2)/4,x3 = %r2]
(%i12) %, %r2 = t;
(%o12) [x1 = (7 * t)/4,x2 = -(t-2)/4,x3 = t]
(%i13) xsL : map(’rhs,%);
(%o13) [(7 * t)/4,-(t-2)/4,t]
(%i14) xs : cvec(xsL);
(%o14) matrix([(7 * t)/4],[-(t-2)/4],[t])
(%i15) b : cvec(bL);
(%o15) matrix([2],[3],[4])
(%i16) A . xs;
(%o16) matrix([2],[(3 * t)/2-(3 * (t-2))/2],[2 * t-2 * (t-2)])
(%i17) ratsimp(%);
(%o17) matrix([2],[3],[4])

6.2 Example of a Matrix Containing a Small Parameterǫ

partial pivoting can usually be avoided

If the coefficient matrix contains small parameters, and we use conventional double precision (16 digit) arithmetic, ex-
perience shows that one should try to avoid dividing by a small number, producing very large numbers which dominate
the subsequent numbers dealt with, to reduce the chances of losing many significant digits when subtracting two 16 digit
numbers which are very close in value.

Using Maxima’s symbolic capability, we can avoid the use of partial pivoting by leaving small parameters in symbolic
form, and getting an exact symbolic solution. The solutionscan then be reduced to numerical form by substitution of
numbers for the symbolic parameters.

We consider the issue of “roundoff errors” and the use of partial pivoting with a simple2× 2 example. We letǫ here be a
small number and seek the solution of the pair of equations

ǫ x1 + x2 = 1 + ǫ

x1 + x2 = 2

We can easily check that the correct answer isx1 = x2 = 1. Using matrices, we solve the matrix equation

Ax = b, A =

[

ǫ 1
1 1

]

, b =

[

1 + ǫ
2

]

(6.5)

for the unknown column vectorx.

6.2.1 Maxima Symbolic Solutions

Use of invert(A) with a Symbolic Problem

Using the Maxima functioninvert , we use the solution method:

x = A−1 b. (6.6)

We leaveǫ, represented bye, as an undefined symbol.A is nonsingular ifǫ 6= 1, sincedetA = ǫ−1, so the inverse exists
if ǫ 6= 1. The problem isconsistentsince the rank of the coefficient matrixA is the same as the rank of the augmented
matrix. The problem only involves a symbolic parameter and integers, soinvert(A) produces the exact inverse matrix.

The functioncvec(L) , defined inmbe5.mac , converts a Maxima list into a matrix column vector.
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Of course, we could instead usetranspose(matrix(bL)) to generate the matrix column vectorb. And, if the
eigen.mac package has been loaded (it loads automatically if we useeigenvalues or eigenvectors ), the func-
tion columnvector(bL) is available and does the same job, and a shorter “alias” is also available:covect(bL) .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([e,1],[1,1]);
(%o2) matrix([e,1],[1,1])
(%i3) bL : [1+e,2];
(%o3) [e+1,2]
(%i4) Ab : addcol(A, bL);
(%o4) matrix([e,1,e+1],[1,1,2])
(%i5) rank(A);
(%o5) 2
(%i6) rank(Ab);
(%o6) 2
(%i7) determinant(A);
(%o7) e-1
(%i8) A_inv : invert(A);
(%o8) matrix([1/(e-1),-1/(e-1)],[-1/(e-1),e/(e-1)])
(%i9) b : cvec( bL );
(%o9) matrix([e+1],[2])
(%i10) xs : A_inv . b;
(%o10) matrix([(e+1)/(e-1)-2/(e-1)],[(2 * e)/(e-1)-(e+1)/(e-1)])
(%i11) xs : ratsimp(xs);
(%o11) matrix([1],[1])
(%i12) A . xs;
(%o12) matrix([e+1],[2])

which produces the correct exact answers.

Use of solveaug(Ab,xL) with a Symbolic Problem

The functionsolve_aug(M,L) is defined inmbe5.mac , and takes as input an augmented matrix (either the starting
matrix or a version reduced to a row-echelon form) and a list of the solution variables. This method callssolve , and is
useful for simple algebraic solution problems whichsolve can handle.

(%i13) xL : [x1,x2];
(%o13) [x1,x2]
(%i14) solns : solve_aug(Ab,xL);
(%o14) [x1 = 1,x2 = 1]
(%i15) Cd : echelon(Ab);
(%o15) matrix([1,1,2],[0,1,1])
(%i16) solns : solve_aug(Cd,xL);
(%o16) [x1 = 1,x2 = 1]
(%i17) xsL : map(’rhs,solns);
(%o17) [1,1]
(%i18) xs : cvec(xsL);
(%o18) matrix([1],[1])
(%i19) A . xs;
(%o19) matrix([e+1],[2])
(%i20) b;
(%o20) matrix([e+1],[2])

Note thatechelon immediately switched the first and second rows to get a1 in the(1, 1) position. Note also that in this
simple problem use ofechelon causesǫ to disappear from the problem, and we get exact correct answers whether we
use the original augmented matrix or the “partial pivoted,”row-echelon form, augmented matrix produced byechelon .

Below is our definition ofsolve_aug(Mb, xL) . Note thatmbe5.mac allows one to uselme(M) as an alias for
list_matrix_entries(M) . Note also this code uses the dot product of two lists, a method illustrated by the example

(%i21) x1L : [c,d,e];
(%o21) [c,d,e]
(%i22) x2L : [f,g,h];
(%o22) [f,g,h]
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(%i23) x1L . x2L;
(%o23) e * h+d* g+c * f
(%i24) kill(x1L,x2L);
(%o24) done

Here is our code forsolve_aug (Mb, xL) .

/ * define a short alias name to use for list_matrix_entries * /
alias(lme, list_matrix_entries)$

/ * generate list of n equations from augmented matrix Ab1 with n rows
and n+1 columns, given n-element list xL1 * /

to_solve(Ab1, xL1) :=
block( [rL, eqn1, eqn_list : [], j],

for j thru length(xL1) do (
rL : lme (row (Ab1,j)),
eqn1 : rest(rL,-1) . xL1 = last(rL),
eqn_list : cons (eqn1, eqn_list)),

reverse (eqn_list) )$

/ * use solve with the list of equations produced by to_solve * /
solve_aug(Bc1,zL1) :=
block([ssL],

ssL : to_solve(Bc1,zL1),
ssL : solve(ssL, zL1),
if length(ssL) = 1 then first(ssL)

else ssL)$

Gauss-Jordan Elimination Method Using gaussjordan(A,bL,xL)

Our filembe5.mac contains codegauss_jordan(A, bL, xL) which implements the Gauss-Jordan elimination method,
with A being the coefficient matrix,bL being a list of the elements of the column vectorb, andxL being a list of the names
of the unknowns.

Our code first makes use ofechelon , and in the normal case thatrank(A) = length(A) , makes a further row reduc-
tion so that we end up with 1’s on the diagonal of the coefficient matrix side of the augmented matrix, and 0’s everywhere
else (i.e., the identity matrix), in which case the sought for list of unknowns is just the list of the last elements of the
augmented matrix rows.

If rank(A) < length(A) the solution is passed off tosolve_aug .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([e,1],[1,1]);
(%o2) matrix([e,1],[1,1])
(%i3) solns : gauss_jordan(A, [1+e,2], [x1,x2] );
(%o3) [x1 = 1,x2 = 1]
(%i4) xs : cvec (map(’rhs, solns));
(%o4) matrix([1],[1])
(%i5) A . xs;
(%o5) matrix([e+1],[2])

Here is our code forgauss_jordan (A, bL, xL) .

/ *
gauss_jordan(Aa,BbL, XxL) uses echelon and then normally r educes the

echelon form further to get not only 1’s on the coefficient si de diagonal but
also 0’s above the diagonal 1’s, so the coefficient side is re duced to a unit

matrix. The solution vector elements are then the last eleme nts of
the reduced augented matrix rows.
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Aa is square matrix of coefficients, BbL is a list of the eleme nts of the given
column vector which equals the right hand side of the eqn

Aa . x = Bb ; XxL is a list of unknown variable names.

* /

gauss_jordan(Aa,BbL, XxL) :=
block([nrows, ncols, AaBb,CcDd, nzero_rows, ssL:[] ],

local(RL),
nrows : length(Aa),
ncols : length( transpose(Aa)),

if nrows # ncols then (
print(" need square matrix Aa "),
return(done)),

if length(BbL) # nrows then (
print(" length of BbL should be equal to number of rows of Aa") ,
return(done)),

AaBb : addcol(Aa, BbL), / * augmented matrix * /
if rank(Aa) # rank(AaBb) then (

print(" inconsistent problem: no solution "),
return(done)),

CcDd : echelon(AaBb),

if rank(Aa) < length(Aa) then (
print(" solution depends on ", length(Aa) - rank(Aa)," arbi trary parameter(s)"),
print(" transfer to solve_aug "),
return( solve_aug(CcDd, XxL))),

/ * case: rank(Aa) = length(Aa) = number of unknowns:
assume we have 1’s on the diagonal and no 0’s on the
diagonal, replace elements above 1’s with 0’s * /

for j thru nrows do RL[j] : lme (row (CcDd, j)),

for j:2 thru nrows do
for k thru (j-1) do RL[k] : RL[k] - RL[k][j] * RL[j],

/ * collect last element of rows in a list ssL * /
for j thru nrows do ssL : cons( last(RL[j]), ssL),
ssL : reverse (ssL),
map ("=", XxL, ssL))$

Use of “by hand” row-echelon reduction with a Symbolic Problem

For a fourth approach, we use Maxima list arithmetic to transform Ab to row-echelon formby hand (using Maxima list
arithmetic) instead of usingechelon or triangularize . We first define the two rows of the augmented matrixAb as
ordinary lists, first using the Maxima functionrow(A,n) , and then using the aliaslme (defined inmbe5.mac as an alias
for list_matrix_entries ) to produce an ordinary Maxima list of the row elements.

(%i6) bL : [1+e,2];
(%o6) [e+1,2]
(%i7) Ab : addcol(A, bL);
(%o7) matrix([e,1,e+1],[1,1,2])
(%i8) R1 : lme(row(Ab,1));
(%o8) [e,1,e+1]
(%i9) R2 : lme(row(Ab,2));
(%o9) [1,1,2]
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Without using partial pivoting, we haveR = 1, C = 1, P = e, so transformR1 → R1 = R1/P .

(%i10) R1 : R1/e;
(%o10) [1,1/e,(e+1)/e]

With R = 1, C = 1, N = 2, V = 1, we transform row2 R2 → R2 = R2−R1

(%i11) R2 : R2 - R1;
(%o11) [0,1-1/e,2-(e+1)/e]
(%i12) R2 : ratsimp(R2);
(%o12) [0,(e-1)/e,(e-1)/e]

With R = 2, C = 2, P = (e− 1)/e, we transform row2 R2 → R2 = R2/P .

(%i13) R2 : R2/R2[2];
(%o13) [0,1,1]

Starting with these two transformed rows, we can now define the transformed augmented matrixCd in two steps ( in the
second step usingaddrow(M,list) ).

(%i14) Cd : matrix(R1);
(%o14) matrix([1,1/e,(e+1)/e])
(%i15) Cd : addrow(Cd, R2);
(%o15) matrix([1,1/e,(e+1)/e],[0,1,1])

With a list xL of symbols for the solution vector defined, we can then usesolve_aug(Cd, xL) .

(%i16) xL : [x1,x2];
(%o16) [x1,x2]
(%i17) solns : solve_aug(Cd,xL);
(%o17) [x1 = 1,x2 = 1]

Instead of usingsolve_aug , we can also work directly with the transformed rows of the augmented matrix to find an
exact symbolic solution “by hand.” The symbolseq1 andeq2 stand for the algebraic equations implied by the rows of
the row-echelon formCd.

(%i18) eq1 : rest(R2,-1) . xL = R2[3];
(%o18) x2 = 1
(%i19) X2 : rhs(%);
(%o19) 1
(%i20) eq2 : rest(R1,-1) . xL = R1[3];
(%o20) x2/e+x1 = (e+1)/e
(%i21) eq2 : eq2, x2 = X2;
(%o21) x1+1/e = (e+1)/e
(%i22) solve(eq2, x1);
(%o22) [x1 = 1]

An intermediate route uses the functionto_solve (Cd, xL) :

(%i23) eqnL : to_solve (Cd, xL);
(%o23) [x2/e+x1 = (e+1)/e, x2 = 1]
(%i24) X2 : rhs (eqnL[2]);
(%o24) 1
(%i25) eq2 : eqnL[1], x2 = X2;
(%o25) x1+1/e = (e+1)/e
(%i26) solve (eq2, x1);
(%o26) [x1 = 1]

6.2.2 Maxima Numerical Solutions

A “by hand” reduction of a numerical augmented matrix, with n o partial pivoting

We first define the two rowsR1 andR2 of the starting augmented matrixAb as ordinary lists. We then use Maxima list
arithmetic on the rows to transformAb to row-echelon form by hand, instead of usingechelon . We then define the
transformed augmented matrixCd from the transformed rows. We do not do partial pivoting here. Here is an example
usinge = 1e-15 , first defining the rows of the augmented matrix.
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(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) fpprintprec:16$
(%i3) e : 1e-15;
(%o3) 1.0e-15
(%i4) R1 : [e,1,1+e];
(%o4) [1.0e-15,1,1.000000000000001]
(%i5) R2 : [1,1,2];
(%o5) [1,1,2]

Without using partial pivoting, we haveR = 1, C = 1, P = e, so we transformR1 → R1 = R1/P .

(%i6) R1 : R1/e;
(%o6) [1.0,9.999999999999999e+14,1.000000000000001e+ 15]

With R = 1, C = 1, N = 2, V = 1, we transform row2, R2 → R2 = R2−R1

(%i7) R2 : R2 - R1;
(%o7) [0.0,-9.999999999999989e+14,-9.999999999999991 e+14]

With R = 2, C = 2, P = (e− 1)/e, we transform row2 R2 → R2 = R2/P .

(%i8) R2 : R2/R2[2];
(%o8) [0.0,0.9999999999999999,1.0]

We can now define the transformed augmented matrixCd in two steps, one for each row.

(%i9) Cd : matrix(R1);
(%o9) matrix([1.0,9.999999999999999e+14,1.0000000000 00001e+15])
(%i10) Cd : addrow(Cd, R2);
(%o10) matrix([1.0,9.999999999999999e+14,1.000000000 000001e+15],

[0.0,0.9999999999999999,1.0])

With a list xL of symbols for the solution vector defined, we can then usesolve_aug(Cd, xL) .

