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1 Introduction and Quick Start

Maxima has many functions for defining and manipulating roes; and our filenbe5.mac adds additional tools which
are used in typical matrix solution problems in what followBhese new tools build on what is already available. In
particular, these new tools build on matrix functions defiiretwo packages written by the Maxima developer, Barton
Willis, namely.../share/linearalgebra/linearalgebra.mac and.../share/contrib/diag.mac

As you learn about matrices, we recommend you always havadowi with the Maxima help manual open. Inside the
XMaxima interface, (which we always use) you can use the teyodommandilt+h to display the Help menu list, and
select the first item on the list “Maxima Manual”, to see thealhbelp manual, in which you can use either index views,
or contents views, and can scroll up and down independemtlyel detailed righthand panel. We leave this Help manual
open as a separate window as we work inside the XMaxima aterf

Our matrix packagenbe5.mac setsdisplay2d:false to allow more information per screen and also to reduce the
number of pages in this pdf file. If you want to see a partictdsult in more transparent notation, (or just override this
setting) uselisplay2d:true after loading ilmbe5.mac, or edit this file for your use.

Our maxima-init.mac file is in the folderc:\Users\ted\maxima on our Windows 7 computer, and in the folder
c:\Documents and Settings\ted\maxima on our Windows XP computer. The file reads

maxima_userdir: "c:/work9" $
maxima_tempdir : "c:/work9"$

file_search_maxima : append(["c:/work9/###.{mac,mc}"] Jfile_search_maxima )$
file_search_lisp : append(["c:/work9/###.lisp"],file_ search_lisp )$
display2d:false$

ratsimp : false$

With this guidance for Maxima, we can usad(mbe5) to load the filembe5.mac instead of the longéoad("mbe5.mac")
or the even more explicibad("c:/work9/mbe5.mac") . Note that you should use forward slashedrather than
backward slashes) for a Maxima string which defines a file path. Likewise, we can usad(diag) instead of
load("diag.mac") , etc.

We have placed shortcut to the XMaxima interface application, which is the execlgab.\bin\xmaxima.exe ,in
our work folderc:\work9 , and we then launch XMaxima (our interface of choice) frioside our work folder.

To create a shortcut tanaxima.exe using Windows 7 in foldec:\work9 , right-click the desktop, choose “new”, then
“shortcut.” Then choose “browse,” and select the fileaxima.exe in the Maxima program folder.\bin using Win-
dows Explorer. The new shortcut will appear on your deskémgl you can rename it. Then rightclick the shortcut icon,
and choose “copy”. Then rightclick on foldefwork9  (in Windows Explorer) and choose “paste.”

To create a shortcut tomaxima.exe using Windows XP, right-click the file.\bin\xmaxima.exe , and from the
drop-down menu select: “Create Shortcut.” A separate shbrtamed “Shortcut to xmaxima.exe” will appear next to
xmaxima.exe , and you can then copy or move the shortcut to your work fodael rename it with a more convenient
name.

The settingpprintprec:8% is also made imbe5.mac. If you want 16 significant figure printouts on your screerg us
fpprintprec:16$
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There are many matrix functions available when you startiMaxand these functions can be used without loading in any
additional packages. Here is the list (but several of thesee-below — need separate packages loaded) from the Maxima
html Help Manual (In the Help Manual index, type: matrixpdahen click on the category: Matrices, to see this list.)

Category: Matrices

addcol addrow adjoint augcoefmatrix cauchy_matrix charpo

col columnvector covect copymatrix determinant detout dia
doallmxops domxexpt domxmxops domxnctimes doscmxops dosc
echelon eigen ematrix entermatrix genmatrix ident invert |
Imxchar matrix matrix_element_add matrix_element_mult
matrix_element_transpose matrixmap matrixp mattrace min
newdet nonscalar nonscalarp permanent rank ratmx row scala
scalarp setelmx sparse submatrix tracematrix transpose tr

ly coefmatrix
g diagmatrix
mxplus
ist_matrix_entries

or ncharpoly
rmatrixp
iangularize  zeromatrix

In this Manual list,diag needs package./share/contrib/diag.mac
mattrace andncharpoly need package./share/matrix/nchrpl.mac
age.../share/simplification/functs.mac loaded.

1.1 Examples of Matrix Syntax

loaded, eigen is not found anywhere,
loaded, andracematrix ~ needs pack-

To show a few of the core functions at work with a purely syrnitboiatrix, let's define

b ¢
e f
h 1

A=

Q Q.