(%i11) xL : [x1,x2];
(%o11) [x1,x2]
(%i12) solns : solve_aug(Cd,xL);
(%o12) [x1 = 2, x2 = 1]

which gives thewrong answerfor x1 . We can also work directly with the transformed rowsR1 andR2 of the augmented
matrix to find a solution “by hand.”

(%i13) eq1 : rest(R2,-1) . xL = R2[3];
(%o13) 0.9999999999999999 * x2 = 1.0
(%i14) soln : solve(eq1,x2);
(%o14) [x2 = 1]
(%i15) X2 : rhs(soln[1]);
(%o15) 1
(%i16) eq2 : rest(R1,-1) . xL = R1[3];
(%o16) 9.999999999999999e+14 * x2+1.0 * x1 = 1.000000000000001e+15
(%i17) eq2 : eq2, x2 = X2;
(%o17) 1.0 * x1+9.999999999999999e+14 = 1.000000000000001e+15
(%i18) soln : solve(eq2,x1);
(%o18) [x1 = 9/8]
(%i19) X1 : rhs(soln[1]);
(%o19) 9/8

which gives adifferent wrong answer for x1 .
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A third route uses the functionto_solve(Cd,xL) :

(%i20) eqnL : to_solve(Cd,xL);
(%o20) [9.999999999999999e+14 * x2+1.0 * x1 = 1.000000000000001e+15,

0.9999999999999999 * x2 = 1.0]
(%i21) soln : solve(eqnL[2],x2);
(%o21) [x2 = 1]
(%i22) X2 : rhs(soln[1]);
(%o22) 1
(%i23) eq2 : eqnL[1], x2 = X2;
(%o23) 1.0 * x1+9.999999999999999e+14 = 1.000000000000001e+15
(%i24) soln : solve(eq2,x1);
(%o24) [x1 = 9/8]
(%i25) X1 : rhs(soln[1]);
(%o25) 9/8

which isstill wrong .

“by hand” reduction of a numerical matrix, with partial pivo ting

We interchange the starting rows:

(%i26) R1 : [1,1,2];
(%o26) [1,1,2]
(%i27) R2 : [e,1,1+e];
(%o27) [1.0e-15,1,1.000000000000001]

With R = 1, C = 1, N = 2, V = e, we transform row2: R2 → R2 = R2− eR1

(%i28) R2[1];
(%o28) 1.0e-15
(%i29) R2 : R2 - R2[1] * R1;
(%o29) [0.0,0.999999999999999,0.9999999999999991]

With R = 2, C = 2, P = (1− e), we transform row2: R2 → R2 = R2/P .

(%i30) R2 : R2/R2[2];
(%o30) [0.0,1.0,1.0]

We can now define the transformed augmented matrixCd in two steps, one for each row.

(%i31) Cd : matrix(R1);
(%o31) matrix([1,1,2])
(%i32) Cd : addrow(Cd, R2);
(%o32) matrix([1,1,2],[0.0,1.0,1.0])

With a list xL of symbols for the solution vector defined, we can then usesolve_aug(Cd, xL) .

(%i33) xL;
(%o33) [x1,x2]
(%i34) solns : solve_aug(Cd,xL);
(%o34) [x1 = 1,x2 = 1]

which produces the correct answer, showing the benefit of partial pivoting.

We can repeat this partial pivoted solution fore = 1e-30 .

(%i35) e : 1e-30;
(%o35) 1.0e-30
(%i36) R1 : [1,1,2];
(%o36) [1,1,2]
(%i37) R2 : [e,1,1+e];
(%o37) [1.0e-30,1,1.0]



6 SET OF INHOMOGENEOUS LINEAR ALGEBRAIC EQUATIONSAX = B 63

(%i38) R2 : R2 - R2[1] * R1;
(%o38) [0.0,1.0,1.0]
(%i39) Cd : matrix(R1);
(%o39) matrix([1,1,2])
(%i40) Cd : addrow(Cd, R2);
(%o40) matrix([1,1,2],[0.0,1.0,1.0])
(%i41) solns : solve_aug(Cd,xL);
(%o41) [x1 = 1,x2 = 1]

echelon test with numerical e and no partial pivot

We useechelon_test1(e,q) in mbe5.mac , with the small floating point numbere as the first argument.

If q = "no" , thenechelon is tested with no partial-pivot switch of rows 1 and 2. Otherwise,echelon is tested with a
partial pivot switch of rows 1 and 2.

Note thatechelon natively converts floating point numbers to ratios of integers and, generates answers via integer arith-
metic, and returns answers in terms of ratios of integers (rational numbers). The rational number answers generated by
echelon or triangularize should be left in that form when generating equations to be solved by solve , for max-
imum accuracy. This means that one shouldnot usenumer:true in the code, since that automatically sets the evflag
float to true .

Using the exact rational number output ofechelon , or triangularize , in the equations to be solved, we will get the
same 15 digit precision floating point answers whether or notwe do partial pivoting.

For example, we get the correct answers (to 15 digit accuracy) if e = 1e-20 and we don’t use partial pivoting:

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) fpprintprec:16$
(%i3) echelon_test1(1e-20,"no")$
----------------------------------------------

e = 1.0e-20
test echelon with numerical e and no partial pivot

start with:
R1 = [1.0e-20,1,1.0]
R2 = [1,1,2]

after echelon
R1 = [1,100000000000000000000,100000000000000000000]
R2 = [0,1,99999999999999999998/99999999999999999999]

------------------------------------------------
method 1: use solve_aug(Cd, xL)

solns =
[x1 = 100000000000000000000/99999999999999999999,

x2 = 99999999999999999998/99999999999999999999]
float(solns) = [x1 = 1.0,x2 = 1.0]
------------------------------------------------
method 2: solve by hand
x1 = 100000000000000000000/99999999999999999999

x2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0
------------------------------------------------
Method 3: use function: to_solve(Cd, xL)
x1 = 100000000000000000000/99999999999999999999

x2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0
------------------------------------------------
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If we compare the “no partial pivot” result above with the partial pivot result (next), we see that there is no difference in
the ratio of integer answers returned, and hence no difference in the floating point answer.

(%i4) echelon_test1(1e-20,"yes")$
----------------------------------------------

e = 1.0e-20
test echelon with numerical e and with partial pivot
start with:

R1 = [1,1,2]
R2 = [1.0e-20,1,1.0]

after echelon
R1 = [1,1,2]
R2 = [0,1,99999999999999999998/99999999999999999999]

------------------------------------------------
method 1: use solve_aug(Cd, xL)

solns =
[x1 = 100000000000000000000/99999999999999999999,

x2 = 99999999999999999998/99999999999999999999]
float(solns) = [x1 = 1.0,x2 = 1.0]
------------------------------------------------
method 2: solve by hand
x1 = 100000000000000000000/99999999999999999999

x2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0
------------------------------------------------
Method 3: use function: to_solve(Cd, xL)
x1 = 100000000000000000000/99999999999999999999

x2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0
------------------------------------------------

triangularize test with numerical e and no partial pivot

We usetriangularize_test1(e,q) in mbe5.mac . If q = "no" , thentriangularize is tested with no partial-
pivot switch of rows 1 and 2. Otherwise,triangularize is tested with a partial pivot switch of rows 1 and 2. Note
that triangularize natively converts floating point numbers to ratios of integers and, generates answers via integer
arithmetic, and returns answers in terms of ratios of integers.

Thus we get correct answers, usingtriangularize with no partial pivoting, fore = 1e-20 .

(%i5) triangularize_test1(1e-20,"no")$
----------------------------------------------

e = 1.0e-20
test triangularize with numerical e and no partial pivot

start with:
R1 = [1.0e-20,1,1.0]
R2 = [1,1,2]

after triangularize
R1 = [1,100000000000000000000,100000000000000000000]
R2 = [0,-99999999999999999999,-99999999999999999998]

------------------------------------------------
method 1: use solve_aug(Cd, xL)

solns =
[x1 = 100000000000000000000/99999999999999999999,

x2 = 99999999999999999998/99999999999999999999]
float(solns) = [x1 = 1.0,x2 = 1.0]
------------------------------------------------
method 2: solve by hand
x1 = 100000000000000000000/99999999999999999999

x2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0
------------------------------------------------
Method 3: use function: to_solve(Cd, xL)
x1 = 100000000000000000000/99999999999999999999

x2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0
------------------------------------------------
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Using partial pivoting does not improve the answers.

(%i6) triangularize_test1(1e-20,"yes")$
----------------------------------------------

e = 1.0e-20
test triangularize with numerical e and with partial pivot
start with:

R1 = [1,1,2]
R2 = [1.0e-20,1,1.0]

after triangularize
R1 = [1,1,2]
R2 = [0,99999999999999999999,99999999999999999998]

------------------------------------------------
method 1: use solve_aug(Cd, xL)

solns =
[x1 = 100000000000000000000/99999999999999999999,

x2 = 99999999999999999998/99999999999999999999]
float(solns) = [x1 = 1.0,x2 = 1.0]
------------------------------------------------
method 2: solve by hand
x1 = 100000000000000000000/99999999999999999999

x2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0
------------------------------------------------
Method 3: use function: to_solve(Cd, xL)
x1 = 100000000000000000000/99999999999999999999

x2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0
------------------------------------------------

Symbolic echelon solution, followed by numerical substitution

If we leave small parameters in symbolic form, and letechelon andsolve find symbolic solutions (assuming this is
possible for a given problem), then it makes more sense to insert the actual numerical values of the parameters at the end
to generate a final numerical solution.

The example we are using here is trivial, in this respect, since the use ofechelon for the case of symbolice removes the
presence of the one small parameter entirely, before we start to solve for the symbolic answers.

Here we useechelon_test2(e1,q) , in which the calculations are carried out in terms of the symbolic e, and the
final numerical answers are generated via statements likex : ev(x, e = e1) . The approach used in this code can
be adapted to more complicated problems in which the use ofechelon does not remove the presence of the small
parameters.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) fpprintprec:16$
(%i3) echelon_test2(1e-14,"no")$
----------------------------------------------

e1 = 1.0e-14
test echelon with symbolic e and no partial pivot

start with:
R1 = [e,1,e+1]
R2 = [1,1,2]

after echelon
R1 = [1,1,2]
R2 = [0,1,1]

------------------------------------------------
method 1: use solve_aug(Cd, xL)

symbolic solns = [x1 = 1,x2 = 1]
numerical solns = [x1 = 1,x2 = 1]
------------------------------------------------
method 2: solve by hand
symbolic x1 = 1
symbolic x2 = 1
numerical x1 = 1 numerical x2 = 1
------------------------------------------------
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Method 3: use function: to_solve(Cd, xL)
symbolic x1 = 1

symbolic x2 = 1
numerical x1 = 1 numerical x2 = 1
------------------------------------------------

7 Diagonalizable Matrices

Then × n matrix A is diagonalizable if it is similar to a diagonal matrix, i.e., if there exists a nonsingular matrix S
such thatS−1AS is diagonal. Such a nonsingular matrixS exists if and only if the matrixA hasn linearly independent
(ordinary, rank 1) eigenvectors.

We know that if alln eigenvalues ofA are distinct (no repeats), thenn linearly independent rank 1 eigenvectors exist (and
are returned byeigenvectors ). If some of the eigenvalues have algebraic multiplicitiesgreater than one, it may occur
thatn linearly independent rank 1 eigenvectors can still be found(and returned byeigenvectors ).

If the set of rank 1 eigenvectorsv1, . . . ,vn are linearly independent, then then× n matrixS composed of then column
vectorsvj

S = [v1 · · · vn] (7.1)

is nonsingular and can be used to transformA into diagonal form. We can write

AS = [Av1 · · · Avn] = [λ1 v
1 · · · λn v

n] = S Λ, (7.2)

where

Λ =







λ1 0
. . .

0 λn






(7.3)

SinceS is nonsingular,
S−1AS = Λ, A = S ΛS−1. (7.4)

If A is diagonalizable, thenS is the same asmodal_matrix(A) , and the resulting diagonal matrix is the same as
mJordan(A) .

The functiondiagp(A) (defined inmbe5.mac ) returnstrue if the matrixA is diagonalizable, otherwise returnsfalse .

If a matrix A is not diagonalizable, the functionmJordan(A) returns theJordan Normal Form , which is an “almost
diagonal” matrix which has the eigenvalues on the leading diagonal and either zeroes or ones on the super diagonal.
The invertible matrixT which will produce the Jordan canonical formJ via the relationJ = invert(T) . A . T is
returned byT : modal_matrix(A) .

What About Repeated Eigenvalues?

A matrix might have repeated eigenvalues and still be diagonalizable. In this case, the Maxima functioneigenvectors

will return a full set of linearly independent rank 1 eigenvectors, which can then be combined to defineS. Here is an
example of a3× 3 matrix which has one distinct eigenvalue and one repeated eigenvalue, but can be diagonalized.

A =





1 0 1
0 1 0
0 0 2



 . (7.5)

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
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(%i2) A : matrix([1,0,1],[0,1,0],[0,0,2]);
(%o2) matrix([1,0,1],[0,1,0],[0,0,2])
(%i3) normal(A);
(%o3) false
(%i4) diagp(A);
(%o4) true
(%i5) jordan(A);
(%o5) [[1,1,1],[2,1]]
(%i6) [a1,a2] : map (’first, %);
(%o6) [1,2]
(%i7) jordan_chain(A,a1);
(%o7) [[1,0,0],[0,1,0]]
(%i8) [v1,v2] : map (’cvec,%);
(%o8) [matrix([1],[0],[0]),matrix([0],[1],[0])]
(%i9) jordan_chain(A,a2);
(%o9) [[1,0,1]]
(%i10) [v3] : map (’cvec,%);
(%o10) [matrix([1],[0],[1])]
(%i11) S : mcombine([v1,v2,v3]);
(%o11) matrix([1,0,1],[0,1,0],[0,0,1])
(%i12) A_diag : invert(S) . A . S;
(%o12) matrix([1,0,0],[0,1,0],[0,0,2])
(%i13) mJordan(A);
(%o13) matrix([1,0,0],[0,1,0],[0,0,2])
(%i14) modal_matrix(A);
(%o14) matrix([1,0,1],[0,1,0],[0,0,1])
(%i15) is (equal (A . v1, a1 * v1));
(%o15) true
(%i16) is (equal (A . v2, a1 * v2));
(%o16) true
(%i17) is (equal (A . v3, a2 * v3));
(%o17) true

We see thatmodal_matrix(A) returnsS andmJordan(A) returns the diagonal matrixinvert(S) . A . S . Thus
eigenvalues with multiplicity greater than onemight have linearly independent rank 1 eigenvectors.

Here is an example of a2× 2 matrix with only one rank 1 eigenvector. Combining the ordinary rank 1 eigenvector with
a generalized eigenvector doesnot produce a matrix which transformsA to diagonal form.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,1],[0,1]);
(%o2) matrix([1,1],[0,1])
(%i3) jordan(A);
(%o3) [[1,2]]
(%i4) diagp(A);
(%o4) false
(%i5) eigenvalues(A);
(%o5) [[1],[2]]
(%i6) chain : jordan_chain(A,1);
(%o6) [[1,0],[0,1]]
(%i7) [v1,v2] : map(’cvec, chain);
(%o7) [matrix([1],[0]),matrix([0],[1])]
(%i8) B : A - ident(2);
(%o8) matrix([0,1],[0,0])
(%i9) vL_rank(B,[v1,v2]);
(%o9) [1,2]
(%i10) chained(v1,B,v2);
(%o10) true
(%i11) S : mcombine([v1,v2]);
(%o11) matrix([1,0],[0,1])
(%i12) AD : Sˆˆ(-1) . A . S;
(%o12) matrix([1,1],[0,1])
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Here is an example of a3 × 3 matrix with three distinct eigenvalues. Combining the three rank 1 eigenvectors returned
by eigenvectors or jordan_chain to form S (the same asmodal_matrix(A) ), we find the diagonal form using
invert(S) . A . S , which is also returned bymJordan(A) .

(%i13) A : matrix([8,-5,10],[2,1,2],[-4,4,-6]);
(%o13) matrix([8,-5,10],[2,1,2],[-4,4,-6])
(%i14) normal(A);
(%o14) false
(%i15) diagp(A);
(%o15) true
(%i16) jn : jordan(A);
(%o16) [[-2,1],[2,1],[3,1]]
(%i17) [a1,a2,a3] : map (’first, jn);
(%o17) [-2,2,3]
(%i18) [v1] : map (’cvec, jordan_chain(A,a1));
(%o18) [matrix([1],[0],[-1])]
(%i19) [v2] : map (’cvec, jordan_chain(A,a2));
(%o19) [matrix([0],[1],[1/2])]
(%i20) [v3] : map (’cvec, jordan_chain(A,a3));
(%o20) [matrix([1],[1],[0])]
(%i21) S : mcombine([v1,v2,v3]);
(%o21) matrix([1,0,1],[0,1,1],[-1,1/2,0])
(%i22) A_diag : invert(S) . A . S;
(%o22) matrix([-2,0,0],[0,2,0],[0,0,3])
(%i23) mJordan(A);
(%o23) matrix([-2,0,0],[0,2,0],[0,0,3])
(%i24) modal_matrix(A);
(%o24) matrix([1,0,1],[0,1,1],[-1,1/2,0])

Among matrices which have possible complex entries, all unitary, all Hermitian, and all skew-Hermitian matrices are
diagonalizable.

Among matrices with all real entries, all orthogonal, all symmetric, and all skew-symmetric matrices are diagonalizable.

8 Functions of a Matrix f(A) and Solution of u̇(t) = Au(t) for Constant A

8.1 Taylor Series Definition of a Function of a Matrix

Quoting Bronson, Ch. 8,

If a functionf(z) of a complex variablez has a Maclaurin series expansion

f(z) =
∞
∑

n=0

an z
n (8.1)

which converges for|z| < R, then the matrix series
∑∞

n=0 anA
n converges, providedA is square and each

of its eigenvalues has absolute value less thanR. In such a case,f(A) is defined as

f(A) =
∞
∑

n=0

anA
n (8.2)

and is called awell-defined function.By convention,A0 = I

For example,

ez = 1 +
1

1!
z +

1

2!
z2 + . . . =

∞
∑

j=0

1

j!
zj (8.3)

converges for all values ofz (that isR = ∞). Since every eigenvalueλ of any square matrix satisfies the
condition that|λ| < ∞,

eA = I +
1

1!
A+

1

2!
A2 + . . . =

∞
∑

j=0

1

j!
Aj (8.4)
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is well defined for all square matricesA.

A second example is the definition ofcos(A). The Maclaurin series forcos(z) is

cos(z) = 1−
z2

2!
+

z4

4!
−

z6

6!
. . . =

∞
∑

n=0

(−1)n z2n

(2n)!
(8.5)

which converges for all values ofz (that is,R = ∞). Every eigenvalue of any square matrix satisfies the
condition that|λ| < ∞, so

cos(A) = I −
A2

2!
+

A4

4!
−

A6

6!
. . . =

∞
∑

n=0

(−1)n A2n

(2n)!
(8.6)

is well defined for every square matrixA.

8.2 Matrix Solution of Initial Value Problems

The initial value problem described by the set of linear, ordinary first order differential equations with constant coefficients
represented by the matrix equation

u̇(t) = Au(t), u(0) = u0 (8.7)

in which the elements of the square matrixA are independent of timet, has the solution

u(t) = eA t u0, t ≥ 0 (8.8)

since fort → 0, eA t → I, allowing the initial condition to be satisfied, and

eAt = I +
1

1!
At+

1

2!
A2t2 +

1

3!
A3t3 + . . . (8.9)

so
d

dt
eAt = 0 +A+

A2 2 t

2!
+

A3 3 t

3!
+ . . . = A(I +

1

1!
At+

1

2!
A2t2 +

1

3!
A3t3 + . . .) = AeAt (8.10)

8.3 Properties of the “Matrix Exponential” e
At

1. Exponential series (A0 ≡ I) with convergence for any matrixA and finitet:

eA t =
∞
∑

m=0

(At)m /m! (8.11)

2.
d

dt
eA t = AeA t = eA tA (8.12)

3. If D = [dij ] is a diagonal matrix (dij = 0 for i 6= j), theneD t is a diagonal matrix with entriesedii t.
For example,

exp

([

a 0
0 b

]

t

)

=

[

eat 0
0 ebt

]

(8.13)

4. Special Case (dii = r for all i):
e(rI) t = ert I (8.14)

5. If AB = BA (they “commute”), then

e(A+B) t = eA t eB t = eB t eA t (8.15)

Note: IfAB 6= BA, then in general
e(A+B) t 6= eA t eB t 6= eB t eA t (8.16)
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6. eA t is nonsingular, and
(

eA t
)−1

= e−At (8.17)

7. If S is nonsingular, then

e(SAS−1) t = S eA t S−1 (8.18)

8. If v is an eigenvector ofA associated with the eigenvalueλ, then

eA t v = eλ t v. (8.19)

8.4 Using the Maxima Function matfunction(f, A) from Package diag.mac

The contributed Maxima packagediag.mac has the functionmat_function(f, A) which attempts to calculatef(A) ,
and we use it here. The Maxima help manual has the information:

Returns f(A), where f is an analytic function and A a matrix. T his computation is based
on the Taylor expansion of f. It is not efficient for numerica l evaluation, but can give
symbolic answers for small matrices.

The code indiag.mac is based on exploiting the Jordan canonical form of a given matrix. A section below presents a
brief description and an interactive example of using this method, as well as using the codeeAt_jordan(A) defined in
mbe5.mac . In this section we simply show two quick examples of usingmat_function(f,A) . The code filembe5.mac

automatically loads in the packagediag.mac . Consider the square matrix

A =

[

2 4
1 2

]

. (8.20)

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([2,4],[1,2]);
(%o2) matrix([2,4],[1,2])
(%i2) mat_function(exp, A);
(%o2) matrix([%eˆ4/2+1/2,%eˆ4-1],[%eˆ4/4-1/4,%eˆ4/2+ 1/2])
(%i4) float(%);
(%o4) matrix([27.799075,53.59815],[13.399538,27.7990 75])
(%i5) mat_function(cos, A);
(%o5) matrix([cos(4)/2+1/2,cos(4)-1],[cos(4)/4-1/4,c os(4)/2+1/2])
(%i6) float(%);
(%o6) matrix([0.17317819,-1.6536436],[-0.41341091,0. 17317819])

which says that

eA =

[

1
2 (e

4 + 1) e4 − 1
1
4 (e

4 − 1) 1
2 (e

4 + 1)

]

(8.21)

and

cos(A) =

[

1
2 (cos(4) + 1) cos(4)− 1
1
4 (cos(4)− 1) 1

2 (cos(4) + 1)

]

. (8.22)

If A is a diagonal matrix, theneA is also a diagonal matrix, whose diagonal elements have the form eα, with α being the
corresponding diagonal element ofA. Thus, for example, if

A =

[

α 0
0 β

]

, (8.23)

then

eA =

[

eα 0
0 eβ

]

. (8.24)
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Here is a concrete example:

(%i7) A : matrix([2,0],[0,4]);
(%o7) matrix([2,0],[0,4])
(%i8) mat_function(exp, A);
(%o8) matrix([%eˆ2,0],[0,%eˆ4])

The Maxima Help Manual has the following example of one way tousemat_function for integer powers.

(%i9) display2d:true$
(%i10) A: matrix([1,2,0], [0,1,0], [1,0,1])$
(%i11) A;

[ 1 2 0 ]
[ ]

(%o11) [ 0 1 0 ]
[ ]
[ 1 0 1 ]

(%i12) integer_pow(x) := block ([k], declare (k, integer), xˆk)$
(%i13) Atok : mat_function(integer_pow, A);

[ 1 2 k 0 ]
[ ]

(%o13) [ 0 1 0 ]
[ ]
[ k (k - 1) k 1 ]

(%i14) Atok,k = 20;
[ 1 40 0 ]
[ ]

(%o14) [ 0 1 0 ]
[ ]
[ 20 380 1 ]

(%i15) Aˆˆ20;
[ 1 40 0 ]
[ ]

(%o15) [ 0 1 0 ]
[ ]
[ 20 380 1 ]

If we let M = eAt and return to the2× 2 example

A =

[

2 4
1 2

]

. (8.25)

(%i16) A : matrix([2,4],[1,2]);
(%o16) matrix([2,4],[1,2])
(%i17) M : mat_function(exp, t * A);
(%o17) matrix([%eˆ(4 * t)/2+1/2,%eˆ(4 * t)-1],[%eˆ(4 * t)/4-1/4,%eˆ(4 * t)/2+1/2])
(%i18) M, t=0;
(%o18) matrix([1,0],[0,1])

which shows thatM → I for t → 0, andeAt has the form

eAt =

[

1
2 (e

4t + 1) e4t − 1
1
4 (e

4t − 1) 1
2 (e

4t + 1)

]

(8.26)

8.5 Initial Value Problem Example Using mat function(exp, t*A)

Here is a simple2× 2 example.

A =

[

2 1
1 2

]

. (8.27)

and

u(0) =

[

0
1

]

, (8.28)
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and lettingu0 representu(0), we get the solutionut representingu(t):

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([2,1],[1,2]);
(%o2) matrix([2,1],[1,2])
(%i3) M : mat_function(exp,t * A);
(%o3) matrix([%eˆ(3 * t)/2+%eˆt/2,%eˆ(3 * t)/2-%eˆt/2],

[%eˆ(3 * t)/2-%eˆt/2,%eˆ(3 * t)/2+%eˆt/2])
(%i4) M, t=0;
(%o4) matrix([1,0],[0,1])
(%i5) u0 : cvec ([0,1] );
(%o5) matrix([0],[1])
(%i6) display2d:true$
(%i7) ut : M . u0;

[ 3 t t ]
[ %e %e ]
[ ----- - --- ]
[ 2 2 ]

(%o7) [ ]
[ 3 t t ]
[ %e %e ]
[ ----- + --- ]
[ 2 2 ]

(%i8) ut, t=0;
[ 0 ]

(%o8) [ ]
[ 1 ]

Hence the analytic solution column vector is

u(t) =
1

2

[

e3t − et

e3t + et

]

(8.29)

Here we usediff to “check” the solution we have found.

(%i9) dudt : diff(ut,t);
[ 3 t t ]
[ 3 %e %e ]
[ ------- - --- ]
[ 2 2 ]

(%o9) [ ]
[ 3 t t ]
[ 3 %e %e ]
[ ------- + --- ]
[ 2 2 ]

(%i10) Aut : A . ut;
[ 3 t 3 t t t ]
[ %e %e %e %e ]
[ ----- + 2 (----- - ---) + --- ]
[ 2 2 2 2 ]

(%o10) [ ]
[ 3 t 3 t t t ]
[ %e %e %e %e ]
[ ----- + 2 (----- + ---) - --- ]
[ 2 2 2 2 ]

(%i11) Aut : ratsimp(%);
[ 3 t t ]
[ 3 %e - %e ]
[ ------------- ]
[ 2 ]

(%o11) [ ]
[ 3 t t ]
[ 3 %e + %e ]
[ ------------- ]
[ 2 ]

(%i12) is (equal (dudt,Aut));
(%o12) true
(%i13) ratsimp(dudt - Aut);

[ 0 ]
(%o13) [ ]

[ 0 ]
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8.6 e
At if A is a Diagonalizable Matrix

We assumeA is diagonalizable, withA = SΛS−1, in which Λ is a diagonal matrix whose diagonal elements are the
eigenvalues ofA (with some possible repititions). Positive powers ofΛ are then diagonal matrices whose diagonal
elements are the corresponding powers of the respective eigenvalues.

Λ =







λ1 0
. ..

0 λn






, Λ2 =







λ2
1 0

. . .
0 λ2

n






, Λ3 =







λ3
1 0

.. .
0 λ3

n






. . . (8.30)

BecauseS−1 S = I, positive powers of the matrixA can be written asAj = S Λj S−1. For example,

A2 = (S ΛS−1) (S ΛS−1) = S Λ2 S−1. (8.31)

In addition, we have, as usual,A0 = I andΛ0 = I. If the given function has the power series expansion

f(x) =
∞
∑

j=0

αj x
j , (8.32)

then the definition off(A) is

f(A) =

∞
∑

j=0

αj A
j =

∞
∑

j=0

αj S Λj S−1 = S

∞
∑

j=0

αj Λ
j S−1. (8.33)

The sum begins with the termsα0 I + α1 Λ+ α2 Λ
2, which take the form







α0 0
. . .

0 α0






+







α1 λ1 0
.. .