(1.1)

(%il) A : matrix([a,b,c],[d,e,f],[g,h,i]);

(%01) matrix([a,b,c],[d,e,f],[g,h,i])

(%i2) col(A,1);

(%02) matrix([a],[d].[g])

(%i3) col(A,2);

(%03) matrix([b],[e],[h])

(%i4) row(A,1);

(%04) matrix([a,b,c])

(%i5) row(A,2);

(%05) matrix([d,e,f])

(%i6) determinant(A);

(%06) a *(e xi-f *h)-b *(d*i-f *g)+c *(d *h-e xg)

(%i7) A[1,1];

(%07) a

(%i8) A[1,2];

(%08) b

(%i9) A[2,1];

(%09) d

(%i10) list_matrix_entries(A);

(%010) [a,b,c,d,e,f,g,h,i]

(%ill) list_matrix_entries( col(A,1));

(%011) [a,d,g]

(%il2) list_matrix_entries( row(A,1));

(%012) [a,b,c]

(%il13) ident(3);

(%013) matrix([1,0,0],[0,1,0],[0,0,1])

(%il4) invert(A);

(%014) matrix([(e xi-f *h)/(a *(exi-f *h)+b *(f *g-d *i)+c (d *h-e xQ)),
(c *h-b *i)/(a *(e*i-f *h)+b =(f *g-d *i)+c *(d *h-e *Qg)),
(b xf-c *e)l(a =*(e*i-f *h)+b =(f *g-d *i)+c *(d *h-e *Qg))],

[(f *g-d*i)/(a =*(ex*i-f *h)+b = (f *g-d *i)+c *(d *h-e *Q)),
(axi-c *g)l(a =*(exi-f *h)+b *(f xg-d *i)+c =(d *h-e *Q)),
(c xd-a+f)/(a =*(e*i-f *h)+b =(f *g-d *i)+c *(d *h-e *Qg))],
[d *h-e xg)/(a =*(e *i-f *h)+b *=(f *g-d *i)+c *(d *h-e *Q)),

(b *g-a*h)/(a =*(e*i-f *h)+b = (f *g-d *i)+c *(d *h-e *Q)),
(a*e-b xd)/(a *(e*i-f *h)+b =(f »g-d *i)+c *(d »h-e *g))])

(%il5) matrixp(A);

(%015) true
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(%i16) transpose(A);
(%016) matrix([a,d,g],[b,e,h],[c,f,i])

To show a few of these functions at work with a simple numéniatrix, let’s define

12 3
A=14 5 6 (1.2)
789

(%il7) A : matrix([1,2,3],[4,5,6],[7,8,9]);
(%017) matrix([1,2,3],[4,5,6],[7,8,9])

(%il18) col(A,1);

(%018) matrix([1],[4].[7])

(%i19) row(A,1);

(%019) matrix([1,2,3])

(%i20) A[1,1];

(%020) 1

(%i21) invert(A);

expt: undefined: 0 to a negative exponent.
-- an error. To debug this try: debugmode(true);
(%i22) determinant(A);

(%022) 0

(%i23) rank(A);

(%023) 2

Matrix multiplication is indicated by a dot with white spaseparatiorA . B.

(%i24) B : matrix([1,1,1],[0,2,2],[0,3,3]);
(%024) matrix([1,1,1],[0,2,2],[0,3,3])
(%i25) A . B;

(%025) matrix([1,14,14],[4,32,32],[7,50,50])
(%i26) x : col(A,1);

(%026) matrix([1],[4].[7])

(%i27) A . x;

(%027) matrix([30],[66],[102])

Addition of matrices, multiplication and division of a miatby scalars (and division of a matrix by a matrix), and maygpi
a function onto the elements of a matrix is illustrated next.

(%i28) A + B;

(%028) matrix([2,3,4],[4,7,8],[7,11,12])
(%i29) 2 *A;

(%029) matrix([2,4,6],[8,10,12],[14,16,18])
(%i30) A"2;

(%030) matrix([1,4,9],[16,25,36],[49,64,81])
(%i31) cos(A);

(%031) matrix([cos(1),cos(2),cos(3)],[cos(4),cos(5), cos(6)],[cos(7),cos(8),
cos(9)])

(%i32) A/l2;

(%032) matrix([1/2,1,3/2],[2,5/2,3],[7/2,4,9/2])

(%i33) A/B;

expt: undefined: 0 to a negative exponent.