0 α1 λn






+







α2 λ
2
1 0

. . .
0 α2 λ

2
n






(8.34)

so the infinite sum becomes

∞
∑

j=0

αj Λ
j =







α0 + α1 λ1 + α2 λ
2
1 + . . . 0

. . .
0 α0 + α1 λn + α2 λ

2
n + . . .






(8.35)

or, finally,

∞
∑

j=0

αj Λ
j =







f(λ1) 0
. . .

0 f(λn)






. (8.36)

We then obtainf(A)

f(A) = S







f(λ1) 0
. . .

0 f(λn)






S−1. (8.37)

In a similar manner we getf(At)

f(At) =

∞
∑

j=0

αj t
j Aj = S

∞
∑

j=0

αj t
j Λj S−1 = S







f(t λ1) 0
. . .

0 f(t λn)






S−1. (8.38)

In particular, we get

eA t = S







eλ1 t 0
. . .

0 eλn t






S−1. (8.39)



8 FUNCTIONS OF A MATRIXF(A) AND SOLUTION OFU̇(T) = AU(T) FOR CONSTANTA 74

Example 1, Real Eigenvalues

We use this method for the diagonalizable matrix

A =

[

2 1
1 2

]

. (8.40)

The distinct eigenvalues areλ1 = 3 andλ2 = 1, and we compare our method with usingmat_function(exp,t * A) .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([2,1],[1,2]);
(%o2) matrix([2,1],[1,2])
(%i3) eigenvectors(A);
(%o3) [[[3,1],[1,1]],[[[1,1]],[[1,-1]]]]
(%i4) v1 : cvec([1,1]);
(%o4) matrix([1],[1])
(%i5) v2 : cvec([1,-1]);
(%o5) matrix([1],[-1])
(%i6) S : mcombine([v1,v2]);
(%o6) matrix([1,1],[1,-1])
(%i7) modal_matrix(A);
(%o7) matrix([1,1],[1,-1])
(%i8) eAt : S . matrix([exp(3 * t),0],[0,exp(t)]) . invert(S);
(%o8) matrix([%eˆ(3 * t)/2+%eˆt/2,%eˆ(3 * t)/2-%eˆt/2],

[%eˆ(3 * t)/2-%eˆt/2,%eˆ(3 * t)/2+%eˆt/2])
(%i9) eAt2 : mat_function(exp, t * A);
(%o9) matrix([%eˆ(3 * t)/2+%eˆt/2,%eˆ(3 * t)/2-%eˆt/2],

[%eˆ(3 * t)/2-%eˆt/2,%eˆ(3 * t)/2+%eˆt/2])
(%i10) is(equal(eAt,eAt2));
(%o10) true
(%i11) eAt - eAt2;
(%o11) matrix([0,0],[0,0])
(%i12) expand (2 * eAt);
(%o12) matrix([%eˆ(3 * t)+%eˆt,%eˆ(3 * t)-%eˆt],[%eˆ(3 * t)-%eˆt,%eˆ(3 * t)+%eˆt])

with the result

eA t =
1

2

[

e3 t + et e3 t − et

e3 t − et e3 t + et

]

. (8.41)

This method for diagonalizable matrices is automated by thefunctioneAt_diag(A) defined inmbe5.mac .

(%i13) eAt1 : eAt_diag(A);
(%o13) matrix([%eˆ(3 * t)/2+%eˆt/2,%eˆ(3 * t)/2-%eˆt/2],

[%eˆ(3 * t)/2-%eˆt/2,%eˆ(3 * t)/2+%eˆt/2])
(%i14) is(equal(eAt1,eAt2));
(%o14) true

The code foreAt_diag(A) is

eAt_diag(Amatrix) :=
block ( [mJ,mJL:[],D,S ],

if not diagp(Amatrix) then (
print (" not diagonalizable "),
return(false)),

mJ : mJordan(Amatrix),
for k thru length(mJ) do mJL : cons(mJ[k,k],mJL),
mJL : exp ( t * reverse (mJL)),
D : apply (’diag_matrix, mJL),
S : modal_matrix(Amatrix),
S . D . invert(S))$

Example 2, Complex Eigenvalues

Our second example is

A =

[

−1/2 1
−1 −1/2

]

. (8.42)
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We usea1 anda2 to represent the two distinct eigenvalues ofA.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([-1/2,1],[-1,-1/2]);
(%o2) matrix([-1/2,1],[-1,-1/2])
(%i3) diagp(A);
(%o3) true
(%i4) [vals, vecs] : eigenvectors (A);
(%o4) [[[-(2 * %i+1)/2,(2 * %i-1)/2],[1,1]],[[[1,-%i]],[[1,%i]]]]
(%i5) [a1,a2] : vals[1];
(%o5) [-(2 * %i+1)/2,(2 * %i-1)/2]
(%i6) [v1L, v2L] : [vecs[1][1], vecs[2][1] ];
(%o6) [[1,-%i],[1,%i]]
(%i7) S : mcombine([cvec(v1L),cvec(v2L)]);
(%o7) matrix([1,1],[-%i,%i])
(%i8) eAt : S . matrix([exp(a1 * t),0],[0,exp(a2 * t)]) . invert(S);
(%o8) matrix([%eˆ-(((2 * %i+1) * t)/2)/2+%eˆ(((2 * %i-1) * t)/2)/2,

(%i * %eˆ-(((2 * %i+1) * t)/2))/2-(%i * %eˆ(((2 * %i-1) * t)/2))/2],
[(%i * %eˆ(((2 * %i-1) * t)/2))/2-(%i * %eˆ-(((2 * %i+1) * t)/2))/2,

%eˆ-(((2 * %i+1) * t)/2)/2+%eˆ(((2 * %i-1) * t)/2)/2])
(%i9) eAt : rectform(eAt);
(%o9) matrix([%eˆ-(t/2) * cos(t),%eˆ-(t/2) * sin(t)],

[-%eˆ-(t/2) * sin(t),%eˆ-(t/2) * cos(t)])
(%i10) eAt2 : mat_function(exp,t * A);
(%o10) matrix([%eˆ-(((2 * %i+1) * t)/2)/2+%eˆ(((2 * %i-1) * t)/2)/2,

(%i * %eˆ-(((2 * %i+1) * t)/2))/2-(%i * %eˆ(((2 * %i-1) * t)/2))/2],
[(%i * %eˆ(((2 * %i-1) * t)/2))/2-(%i * %eˆ-(((2 * %i+1) * t)/2))/2,

%eˆ-(((2 * %i+1) * t)/2)/2+%eˆ(((2 * %i-1) * t)/2)/2])
(%i11) eAt2 : rectform(eAt2);
(%o11) matrix([%eˆ-(t/2) * cos(t),%eˆ-(t/2) * sin(t)],

[-%eˆ-(t/2) * sin(t),%eˆ-(t/2) * cos(t)])
(%i12) is (equal (eAt, eAt2));
(%o12) true
(%i13) eAt - eAt2;
(%o13) matrix([0,0],[0,0])

with the result

eA t = e−
t
2

[

cos(t) sin(t)
− sin(t) cos(t)

]

. (8.43)

Here we check the automated function for diagonalizable matrices:

(%i14) eAt1 : eAt_diag(A);
(%o14) matrix([%eˆ-(((2 * %i+1) * t)/2)/2+%eˆ(((2 * %i-1) * t)/2)/2,

(%i * %eˆ-(((2 * %i+1) * t)/2))/2-(%i * %eˆ(((2 * %i-1) * t)/2))/2],
[(%i * %eˆ(((2 * %i-1) * t)/2))/2-(%i * %eˆ-(((2 * %i+1) * t)/2))/2,

%eˆ-(((2 * %i+1) * t)/2)/2+%eˆ(((2 * %i-1) * t)/2)/2])
(%i15) eAt1 : rectform (eAt1);
(%o15) matrix([%eˆ-(t/2) * cos(t),%eˆ-(t/2) * sin(t)],

[-%eˆ-(t/2) * sin(t),%eˆ-(t/2) * cos(t)])
(%i16) is (equal (eAt1,eAt2));
(%o16) true

Example 3

Our third example uses the matrix

A =

[

1 g
g 1

]

. (8.44)

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix ( [1, g], [g, 1] );
(%o2) matrix([1,g],[g,1])
(%i3) diagp(A);
(%o3) true
(%i4) eigenvalues(A);
(%o4) [[1-g,g+1],[1,1]]
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(%i5) jordan(A);
(%o5) [[1-g,1],[g+1,1]]
(%i6) [a1,a2] : map (’first,%);
(%o6) [1-g,g+1]
(%i7) [v1] : map (’cvec, jordan_chain(A,a1));
(%o7) [matrix([1],[-1])]
(%i8) [v2] : map (’cvec, jordan_chain(A,a2));
(%o8) [matrix([1],[1])]
(%i9) S : mcombine ([v1,v2] );
(%o9) matrix([1,1],[-1,1])
(%i10) eAt : S . matrix([exp(a1 * t),0],[0,exp(a2 * t)]) . invert(S);
(%o10) matrix([%eˆ((g+1) * t)/2+%eˆ((1-g) * t)/2,%eˆ((g+1) * t)/2-%eˆ((1-g) * t)/2],

[%eˆ((g+1) * t)/2-%eˆ((1-g) * t)/2,%eˆ((g+1) * t)/2+%eˆ((1-g) * t)/2])
(%i11) eAt2 : mat_function(exp,t * A);
(%o11) matrix([%eˆ(g * t+t)/2+%eˆ(t-g * t)/2,%eˆ(g * t+t)/2-%eˆ(t-g * t)/2],

[%eˆ(g * t+t)/2-%eˆ(t-g * t)/2,%eˆ(g * t+t)/2+%eˆ(t-g * t)/2])
(%i12) is (equal (eAt,eAt2));
(%o12) true
(%i13) ratsimp (eAt - eAt2);
(%o13) matrix([0,0],[0,0])

and here we check the automated method for diagonalizable matrices.

(%i14) eAt1 : eAt_diag(A);
(%o14) matrix([%eˆ((g+1) * t)/2+%eˆ((1-g) * t)/2,%eˆ((g+1) * t)/2-%eˆ((1-g) * t)/2],

[%eˆ((g+1) * t)/2-%eˆ((1-g) * t)/2,%eˆ((g+1) * t)/2+%eˆ((1-g) * t)/2])
(%i15) is(equal(eAt1,eAt2));
(%o15) true

Because our result foreAt is proportional to%eˆt , we multiply eAt by exp(-t) to work with a simpler matrix we call
M. In order to use the Maxima functionrectform , which converts complex exponentials intosin andcos functions (as
doesdemoivre ), we make the replacementg -> %i * h. After usingrectform , we then use the reverse replacement
h -> -%i * g. Maxima, by default, convertscos(%i * x) -> cosh(x) andsin(%i * x) -> %i * sinh(x) .

(%i16) M : expand (exp(-t) * eAt);
(%o16) matrix([%eˆ(g * t)/2+%eˆ-(g * t)/2,%eˆ(g * t)/2-%eˆ-(g * t)/2],

[%eˆ(g * t)/2-%eˆ-(g * t)/2,%eˆ(g * t)/2+%eˆ-(g * t)/2])
(%i17) M : M, g = %i * h;
(%o17) matrix([%eˆ(%i * h* t)/2+%eˆ-(%i * h* t)/2,%eˆ(%i * h* t)/2-%eˆ-(%i * h* t)/2],

[%eˆ(%i * h* t)/2-%eˆ-(%i * h* t)/2,%eˆ(%i * h* t)/2+%eˆ-(%i * h* t)/2])
(%i18) M : rectform(M);
(%o18) matrix([cos(h * t),%i * sin(h * t)],[%i * sin(h * t),cos(h * t)])
(%i19) M : M, h = -%i * g;
(%o19) matrix([cosh(g * t),sinh(g * t)],[sinh(g * t),cosh(g * t)])

So we finally have the simpler result:

eAt = et
[

cosh(g t) sinh(g t)
sinh(g t) cosh(g t)

]

(8.45)

8.7 e
At Using the Jordan Canonical Form of a Matrix

Similar Matrices

A matrix A is similar to a matrixC if there exists a nonsingular (invertible) matrixS such that

A = S−1C S. (8.46)

If A is similar toC, thenC is also similar toA and both matrices have the same order and are square. Similarmatrices
have the same eigenvalues.

Modal Matrix

Given a square matrixA, there always exists acanonical basis. A modal matrix M for A is a matrix with the same
order asA whose columns are all of the vectors of a canonical basis forA. Since a canonical basis is a set of linearly
independent vectors,M is invertible. A modal matrix is not unique.
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Jordan Block

A Jordan block Jb(k, λ) is ak× k matrix whose diagonal elements are all equal toλ and whose superdiagonal elements
(those immediately above the main diagonal) are all equal to1, and all other elements are0. A Jordan block has the form

Jb(k, λ) =



















λ 1 0 · · · 0 0
0 λ 1 · · · 0 0
0 0 λ · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · λ 1
0 0 0 · · · 0 λ



















(8.47)

The smallest examples are

Jb(1, λ) = λ, Jb(2, λ) =

[

λ 1
0 λ

]

, Jb(3, λ) =





λ 1 0
0 λ 1
0 0 λ



 . (8.48)

A Jordan block matrix is completely determined by its order and the value of all of its diagonal elements.

Function of a Jordan Block

It can be shown that a matrix functionf (i.e., defined by an infinite Taylor series expansion) of ak × k Jordan block is

f(Jb(k, λ)) =

























f(λ) f ′(λ) 1
2!f

′′(λ) · · · 1
(k−1)!f

(k−1)(λ)

0 f(λ) f ′(λ) · · · 1
(k−2)!f

(k−2)(λ)

.. . . . . . . .
...

. . .
. . . 1

2!f
′′(λ)

0 . . . f ′(λ)
f(λ)

























, (8.49)

in which all derivatives are taken with respect toλ. The smallest examples are

f(Jb(1, λ)) = f(λ), f(Jb(2, λ)) =

[

f(λ) f ′(λ)
0 f(λ)

]

f(Jb(3, λ)) =





f(λ) f ′(λ) 1
2f

′′(λ)
0 f(λ) f ′(λ)
0 0 f(λ)



 . (8.50)

It can also be shown that ifD is adiagonal matrix

D =















d11 0
d22

. . .

0 dkk















, (8.51)

then

f(D) =















f(d11) 0
f(d22)

. . .

0 f(dkk)















. (8.52)
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The Jordan Canonical FormJc of a Matrix

Every square matrixA is similar to a matrixJc in the (partitioned) Jordan canonical form

Jc =















C1 0
C2

. . .

0 Cm















(8.53)

in which eachCj is either a diagonal matrix or a Jordan block matrix. Thus it can happen that a Jordan canonical form
similar toA is simply a diagonal matrix. IfM is a modal matrix forA, then a Jordan canonical formJc of A is similar to
A:

A = M JcM
−1, Jc = M−1AM. (8.54)

The matrixf(A) is defined by an infinite Taylor series expansion. SinceA = M JcM
−1, we have

A2 =
(

M JcM
−1

) (

M JcM
−1

)

= M J2
c M

−1, (8.55)

and
An = M Jn

c M−1, (8.56)

which implies that
f(A) = M f(Jc)M

−1. (8.57)

In particular,
eA = M eJc M−1, (8.58)

and

eJc =















eC1 0
eC2

. . .

0 eCm















. (8.59)

Example 1

We use the Jordan canonical form route to calculateeAt interactively for the3×3 matrix (this is prob. 10.41 in Bronson):

A =





−1 1 0
0 2 1
0 0 2



 , B = t A =





−t t 0
0 2 t t
0 0 2 t



 (8.60)

The matrixA is already in Jordan canonical form with the eigenvalues on the diagonal,λ1 = −1, m1 = 1, andλ2 = 2,
m2 = 2.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([-1,1,0],[0,2,1],[0,0,2]);
(%o2) matrix([-1,1,0],[0,2,1],[0,0,2])
(%i3) eigenvalues(A);
(%o3) [[-1,2],[1,2]]
(%i4) jordan(A);
(%o4) [[-1,1],[2,2]]
(%i5) diagp(A);
(%o5) false
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The eigenvalue chain contents are returned byjordan(A) , which shows that a chain of generalized eigenvectors of max-
imum rank 2 is needed forλ2 = 2, so the matrixA is not diagonalizable.

Continuing with the matrixB = t A, we see thatB is not in a Jordan canonical form, since we have t’s on the superdiag-
onal instead of the needed 1’s.

(%i6) B : t * A;
(%o6) matrix([-t,t,0],[0,2 * t,t],[0,0,2 * t])
(%i7) eigenvalues(B);
(%o7) [[-t,2 * t],[1,2]]
(%i8) jordan(B);
(%o8) [[-t,1],[2 * t,2]]
(%i9) mJordan(B);
(%o9) matrix([-t,0,0],[0,2 * t,1],[0,0,2 * t])

Thembe5.mac function mJordan(B) displays a Jordan canonical form ofB which corresponds to the returned eigen-
value and chain contents ofjordan(B) (in particular, the order of the “blocks” in the partitionedmatrix). We can
construct that same Jordan canonical form using the matrixMBreturned by thembe5.mac functionmodal_matrix(B) .

(%i10) MB : modal_matrix(B);
(%o10) matrix([1,-3 * t,1],[0,-9 * t,0],[0,0,-9])
(%i11) JBc : invert(MB) . B . MB;
(%o11) matrix([-t,0,0],[0,2 * t,1],[0,0,2 * t])

which produces the same matrix asmJordan(B) .

Sincef(B) = Mf(Jc)M
−1, we first needf(Jc) = eJc . The (1, 1) element ofeJc is e−t. The remaining “diagonal

elements” ofeJc is the exponential function of a2× 2 matrix in Jordan canonical form, and we can use if

J2(λ̄) =

[

λ̄ 1
0 λ̄

]

(8.61)

then

f(J2(λ̄)) =

[

f(λ̄) f ′(λ̄)
0 f(λ̄)

]

, (8.62)

where the derivative is with respect toλ̄. (In our case,̄λ = 2 t). Replacingf(a) by ea, eλ̄ = e2 t. We also have

f ′(λ̄) =
d

d λ̄
eλ̄ = eλ̄ = e2 t. (8.63)

In this way we get

eJ2(λ̄) =

[

e2 t e2 t

0 e2 t

]

(8.64)

and

eJc =





e−t 0 0
0 e2 t e2 t

0 0 e2 t



 . (8.65)

Thembe5.mac functionexpJ(k,lambda) returns thek × k block matrixeJk(λ), and thediag.mac function
diag([eJ1,eJ2,...,eJn]) produces a partitioned matrix from its blocks. We leteJc stand for the Jordan canonical
matrix form found usingdiag , and then useeAt : MB . eJc . invert(MB); to construct the value ofeB = et A,
and compare the matrix returned with the result of usingmat_function(exp,B) .

(%i12) eJ1 : expJ(1,-t);
(%o12) matrix([%eˆ-t])
(%i13) eJ2 : expJ(2,2 * t);
(%o13) matrix([%eˆ(2 * t),%eˆ(2 * t)],[0,%eˆ(2 * t)])
(%i14) eJc : diag([eJ1,eJ2]);
(%o14) matrix([%eˆ-t,0,0],[0,%eˆ(2 * t),%eˆ(2 * t)],[0,0,%eˆ(2 * t)])
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(%i15) eAt : MB . eJc . invert(MB);
(%o15) matrix([%eˆ-t,%eˆ(2 * t)/3-%eˆ-t/3,(t * %eˆ(2 * t))/3-%eˆ(2 * t)/9+%eˆ-t/9],

[0,%eˆ(2 * t),t * %eˆ(2 * t)],[0,0,%eˆ(2 * t)])
(%i16) eAt2 : mat_function(exp,B);
(%o16) matrix([%eˆ-t,%eˆ(2 * t)/3-%eˆ-t/3,(t * %eˆ(2 * t))/3-%eˆ(2 * t)/9+%eˆ-t/9],

[0,%eˆ(2 * t),t * %eˆ(2 * t)],[0,0,%eˆ(2 * t)])
(%i17) is(equal(eAt,eAt2));
(%o17) true

Using the eigenvalue and chain contents returned byjordan(B) together with two uses ofexpJ(k,lambda) to define
eJ1 andeJ2 (in the same order as the structure ofjordan(B) returns), followed by the use ofdiag([eJ1,eJ2]) ,
allows one to easily determine the matrixeJc .

This Jordan canonical form route is easy to automate, following the general path shown above interactively, and is con-
tained in thembe5.mac functioneAt_jordan(A) which returns the matrixeA t.

(%i18) eAt1 : eAt_jordan(A);
(%o18) matrix([%eˆ-t,%eˆ(2 * t)/3-%eˆ-t/3,(t * %eˆ(2 * t))/3-%eˆ(2 * t)/9+%eˆ-t/9],

[0,%eˆ(2 * t),t * %eˆ(2 * t)],[0,0,%eˆ(2 * t)])
(%i19) is(equal(eAt1,eAt2));
(%o19) true

Thediag.mac functionmat_function(exp, t * A) follows the same Jordan canonical form route, but in a less trans-
parent manner thaneAt_jordan(A) .

We can write the result foreA t as

eA t =
1

9





9 e−t, −3 e−t + 3 e2t, e−t − e2t + 3 t e2t

0, 9 e2t, 9 t e2t

0, 0, 9 e2t



 . (8.66)

Example 2

Here is an example of a5× 5 matrix (Bronson, prob. 10.4)

A =













4 1 1 2 2
−1 2 1 3 0
0 0 3 0 0
0 0 0 2 1
0 0 0 1 2













(8.67)

in which there are two eigenvalues, the first with multiplicity 1, the second with multiplicity 4. This second eigenvalue
needs two separate chains of generalized eigenvectors, onechain having the maximum rank 3, and the second being an
ordinary rank 1 eigenvector.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix ( [4,1,1,2,2],[-1,2,1,3,0],[0,0,3,0,0], [0,0,0,2,1],[0,0,0,1,2] );
(%o2) matrix([4,1,1,2,2],[-1,2,1,3,0],[0,0,3,0,0],[0 ,0,0,2,1],[0,0,0,1,2])
(%i3) B : t * A;
(%o3) matrix([4 * t,t,t,2 * t,2 * t],[-t,2 * t,t,3 * t,0],[0,0,3 * t,0,0],[0,0,0,2 * t,t],

[0,0,0,t,2 * t])
(%i4) MB : modal_matrix(B);
(%o4) matrix([1,2 * tˆ2,t,0,1],[-3,-2 * tˆ2,t,0,0],[0,0,0,1,7],[4/3,0,0,0,-2],

[-4/3,0,0,0,-2])
(%i5) eigenvalues(B);
(%o5) [[t,3 * t],[1,4]]
(%i6) jordan(B);
(%o6) [[t,1],[3 * t,3,1]]
(%i7) eJ1 : expJ(1,t);
(%o7) matrix([%eˆt])
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(%i8) eJ2 : expJ(3,3 * t);
(%o8) matrix([%eˆ(3 * t),%eˆ(3 * t),%eˆ(3 * t)/2],[0,%eˆ(3 * t),%eˆ(3 * t)],[0,0,

%eˆ(3 * t)])
(%i9) eJ3 : expJ(1,3 * t);
(%o9) matrix([%eˆ(3 * t)])
(%i10) eJc : diag([eJ1,eJ2,eJ3]);
(%o10) matrix([%eˆt,0,0,0,0],[0,%eˆ(3 * t),%eˆ(3 * t),%eˆ(3 * t)/2,0],

[0,0,%eˆ(3 * t),%eˆ(3 * t),0],[0,0,0,%eˆ(3 * t),0],[0,0,0,0,%eˆ(3 * t)])
(%i11) eAt : expand (MB . eJc . invert(MB));
(%o11) matrix([t * %eˆ(3 * t)+%eˆ(3 * t),t * %eˆ(3 * t),tˆ2 * %eˆ(3 * t)+t * %eˆ(3 * t),

(7 * tˆ2 * %eˆ(3 * t))/4+(11 * t * %eˆ(3 * t))/4-(3 * %eˆ(3 * t))/8+(3 * %eˆt)/8,
(7 * tˆ2 * %eˆ(3 * t))/4+(5 * t * %eˆ(3 * t))/4+(3 * %eˆ(3 * t))/8-(3 * %eˆt)/8],

[-t * %eˆ(3 * t),%eˆ(3 * t)-t * %eˆ(3 * t),t * %eˆ(3 * t)-tˆ2 * %eˆ(3 * t),
(-(7 * tˆ2 * %eˆ(3 * t))/4)+(3 * t * %eˆ(3 * t))/4+(9 * %eˆ(3 * t))/8

-(9 * %eˆt)/8,
(-(7 * tˆ2 * %eˆ(3 * t))/4)+(9 * t * %eˆ(3 * t))/4-(9 * %eˆ(3 * t))/8

+(9 * %eˆt)/8],[0,0,%eˆ(3 * t),0,0],
[0,0,0,%eˆ(3 * t)/2+%eˆt/2,%eˆ(3 * t)/2-%eˆt/2],
[0,0,0,%eˆ(3 * t)/2-%eˆt/2,%eˆ(3 * t)/2+%eˆt/2])

(%i12) eAt2 : expand( mat_function(exp,t * A));
(%o12) matrix([t * %eˆ(3 * t)+%eˆ(3 * t),t * %eˆ(3 * t),tˆ2 * %eˆ(3 * t)+t * %eˆ(3 * t),

(7 * tˆ2 * %eˆ(3 * t))/4+(11 * t * %eˆ(3 * t))/4-(3 * %eˆ(3 * t))/8+(3 * %eˆt)/8,
(7 * tˆ2 * %eˆ(3 * t))/4+(5 * t * %eˆ(3 * t))/4+(3 * %eˆ(3 * t))/8-(3 * %eˆt)/8],

[-t * %eˆ(3 * t),%eˆ(3 * t)-t * %eˆ(3 * t),t * %eˆ(3 * t)-tˆ2 * %eˆ(3 * t),
(-(7 * tˆ2 * %eˆ(3 * t))/4)+(3 * t * %eˆ(3 * t))/4+(9 * %eˆ(3 * t))/8

-(9 * %eˆt)/8,
(-(7 * tˆ2 * %eˆ(3 * t))/4)+(9 * t * %eˆ(3 * t))/4-(9 * %eˆ(3 * t))/8

+(9 * %eˆt)/8],[0,0,%eˆ(3 * t),0,0],
[0,0,0,%eˆ(3 * t)/2+%eˆt/2,%eˆ(3 * t)/2-%eˆt/2],
[0,0,0,%eˆ(3 * t)/2-%eˆt/2,%eˆ(3 * t)/2+%eˆt/2])

(%i13) is(equal(eAt,eAt2));
(%o13) true
(%i14) eAt1 : eAt_jordan(A);
(%o14) matrix([t * %eˆ(3 * t)+%eˆ(3 * t),t * %eˆ(3 * t),tˆ2 * %eˆ(3 * t)+t * %eˆ(3 * t),

(7 * tˆ2 * %eˆ(3 * t))/4+(11 * t * %eˆ(3 * t))/4-(3 * %eˆ(3 * t))/8+(3 * %eˆt)/8,
(7 * tˆ2 * %eˆ(3 * t))/4+(5 * t * %eˆ(3 * t))/4+(3 * %eˆ(3 * t))/8-(3 * %eˆt)/8],

[-t * %eˆ(3 * t),%eˆ(3 * t)-t * %eˆ(3 * t),t * %eˆ(3 * t)-tˆ2 * %eˆ(3 * t),
(-(7 * tˆ2 * %eˆ(3 * t))/4)+(3 * t * %eˆ(3 * t))/4+(9 * %eˆ(3 * t))/8

-(9 * %eˆt)/8,
(-(7 * tˆ2 * %eˆ(3 * t))/4)+(9 * t * %eˆ(3 * t))/4-(9 * %eˆ(3 * t))/8

+(9 * %eˆt)/8],[0,0,%eˆ(3 * t),0,0],
[0,0,0,%eˆ(3 * t)/2+%eˆt/2,%eˆ(3 * t)/2-%eˆt/2],
[0,0,0,%eˆ(3 * t)/2-%eˆt/2,%eˆ(3 * t)/2+%eˆt/2])

(%i15) is(equal(eAt1,eAt2));
(%o15) true
(%i16) display2d:true$
(%i17) col(eAt1,1);

[ 3 t 3 t ]
[ t %e + %e ]
[ ]
[ 3 t ]
[ - t %e ]

(%o17) [ ]
[ 0 ]
[ ]
[ 0 ]
[ ]
[ 0 ]

8.8 F.S.S. and “Fundamental Matrix” (F.M.) Definition of eAt

We review the topic of “fundamental sets of eigenvector solutions” (F.S.S.) of the homogeneous system of scalar first
order differential equations, written in matrix form as

ẋ = Ax. (8.68)

A is a squaren × n matrix whose components are independent of timet andx(t) is a time dependentn-component
column vector. The column vectorsvj are constantn-component eigenvectors ofA, and theλj are the corresponding
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scalar eigenvalues (either real or complex) which satisfy the equation

Avj = λj v
j , 1 ≤ j ≤ n (8.69)

Each of the set of eigenvaluesλj satisfy the “characteristic equation”

p(λ) = 0, (8.70)

where
p(λ) = det(A− λ I). (8.71)

in whichI is then×n identity matrix. The “fundamental theorem of algebra” states that if the roots of (8.70) are counted
with multiplicities, thenp(λ) has exactlyn rootsλ1, . . . , λn and

p(λ) = (−1)n (λ− λ1) . . . (λ− λn). (8.72)

We first illustrate the use of the fundamental set of solutions and the “fundamental matrix” method in the case in
which the eigenvalues ofA are all distinct.

If λ1, . . . , λn aren distincteigenvalues ofA, and ifv1, . . . ,vn are the correspondingn linearly independenteigenvectors,
then

xj(t) = eλj t vj , 1 ≤ j ≤ n, (8.73)

are afundamental set of solutionsof (8.68), since

d

d t
eλj t vj = λj

(

eλj t vj
)

(8.74)

and
A

(

eλj t vj
)

= eλj tAvj = λj

(

eλj t vj
)

. (8.75)

“Fundamental Matrix” (F.M.) Definition of eAt for Distinct Eigenvalue Case

TheFundamental Matrix (F.M.), here denoted asX(t), is the square matrix whose columns are the fundamental set of
column vector solutionsx(j)(t) defined by (8.73) for the distinct eigenvalues case:

X(t) =
[

x(1)(t), . . . ,x(n)(t)
]

. (8.76)

Thegeneral solutionx(t) of the matrix differential equation (8.68),ẋ = Ax is a linear combination of the fundamental
solutionsx(j)(t) which we can write in terms of a set of constantscj and the fundamental matrixX(t) and a column
vectorc whose elements are thecj:

x(t) =
∑

j

x(j) cj = X(t) c. (8.77)

A particular solution (assume) must have the initial valuex0, so that

x(t = 0) = X(0) c = x0 (8.78)

which can be solved for the elements of the column vectorc:

c = (X(0))−1
x0, (8.79)

which gives for the particular solution:

x(t) = X(t) (X(0))−1
x0 = eA t x0, t ≥ 0. (8.80)

This provides thefundamental matrix definition ofeA t (we will also be able to use this definition ifA has eigenvalues
with multiplicity greater than one, but the definition of thefundamental matrixX(t) is altered):

eA t = X(t) (X(0))−1 , t ≥ 0 (8.81)
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Interactive Example for the Distinct Eigenvalues Case

The interactive session which follows assumes a3 × 3 matrixA which has three distinct real eigenvalues, and uses the
fundamental set of solutions and fundamental matrix methodto find the matrixeA t.

A =





8 −5 10
2 1 2
−4 4 −6



 . (8.82)

We can use the parts of the return value ofeigenvectors(A) to give the namesa1, a2, anda3 to the eigenvalues and the
namesv1 , v2 , andv3 to the corresponding eigenvectors (up to an overall constant). We check the linear independence of
the three eigenvectors, using the conditiondet(M) 6= 0, in whichM is a matrix whose columns are the three eigenvectors.
We usemcombine([v1,v2,v3]) from mbe5.mac to createM . We can then define the time dependent fundamental set
of solutions (F.S.S.) of (8.68), denoted here byx1 , x2 , andx3 , and the fundamental matrix (F.M.)X(t), denoted here by
Xt , which is a matrix whose columns are the fundamental set of solutions.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([8,-5,10],[2,1,2],[-4,4,-6]);
(%o2) matrix([8,-5,10],[2,1,2],[-4,4,-6])
(%i3) eigenvalues(A);
(%o3) [[-2,2,3],[1,1,1]]
(%i4) jordan(A);
(%o4) [[-2,1],[2,1],[3,1]]
(%i5) [a1,a2,a3] : map (’first, %);
(%o5) [-2,2,3]
(%i6) [v1] : map (’cvec, jordan_chain(A,a1));
(%o6) [matrix([1],[0],[-1])]
(%i7) [v2] : map (’cvec, jordan_chain(A,a2));
(%o7) [matrix([0],[1],[1/2])]
(%i8) [v3] : map (’cvec, jordan_chain(A,a3));
(%o8) [matrix([1],[1],[0])]
(%i9) determinant (mcombine ([v1,v2,v3]));
(%o9) 1/2
(%i10) x1 : exp(a1 * t) * v1;
(%o10) matrix([%eˆ-(2 * t)],[0],[-%eˆ-(2 * t)])
(%i11) x2 : exp(a2 * t) * v2;
(%o11) matrix([0],[%eˆ(2 * t)],[%eˆ(2 * t)/2])
(%i12) x3 : exp(a3 * t) * v3;
(%o12) matrix([%eˆ(3 * t)],[%eˆ(3 * t)],[0])
(%i13) Xt : mcombine([x1,x2,x3]);
(%o13) matrix([%eˆ-(2 * t),0,%eˆ(3 * t)],[0,%eˆ(2 * t),%eˆ(3 * t)],

[-%eˆ-(2 * t),%eˆ(2 * t)/2,0])

We can now compute the fundamental matrix definition ofeA t 8.81 and then compute the particular solutionx(t) corre-
sponding to the the assumed initial values

x(0) = [1, 1, 1]T. (8.83)

Note that the upper caseXt is the fundamental matrix at timet andX0 is the fundamental matrix at the initial timet = 0.

(%i14) X0 : Xt, t = 0;
(%o14) matrix([1,0,1],[0,1,1],[-1,1/2,0])
(%i15) eAt : Xt . invert(X0);
(%o15) matrix([2 * %eˆ(3 * t)-%eˆ-(2 * t),%eˆ-(2 * t)-%eˆ(3 * t),

2* %eˆ(3 * t)-2 * %eˆ-(2 * t)],
[2 * %eˆ(3 * t)-2 * %eˆ(2 * t),2 * %eˆ(2 * t)-%eˆ(3 * t),

2* %eˆ(3 * t)-2 * %eˆ(2 * t)],
[%eˆ-(2 * t)-%eˆ(2 * t),%eˆ(2 * t)-%eˆ-(2 * t),2 * %eˆ-(2 * t)-%eˆ(2 * t)])

(%i16) eAt, t = 0;
(%o16) matrix([1,0,0],[0,1,0],[0,0,1])
(%i17) x0 : cvec( [1,1,1] );
(%o17) matrix([1],[1],[1])
(%i18) xt : eAt . x0;
(%o18) matrix([3 * %eˆ(3 * t)-2 * %eˆ-(2 * t)],[3 * %eˆ(3 * t)-2 * %eˆ(2 * t)],

[2 * %eˆ-(2 * t)-%eˆ(2 * t)])
(%i19) xt, t = 0;
(%o19) matrix([1],[1],[1])
(%i20) xt, t=2, numer;
(%o20) matrix([1210.2497],[1101.0901],[-54.561519])



8 FUNCTIONS OF A MATRIXF(A) AND SOLUTION OFU̇(T) = AU(T) FOR CONSTANTA 84

We can usemat_function (exp, t * A) to check on the matrixeAt .

(%i21) eAt2 : expand (mat_function(exp,t * A));
(%o21) matrix([2 * %eˆ(3 * t)-%eˆ-(2 * t),%eˆ-(2 * t)-%eˆ(3 * t),

2* %eˆ(3 * t)-2 * %eˆ-(2 * t)],
[2 * %eˆ(3 * t)-2 * %eˆ(2 * t),2 * %eˆ(2 * t)-%eˆ(3 * t),

2* %eˆ(3 * t)-2 * %eˆ(2 * t)],
[%eˆ-(2 * t)-%eˆ(2 * t),%eˆ(2 * t)-%eˆ-(2 * t),2 * %eˆ-(2 * t)-%eˆ(2 * t)])

(%i22) is (equal (eAt, eAt2));
(%o22) true

F.S.S. Method for Repeated Eigenvalues

If λ is an eigenvalue ofA with algebraic multiplicitym, then there exists an integerp, 0 < p ≤ m, such that

dimNull((A− λ I)p) = m

dimNull((A− λ I)p−1) < m

Any nonzero vectorv in the spaceNull((A− λ I)p) is ageneralized eigenvectorfor λ with the property

(A− λ I)p v = 0. (8.84)

Now letA = λ I +B, so
eA t = eλ I t+B t = eλ t eB t (8.85)

whereB = A− λ I. Then
eA t v = eλ t eB t v. (8.86)

But because of (8.84) there are only a finite number of non-zero terms in the expansion ofeB t when acting onv:

eB t v =

p−1
∑

j=0

(tj/j!)Bj v (8.87)

and hence we recover an exact matrix expression.

Now letv1, . . . ,vm be a basis ofNull(A− λ I)p. Then the set of column vectors

xi = eλ t

p−1
∑

j=0

(tj/j!) (A − λ I)j vi, 1 ≤ i ≤ m, (8.88)

arem linearly independent solutions ofẋ = Ax corresponding to the eigenvalueλ which has algebraic multiplicitym.

The threembe5.mac Maxima functionsvrank(B,v) , which returns the vector rank ofv relative toB, vrank_max(B,m)

which returns the integerp, andnullity(Bˆˆp) which returnsm, and thelinearalgebra.mac package function
nullspace(Bˆˆp) which returnsspan(v1,...,vm) , a set ofm linearly independent generalized eigenvectors of the
m dimensional subspaceNull((Bp)), can be used to implement this method, as shown in the examples and functions
shown below.

Here is a simple2× 2 matrix which has the single eigenvalueλ = −1 with (of course) multiplicitym = 2.

A =

[

1 4
−1 −3

]

. (8.89)

We compare the matrixeA t predicted by the fundamental sets of solutions method with the value predicted by
mat_function(exp,t * A) .
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(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,4],[-1,-3]);
(%o2) matrix([1,4],[-1,-3])
(%i3) eigenvalues(A);
(%o3) [[-1],[2]]
(%i4) eigenvectors(A);
(%o4) [[[-1],[2]],[[[1,-1/2]]]]
(%i5) I2 : ident(2);
(%o5) matrix([1,0],[0,1])
(%i6) B : A + I2;
(%o6) matrix([2,4],[-1,-2])
(%i7) p : vrank_max(B,2);
(%o7) 2
(%i8) nullity(Bˆˆp);
(%o8) 2
(%i9) nspc : nullspace(Bˆˆp);
(%o9) span(matrix([0],[1]),matrix([1],[0]))
(%i10) [v1,v2] : nspc, span = "[";
(%o10) [matrix([0],[1]),matrix([1],[0])]
(%i11) v1;
(%o11) matrix([0],[1])
(%i12) v2;
(%o12) matrix([1],[0])
(%i13) vrank(B,v1);
(%o13) 2
(%i14) vrank(B,v2);
(%o14) 2
(%i15) eBt : I2 + t * B;
(%o15) matrix([2 * t+1,4 * t],[-t,1-2 * t])
(%i16) x1 : %eˆ(-t) * (eBt . v1);
(%o16) matrix([4 * t * %eˆ-t],[(1-2 * t) * %eˆ-t])
(%i17) x2 : %eˆ(-t) * (eBt . v2);
(%o17) matrix([(2 * t+1) * %eˆ-t],[-t * %eˆ-t])
(%i18) Xt : mcombine([x1,x2]);
(%o18) matrix([4 * t * %eˆ-t,(2 * t+1) * %eˆ-t],[(1-2 * t) * %eˆ-t,-t * %eˆ-t])
(%i19) X0 : Xt, t=0;
(%o19) matrix([0,1],[1,0])
(%i20) eAt : Xt . invert(X0);
(%o20) matrix([(2 * t+1) * %eˆ-t,4 * t * %eˆ-t],[-t * %eˆ-t,(1-2 * t) * %eˆ-t])
(%i21) % / exp(-t);
(%o21) matrix([2 * t+1,4 * t],[-t,1-2 * t])
(%i22) eAt2 : mat_function(exp,t * A);
(%o22) matrix([2 * t * %eˆ-t+%eˆ-t,2 * t * (2 * %eˆ-t-%eˆ-t/t)+2 * %eˆ-t],

[-t * %eˆ-t,-t * (2 * %eˆ-t-%eˆ-t/t)])
(%i23) eAt2 / exp(-t);
(%o23) matrix([(2 * t * %eˆ-t+%eˆ-t) * %eˆt,(2 * t * (2 * %eˆ-t-%eˆ-t/t)+2 * %eˆ-t) * %eˆt],

[-t,-t * (2 * %eˆ-t-%eˆ-t/t) * %eˆt])
(%i24) expand(%);
(%o24) matrix([2 * t+1,4 * t],[-t,1-2 * t])
(%i25) is(equal(eAt,eAt2));
(%o25) true
(%i26) eAt - eAt2;
(%o26) matrix([(2 * t+1) * %eˆ-t-2 * t * %eˆ-t-%eˆ-t,

(-2 * t * (2 * %eˆ-t-%eˆ-t/t))+4 * t * %eˆ-t-2 * %eˆ-t],
[0,t * (2 * %eˆ-t-%eˆ-t/t)+(1-2 * t) * %eˆ-t])

(%i27) expand(%);
(%o27) matrix([0,0],[0,0])

We have a functioneAt_FSS(A) defined inmbe5.mac which automates the above method.

eAt_FSS(A) :=
block([XXt, XX0],

XXt : mcombine (FSS(A)),
XX0 : ev (XXt, t = 0),
XXt . invert(XX0) )$
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with the application to the above simple example:

(%i28) eAt1 : eAt_FSS(A);
(%o28) matrix([(2 * t+1) * %eˆ-t,4 * t * %eˆ-t],[-t * %eˆ-t,-(2 * t-1) * %eˆ-t])
(%i29) eAt1 / exp(-t);
(%o29) matrix([2 * t+1,4 * t],[-t,1-2 * t])
(%i30) is(equal(eAt,eAt1));
(%o30) true

The functioneAt_FSS(A) , in the code shown above, calls the functionFSS(A) .

/ * FSS(A) calls FSS_sector(A,eival,mult) for each distinct e igenvalue eival
and returns the list [x1[t], x2[t], ..., xn[t] ] implied by th e n x n matrix A

* /
FSS(Amatrix) :=
block( [ eivals, mvals, xjtL : [ ] ],

[eivals, mvals] : eigenvalues(Amatrix),

for j thru length(eivals) do (
xtL : FSS_sector(Amatrix,eivals[j],mvals[j]),
for k thru length(xtL) do xjtL : cons(xtL[k], xjtL)),

reverse(xjtL))$

The functionFSS(A) , in the code shown above, callsFSS_sector(A,lambda,m) .

/ * FSS_sector(A,lambda,m) returns a list of time dependent
linearly independent solutions xj(t) (as matrix column vec tors)

of the equation dxj(t)/dt = A . xj(t) for the sector eival = lam bda,
multiplicity = m, given the square matrix A .

calls nullspace (Bˆˆp) where p is the smallest positive
integer such that nullity(Bˆˆp) = m, ie., the
dimension of Null Bˆˆp is equal to the multiplicity
of the eigenvalue lambda.

* /

FSS_sector(Amatrix,eival,multiplicity) :=
block([Nn,In,Bb,xxL:[ ], Pp, eBbt, nspc ],

local(vv),
Nn : length(Amatrix),
In : ident(Nn),
Bb : Amatrix - eival * In,
Pp : vrank_max(Bb, multiplicity),
eBbt : sum( (tˆj/j!) * Bbˆˆj, j,0, Pp - 1),

nspc : nullspace(BbˆˆPp),
for j thru multiplicity do vv[j] : part( nspc,j ),

for j thru multiplicity do (
vv[j] : ratsimp ( exp( eival * t ) * eBbt . vv[j] ),
xxL : cons(vv[j], xxL)),

reverse (xxL))$

Here is an example of a3× 3 matrixA which has one repeated eigenvalue.

A =





0 1 1
1 0 1
1 1 0



 . (8.90)

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
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(%i2) A : matrix([0,1,1],[1,0,1],[1,1,0]);
(%o2) matrix([0,1,1],[1,0,1],[1,1,0])
(%i3) eigenvalues(A);
(%o3) [[2,-1],[1,2]]
(%i4) eAt : eAt_FSS(A);
(%o4) matrix([%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3],

[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3],
[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3])

(%i5) eAt2 : mat_function(exp,t * A);
(%o5) matrix([%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3],

[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3],
[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3])

(%i6) is(equal(eAt,eAt2));
(%o6) true
(%i7) eAt - eAt2;
(%o7) matrix([0,0,0],[0,0,0],[0,0,0])

If you do this example “by hand”, you need to define the fundamental matrixX(t), represented here byXt , by first joining
the basis vectors from the two sectors (corresponding to thetwo eigenvalues) into one list of three basis vectors.

(%i8) L1 : FSS_sector(A,2,1);
(%o8) [matrix([3 * %eˆ(2 * t)],[3 * %eˆ(2 * t)],[3 * %eˆ(2 * t)])]
(%i9) L2 : FSS_sector(A,-1,2);
(%o9) [matrix([-%eˆ-t],[%eˆ-t],[0]),matrix([0],[%eˆ- t],[-%eˆ-t])]
(%i10) Xt : mcombine (flatten( cons (L1,L2) ));
(%o10) matrix([3 * %eˆ(2 * t),-%eˆ-t,0],[3 * %eˆ(2 * t),%eˆ-t,%eˆ-t],[3 * %eˆ(2 * t),0,

-%eˆ-t])
(%i11) X0 : Xt, t=0;
(%o11) matrix([3,-1,0],[3,1,1],[3,0,-1])
(%i12) eAt : Xt . invert (X0);
(%o12) matrix([%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3],

[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3],
[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3])

(%i13) eAt - eAt2;
(%o13) matrix([0,0,0],[0,0,0],[0,0,0])

We can also use the automated FSS/FM method with a matrix, allof whose eigenvalues are distinct.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([8,-5,10],[2,1,2],[-4,4,-6]);
(%o2) matrix([8,-5,10],[2,1,2],[-4,4,-6])
(%i3) eigenvalues(A);
(%o3) [[-2,2,3],[1,1,1]]
(%i4) eAt : eAt_FSS(A);
(%o4) matrix([2 * %eˆ(3 * t)-%eˆ-(2 * t),%eˆ-(2 * t)-%eˆ(3 * t),2 * %eˆ(3 * t)-2 * %eˆ-(2 * t)],

[2 * %eˆ(3 * t)-2 * %eˆ(2 * t),2 * %eˆ(2 * t)-%eˆ(3 * t),
2* %eˆ(3 * t)-2 * %eˆ(2 * t)],

[%eˆ-(2 * t)-%eˆ(2 * t),%eˆ(2 * t)-%eˆ-(2 * t),2 * %eˆ-(2 * t)-%eˆ(2 * t)])
(%i5) eAt2 : mat_function(exp,t * A);
(%o5) matrix([2 * %eˆ(3 * t)-%eˆ-(2 * t),%eˆ-(2 * t)-%eˆ(3 * t),2 * %eˆ(3 * t)-2 * %eˆ-(2 * t)],

[2 * %eˆ(3 * t)-2 * %eˆ(2 * t),2 * %eˆ(2 * t)-%eˆ(3 * t),
2* %eˆ(3 * t)-2 * %eˆ(2 * t)],

[%eˆ-(2 * t)-%eˆ(2 * t),%eˆ(2 * t)-%eˆ-(2 * t),2 * %eˆ-(2 * t)-%eˆ(2 * t)])
(%i6) is(equal(eAt,eAt2));
(%o6) true
(%i7) eAt - eAt2;
(%o7) matrix([0,0,0],[0,0,0],[0,0,0])
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8.9 e
At Using the Cayley-Hamilton Theorem

Simple Direct Method to EvaluateeAt if A Has Only a Single Eigenvalue

The Cayley-Hamilton theorem and its use will look less mysterious if we first consider the case that a matrix has only one
eigenvalue. Let the single eigenvalue ofA beλ. Then there will be some finite positive integerk such that

(A− λ I)k = 0. (8.91)

After finding this value ofk (see the Maxima example below), we use the identity

A ≡ λ I + (A− λ I) (8.92)

and then proceed as follows, using the general properties ofthe matrix exponential.

eA t ≡ eλ I t+(A−λ I) t

= eλ I t e(A−λ I) t

= eλ t e(A−λ I) t

= eλ t (I +

k−1
∑

j=1

(A− λ I)j (tj/j!))

and onlyk terms of the exponential series are required, with the first term beingI and the last term corresponding to
j = k − 1.

Consider the matrix

A =

[

1 4
−1 −3

]

. (8.93)

which has one repeated eigenvalueλ = −1. We first usemat_function(exp,t * A) from the packagediag.mac .

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,4],[-1,-3]);
(%o2) matrix([1,4],[-1,-3])
(%i3) eigenvalues(A);
(%o3) [[-1],[2]]
(%i4) eAt2 : expand (mat_function (exp,t * A));
(%o4) matrix([2 * t * %eˆ-t+%eˆ-t,4 * t * %eˆ-t],[-t * %eˆ-t,%eˆ-t-2 * t * %eˆ-t])
(%i5) eAt2, t=0;
(%o5) matrix([1,0],[0,1])
(%i6) expand (eAt2/exp(-t));
(%o6) matrix([2 * t+1,4 * t],[-t,1-2 * t])

which implies that

eA t = e−t

[

1 + 2t 4t
−t 1− 2t

]

. (8.94)

We now use the above simple method applicable to the case thatthe matrixA has only a single eigenvalue, here using
λ = −1:

(%i7) I : ident(2);
(%o7) matrix([1,0],[0,1])
(%i8) lambda : -1$
(%i9) B : A - lambda * I;
(%o9) matrix([2,4],[-1,-2])
(%i10) Bˆˆ2;
(%o10) matrix([0,0],[0,0])

which shows thatk = 2.
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We separate out the factorexp(λ t), and letMs1 be the series contribution:

(%i11) Ms1 : I + B * t;
(%o11) matrix([2 * t+1,4 * t],[-t,1-2 * t])

which implies that

eA t = e−t

[

1 + 2t 4t
−t 1− 2t

]

, (8.95)

agreeing with the result found usingmat_function .

The Cayley-Hamilton Theorem

Quoting Bronson in his Ch. 7

Every square matrixA satisfies its own characteristic equation. That is, if

det(A− λ I) = bn λ
n + bn−1 λ

n−1 + · · · + b2 λ
2 + b1 λ+ b0 = 0 (8.96)

then withI = A0 the identity matrix,

bnA
n + bn−1A

n−1 + · · ·+ b2A
2 + b1 A+ b0 I = 0. (8.97)

As a simple example, in Problem 7.15, Bronson verifies the Cayley-Hamilton theorem for the case

A =

[

3 5
−2 −4

]

. (8.98)

Here we use Maxima for this verification. Recall thatcharpoly(A, lambda) computesp(λ) = det(A− λ I), which
should be set to0 ( the “characteristic equation”) to determine the eigenvalues ofA.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix( [3,5],[-2,-4] );
(%o2) matrix([3,5],[-2,-4])
(%i3) eigenvalues(A);
(%o3) [[1,-2],[1,1]]
(%i4) expand (charpoly (A, lambda));
(%o4) lambdaˆ2 + lambda - 2
(%i5) Aˆˆ2 + A - 2 * ident(2);
(%o5) matrix([0,0],[0,0])

Computing Functions of Matrices Using the Cayley-HamiltonTheorem

Quoting Bronson from his Ch. 8:

An infinite series expansion forf(A) is not generally useful for computing the elements of the matrix f(A).
It follows (with some effort) from the Cayley-Hamilton theorem that every well-defined function of ann×n
matrixA can be expressed as a polynomial of degreen− 1 in A.

Thus, iff(A) is a well-defined function of an× n matrixA, there existn scalarsaj such that

f(A) = a0 I + a1A+ · · ·+ an−1A
n−1. (8.99)

If the function f(A) depends on some scalar parameter, such ast, in addition toA, then then scalarsaj depend, in
general, on that parameter. We needn independent equations to determine then scalarsaj . Knowing the scalarsaj , they
can be substituted into (8.99) to findf(A). Here is a path (adapting Bronson’s discussion) which can beused:
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1. Let
r(λ) = a0 + a1 λ+ · · · + an−1 λ

n−1, (8.100)

which is the right hand side of (8.99) withAj replaced byλj (j = 0, 1, . . . , n − 1), which includes, forj = 0,
I = A0 → λ0 = 1.

2. For each eigenvalueλj of A, we have the equation

f(λj) = r(λj), (8.101)

since if we multiply both sides of (8.99) by the eigenvectorvj corresponding to the eigenvalueλj , thenf(A)vj =
f(λj)v

j on the left hand side, and on the right hand side we getr(λj)v
j . Sincevj 6= 0, we arrive at (8.101).

If there aren distinct eigenvalues, then we haven independent equations in then unknownsai.

3. If λi is an eigenvalue of multiplicitymi > 1, then this sector contributesmi equations, the first being (8.101), and
the additionalmi − 1 equations, involving derivatives of (8.101) with respect to λ, evaluated atλi are:

f ′(λ)
∣

∣

λ=λi
= r′(λ)

∣

∣

λ=λi

f ′′(λ)
∣

∣

λ=λi
= r′′(λ)

∣

∣

λ=λi

... =
...

fm−1(λ)
∣

∣

λ=λi
= rm−1(λ)

∣

∣

λ=λi

4. We then solve a set ofn independent equations generated as above for then scalarsaj, and substitute them in (8.99)
to findf(A).

eAt for a 2× 2 Matrix A with One Repeated Eigenvalue

The2× 2 matrix

A =

[

1 4
−1 −3

]

. (8.102)

has the repeated eigenvalueλ = −1. We then have

eA t = a0 I + a1 A (8.103)

where the first equation needed is
eλ t = a0 + a1 λ (8.104)

and the second equation needed is the first derivative

t eλ t = a1 (8.105)

which implies
a0 = (1− λ t) eλ t (8.106)

which gives
eA t = (1− λ t) eλ t I + t eλ tA (8.107)

which, withλ = −1, gives
eA t = (1 + t) e−t I + t e−tA (8.108)
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Using this method interactively,

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,4],[-1,-3]);
(%o2) matrix([1,4],[-1,-3])
(%i3) eigenvalues(A);
(%o3) [[-1],[2]]
(%i4) eAt : (1+t) * exp(-t) * ident(2) + t * exp(-t) * A;
(%o4) matrix([(t+1) * %eˆ-t+t * %eˆ-t,4 * t * %eˆ-t],[-t * %eˆ-t,

(t+1) * %eˆ-t-3 * t * %eˆ-t])
(%i5) eAt : expand(eAt);
(%o5) matrix([2 * t * %eˆ-t+%eˆ-t,4 * t * %eˆ-t],[-t * %eˆ-t,%eˆ-t-2 * t * %eˆ-t])
(%i6) eAt2 : mat_function(exp,t * A);
(%o6) matrix([2 * t * %eˆ-t+%eˆ-t,2 * t * (2 * %eˆ-t-%eˆ-t/t)+2 * %eˆ-t],

[-t * %eˆ-t,-t * (2 * %eˆ-t-%eˆ-t/t)])
(%i7) is (equal (eAt, eAt2));
(%o7) true
(%i8) expand(eAt / %eˆ(-t));
(%o8) matrix([2 * t+1,4 * t],[-t,1-2 * t])

We can write the result as

eA t = e−t

[

(1 + 2 t) 4 t
−t (1− 2 t)

]

. (8.109)

Examples of the Cayley-Hamilton Method forf(A) = eAt and n = 3

For the casef(A) = eA t andn = 3 we have

f(A) = eA t = a0 I + a1A+ a2A
2, (8.110)

and
f(λ) = eλ t, (8.111)

and
r(λ) = a0 + a1 λ+ a2 λ

2. (8.112)

Three Distinct Eigenvalues Example

We can write the set of three equations, generated by the three distinct eigenvalues, in matrix form as

f =





f(λ1)
f(λ2)
f(λ3)



 =





eλ1 t

eλ2 t

eλ3 t



 = V a =





1 λ1 λ2
1

1 λ2 λ2
2

1 λ3 λ2
3









a0
a1
a2



 (8.113)

and the three unknown scalarsaj (which here depend upon the parametert) can then be found as the elements of the
column matrix given by

a = V −1 f . (8.114)

The square3× 3 matrixV (theVandermonde matrix) is always invertible as long as the eigenvalues are all distinct.

A 3× 3 example in which the eigenvalues are distinct is provided by

A =





8 −5 10
2 1 2
−4 4 −6



 . (8.115)

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix ([8,-5,10],[2,1,2],[-4,4,-6]);
(%o2) matrix([8,-5,10],[2,1,2],[-4,4,-6])
(%i3) eigenvalues(A);
(%o3) [[-2,2,3],[1,1,1]]
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We haveλ1 = −2, λ2 = 2, andλ3 = 3. We first use the Cayley-Hamilton method and then check that the answer is the
same as returned bymat_function .

(%i4) (lam1:-2, lam2:2, lam3:3)$
(%i5) V : matrix([1,lam1,lam1ˆ2],[1,lam2,lam2ˆ2],[1,la m3,lam3ˆ2]);
(%o5) matrix([1,-2,4],[1,2,4],[1,3,9])
(%i6) fc : transpose(matrix([exp(lam1 * t),exp(lam2 * t),exp(lam3 * t)]));
(%o6) matrix([%eˆ-(2 * t)],[%eˆ(2 * t)],[%eˆ(3 * t)])
(%i7) ac : invert(V) . fc;
(%o7) matrix([(-(4 * %eˆ(3 * t))/5)+(3 * %eˆ(2 * t))/2+(3 * %eˆ-(2 * t))/10],

[%eˆ(2 * t)/4-%eˆ-(2 * t)/4],[%eˆ(3 * t)/5-%eˆ(2 * t)/4+%eˆ-(2 * t)/20])
(%i8) ac : ratsimp(ac);
(%o8) matrix([-(%eˆ-(2 * t) * (8 * %eˆ(5 * t)-15 * %eˆ(4 * t)-3))/10],

[(%eˆ-(2 * t) * (%eˆ(4 * t)-1))/4],
[(%eˆ-(2 * t) * (4 * %eˆ(5 * t)-5 * %eˆ(4 * t)+1))/20])

(%i9) a0 : ac[1,1];
(%o9) -(%eˆ-(2 * t) * (8 * %eˆ(5 * t)-15 * %eˆ(4 * t)-3))/10
(%i10) a1 : ac[2,1];
(%o10) (%eˆ-(2 * t) * (%eˆ(4 * t)-1))/4
(%i11) a2 : ac[3,1];
(%o11) (%eˆ-(2 * t) * (4 * %eˆ(5 * t)-5 * %eˆ(4 * t)+1))/20
(%i12) eAt : ratsimp ( a0 * ident(3) + a1 * A + a2* Aˆˆ2);
(%o12) matrix([%eˆ-(2 * t) * (2 * %eˆ(5 * t)-1),-%eˆ-(2 * t) * (%eˆ(5 * t)-1),

%eˆ-(2 * t) * (2 * %eˆ(5 * t)-2)],
[2 * %eˆ(3 * t)-2 * %eˆ(2 * t),2 * %eˆ(2 * t)-%eˆ(3 * t),

2* %eˆ(3 * t)-2 * %eˆ(2 * t)],
[-%eˆ-(2 * t) * (%eˆ(4 * t)-1),%eˆ-(2 * t) * (%eˆ(4 * t)-1),

-%eˆ-(2 * t) * (%eˆ(4 * t)-2)])
(%i13) eAt, t=0;
(%o13) matrix([1,0,0],[0,1,0],[0,0,1])
(%i19) eAt2 : mat_function(exp,t * A);
(%o19) matrix([2 * %eˆ(3 * t)-%eˆ-(2 * t),%eˆ-(2 * t)-%eˆ(3 * t),

2* %eˆ(3 * t)-2 * %eˆ-(2 * t)],
[2 * %eˆ(3 * t)-2 * %eˆ(2 * t),2 * %eˆ(2 * t)-%eˆ(3 * t),

2* %eˆ(3 * t)-2 * %eˆ(2 * t)],
[%eˆ-(2 * t)-%eˆ(2 * t),%eˆ(2 * t)-%eˆ-(2 * t),2 * %eˆ-(2 * t)-%eˆ(2 * t)])

(%i20) ratsimp(expand (eAt - eAt2));
(%o20) matrix([0,0,0],[0,0,0],[0,0,0])

Example of a Repeated Eigenvalue

Let λ1 be the eigenvalue with multiplicity1 andλ2 be the eigenvalue with multiplicity2. A suitable matrix is

A =





0 1 1
1 0 1
1 1 0



 . (8.116)

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix([0,1,1],[1,0,1],[1,1,0]);
(%o2) matrix([0,1,1],[1,0,1],[1,1,0])
(%i3) eigenvalues(A);
(%o3) [[2,-1],[1,2]]

Hereλ1 = 2 with multiplicity m = 1 andλ2 = −1 with multiplicity m = 2. Our first equation isf(λ1) = r(λ1), or

e2 t = a0 + 2 a1 + 4 a2. (8.117)

Our second equation isf(λ2) = r(λ2), or
e−t = a0 − a1 + a2. (8.118)

Our third independent equation is
df(λ)

dλ

∣

∣

∣

λ=−1
=

dr(λ)

dλ

∣

∣

∣

λ=−1
(8.119)

or
t e−t = a1 − 2 a2. (8.120)
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We can write the above set of three equations in matrix form as

f =





e2 t

e−t

t e−t



 = V a =





1 2 4
1 −1 1
0 1 −2









a0
a1
a2



 (8.121)

and the three unknown scalarsaj (which here depend upon the parametert) can then be found as the elements of the
column matrix given by

a = V −1 f . (8.122)

We first use the Cayley-Hamilton method and then check that the answer is the same as returned bymat_function .

(%i4) V : matrix([1,2,4],[1,-1,1],[0,1,-2]);
(%o4) matrix([1,2,4],[1,-1,1],[0,1,-2])
(%i5) fc : transpose(matrix([exp(2 * t),exp(-t),t * exp(-t)]));
(%o5) matrix([%eˆ(2 * t)],[%eˆ-t],[t * %eˆ-t])
(%i6) ac : invert(V) . fc;
(%o6) matrix([%eˆ(2 * t)/9+(2 * t * %eˆ-t)/3+(8 * %eˆ-t)/9],

[(2 * %eˆ(2 * t))/9+(t * %eˆ-t)/3-(2 * %eˆ-t)/9],
[%eˆ(2 * t)/9-(t * %eˆ-t)/3-%eˆ-t/9])

(%i7) a0 : ac[1,1];
(%o7) %eˆ(2 * t)/9+(2 * t * %eˆ-t)/3+(8 * %eˆ-t)/9
(%i8) a1 : ac[2,1];
(%o8) (2 * %eˆ(2 * t))/9+(t * %eˆ-t)/3-(2 * %eˆ-t)/9
(%i9) a2 : ac[3,1];
(%o9) %eˆ(2 * t)/9-(t * %eˆ-t)/3-%eˆ-t/9
(%i10) eAt : expand ( a0 * ident(3) + a1 * A + a2* Aˆˆ2);
(%o10) matrix([%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3],

[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3],
[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3])

(%i11) eAt, t=0;
(%o11) matrix([1,0,0],[0,1,0],[0,0,1])
(%i12) eAt2 : expand (mat_function (exp,t * A));
(%o12) matrix([%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3],

[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3],
[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3])

(%i13) is (equal (eAt, eAt2));
(%o13) true

Automated Code eAtCH(A) for Cayley-Hamilton Method

Thembe5.mac functioneAt_CH function automates the above process for any square matrix,as shown by the following
examples.

First for the2× 2 matrix used above:

(%i14) kill (V,fc,ac,a0,a1,a2);
(%o14) done
(%i15) A : matrix([1,4],[-1,-3]);
(%o15) matrix([1,4],[-1,-3])
(%i16) eigenvalues (A);
(%o16) [[-1],[2]]
(%i17) eAt : eAt_CH(A);
(%o17) matrix([2 * t * %eˆ-t+%eˆ-t,4 * t * %eˆ-t],[-t * %eˆ-t,%eˆ-t-2 * t * %eˆ-t])
(%i18) eAt2 : expand (mat_function(exp,t * A));
(%o18) matrix([2 * t * %eˆ-t+%eˆ-t,4 * t * %eˆ-t],[-t * %eˆ-t,%eˆ-t-2 * t * %eˆ-t])
(%i19) is (equal (eAt,eAt2));
(%o19) true

Secondly, with a3× 3 matrix with two eigenvalues, also used above:

(%i20) A : matrix([0,1,1],[1,0,1],[1,1,0]);
(%o20) matrix([0,1,1],[1,0,1],[1,1,0])
(%i21) eigenvalues(A);
(%o21) [[2,-1],[1,2]]
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(%i22) eAt : eAt_CH(A);
(%o22) matrix([%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3],

[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3],
[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3])

(%i23) eAt2 : expand (mat_function(exp,t * A));
(%o23) matrix([%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3],

[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3,%eˆ(2 * t)/3-%eˆ-t/3],
[%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3-%eˆ-t/3,%eˆ(2 * t)/3+(2 * %eˆ-t)/3])

(%i24) is(equal(eAt,eAt2));
(%o24) true

Finally the example of the3× 3 matrix used above, with three distinct eigenvalues:

(%i25) A : matrix([8,-5,10],[2,1,2],[-4,4,-6]);
(%o25) matrix([8,-5,10],[2,1,2],[-4,4,-6])
(%i26) eigenvalues(A);
(%o26) [[-2,2,3],[1,1,1]]
(%i27) eAt : eAt_CH(A);
(%o27) matrix([2 * %eˆ(3 * t)-%eˆ-(2 * t),%eˆ-(2 * t)-%eˆ(3 * t),

2* %eˆ(3 * t)-2 * %eˆ-(2 * t)],
[2 * %eˆ(3 * t)-2 * %eˆ(2 * t),2 * %eˆ(2 * t)-%eˆ(3 * t),

2* %eˆ(3 * t)-2 * %eˆ(2 * t)],
[%eˆ-(2 * t)-%eˆ(2 * t),%eˆ(2 * t)-%eˆ-(2 * t),2 * %eˆ-(2 * t)-%eˆ(2 * t)])

(%i28) eAt2 : expand (mat_function(exp,t * A));
(%o28) matrix([2 * %eˆ(3 * t)-%eˆ-(2 * t),%eˆ-(2 * t)-%eˆ(3 * t),

2* %eˆ(3 * t)-2 * %eˆ-(2 * t)],
[2 * %eˆ(3 * t)-2 * %eˆ(2 * t),2 * %eˆ(2 * t)-%eˆ(3 * t),

2* %eˆ(3 * t)-2 * %eˆ(2 * t)],
[%eˆ-(2 * t)-%eˆ(2 * t),%eˆ(2 * t)-%eˆ-(2 * t),2 * %eˆ-(2 * t)-%eˆ(2 * t)])

(%i29) is (equal (eAt, eAt2));
(%o29) true

We refer the interested reader to the code filembe5.mac for the code foreAt_CH, which makes crucial use of the matrix
functioncoefmatrix . The symbolt is hardwired into this code.

8.10 Brute Force Taylor Expansion ofeA

If A is a purely numerical matrix, then we can approximately evaluateeA by taking the first10 or 20 terms of the Taylor
series expansion. We can define the exponential of a square matrix A as the sum fromn = 0 to ∞ of An/n!, with the
general term written in Maxima syntax as(A ˆˆn)/factorial(n) . It is more efficient to multiply the previous term
in the sum byA, with an appropriate scalar muliplier, as shown in our do-loop code below.

Here is a 10 term Taylor series expansion ofexp(A) , whereA is a purely numerical matrix, using aninteractive calcu-
lation.

(%i1) load(mbe5);
(%o1) "c:/work9/mbe5.mac"
(%i2) A : matrix( [0.5, 1], [0, 0.6] );
(%o2) matrix([0.5,1],[0,0.6])
(%i3) B : A;
(%o3) matrix([0.5,1],[0,0.6])
(%i4) f : ident(2);
(%o4) matrix([1,0],[0,1])
(%i5) for i thru 10 do (

f : f + B,
B : A . B /(i+1))$

(%i6) f;
(%o6) matrix([1.6487213,1.7339753],[0.0,1.8221188])
(%i7) fpprintprec : 16$
(%i8) f;
(%o8) matrix([1.648721270687366,1.733975296074915],[ 0.0,1.822118800294857])

In the Chapter 4 code filembe5.mac is code for a simple do-loop Taylor series expansion of a square matrix called
exp_taylor(A,n) , which expands the square matrixA in a Taylor series usingn terms, following the same path as our
interactive calculation above.
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This code is

exp_taylor(%A, %n) :=
block([%nr, %nc, %B, %M, numer], numer:true,

%nr : length(%A),
%nc : length( transpose(%A)),
if %nr # %nc then (

print(" not a square matrix "),
return()),

%B : %A,
%M : ident(%nc),
for i thru %n do (

%M : %M + %B,
%B : %A . %B/(i+1)),

%M )$

We compare the use of this brute force Taylor series exansiondefinition exp_taylor , using 10 or 20 terms, with the
numerical value found usingmat_function (which returns the analytical solution). Note that the codefile mbe5.mac

setsfpprintprec:8$ . The arithmetic results use 16 digit accuracy, of course.

(%i9) fpprintprec:8$
(%i10) A : matrix([1/2, 1],[0,3/5]);
(%o10) matrix([1/2,1],[0,3/5])
(%i11) eA_exact : expand (mat_function(exp,A));
(%o11) matrix([sqrt(%e),10 * %eˆ(3/5)-10 * sqrt(%e)],[0,%eˆ(3/5)])
(%i12) eA_numer : eA_exact, numer;
(%o12) matrix([1.6487213,1.7339753],[0,1.8221188])
(%i13) A : A,numer;
(%o13) matrix([0.5,1],[0,0.6])
(%i14) eA10 : exp_taylor(A,10);
(%o14) matrix([1.6487213,1.7339753],[0.0,1.8221188])
(%i15) eA20 : exp_taylor(A,20);
(%o15) matrix([1.6487213,1.7339753],[0.0,1.8221188])
(%i16) fpprintprec : 16$
(%i17) eA10 - eA_numer;
(%o17) matrix([-1.276267980188095e-11,-8.28888957471 4631e-10],

[0.0,-9.565170877579021e-11])
(%i18) eA20 - eA_numer;
(%o18) matrix([-4.440892098500626e-16,4.440892098500 626e-15],

[0.0,2.220446049250313e-16])

We see that stopping after 20 terms gives numerical results which are satisfactory.