-- an error. To debug this try: debugmode(true);
(%i34) B/A;

(%034) matrix([1,1/2,1/3],[0,2/5,1/3],[0,3/8,1/3])
(%i35) A™72;

(%035) matrix([30,36,42],[66,81,96],[102,126,150])

Differentiation of a matrix with respect to a symbolic paeter:

(%i36) C : matrix([t,t"2],[t"3,t°4]);

(%036) matrix([t,t"2],[t"3,t°4])

(%i37) diff(C, t);

(%037) matrix([1,2 *f],[3 *t"2,4 *t"3])
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triangularize (A) returns the upper triangular form of the matdixas produced by Gaussian elimination. The re-
turn value oftriangularize is the same aschelon , except that the leading nonzero coefficient in each row s no
normalized to 1.

(%i38) A;

(%038) matrix([1,2,3],[4,5,6],[7,8,9])
(%i39) triangularize(A);

(%039) matrix([1,2,3],[0,-3,-6],[0,0,0])
(%i40) echelon(A);

(%040) matrix([1,2,3],[0,1,2],[0,0,0])

1.2 Supplementary Matrix Functions

The code filembe5.mac loads the matrix related supplementary code filesaralgebra.mac , anddiag.mac , and
the latter file loadsigen.mac . You can check what functions the individual Maxima paclsadefine by restarting a
new session of Maxima and load only one package at a time. islarkst of functions available froraigen.mac alone:

(%il) functions;

(%01) 1]

(%i2) load(eigen);

(%02) "C:/Program Files/Maxima-sbcl-5.36.1/share/maxi

(%i3) functions;

(%03) [innerproduct(x,y),unitvector(x),columnvector(
gramschmidt(x,[myinnerproduct]),eigenvalues(mat),ei
substvectk(l,n,exp),uniteigenvectors(M),similarityt
conj(x),inprod(x,y),uvect(x),covect(x),gschmit(x,[f
eivects(mat),ueivects(mat),simtran(mat)]

ma/5.36.1/share/matrix/eigen.mac"

X),
genvectors(mat),
ransform(mat),
]),eivals(mat),

Here is a list of functions defined tiypearalgebra.mac

alone:

(%il) functions;

(%01) 1]

(%i2) load(linearalgebra);

(%02) "C:/Program Files/Maxima-sbcl-5.36.1/share/maxi

(%i3) functions;

(%03) [require_integer(i,pos,fn),require_symbol(x,po
request_rational_matrix(m,pos,fn),dotproduct(a,b),n
nullity(m),orthogonal_complement([v]),
locate_matrix_entry(m,rl,c1,r2,c2,fn,rel),columnspa
linalg_rank(m),rowswap(m,i,j),columnswap(m,i,j),row
columnop(m,i,j,theta),hipow_gzero(e,x),good_pivot(e
ptriangularize(m,v),ptriangularize_with_proviso(m,v
column_reduce(m,i,x),mat_norm(m,p),mat_fullunblocke
mat_unblocker(m),mat_trace(m),kronecker_product(a,b
hilbert_matrix(n),hankel([q]),toeplitz([q]),polytoc
moore_penrose_pseudoinverse(m)]

ma/5.36.1/share/linearalgebra/linearalgebra.mac"

s,fn),
ullspace(m),

ce(a),
op(m,i,j,theta),
X),

),

r(m),
),diag_matrix([d]),
ompanion(p,x),

And here is a list of functions defined when you |a#agy.mac

(%il) functions;

(%01) ]

(%i2) load(diag);

(%02) "C:/Program Files/Maxima-sbcl-5.36.1/share/maxi

(%i3) functions;

(%03) [innerproduct(x,y),unitvector(x),columnvector(
gramschmidt(x,[myinnerproduct]),eigenvalues(mat),ei
substvectk(l,n,exp),uniteigenvectors(M),similarityt
conj(x),inprod(x,y),uvect(x),covect(x),gschmit(x,[f
eivects(mat),ueivects(mat),simtran(mat),diag_matrix
diag_zeropad_row(r,indent,width),diag(lst),JF(eival
diag_calculate_mult_partition(A,multiplicity,eival)
diag_jordan_info_check(Ist),minimalPoly(jordan_info
dispJordan(jordan_info),diag_sorted_list_histogram(
diag_kernel_element(A),diag_general_jordan_chain(A,
diag_find_li_chain(li_rows,chain_expr,variables),di
ModeMatrix(A,[jordan_info]),diag_taylor_coefficient
diag_taylor_expand_block(coeffs,var,eigenvalue,size
diag_mat_function_jordan(jordan,expr,var),mat_funct

ma/5.36.1/share/contrib/diag.mac"

X),
genvectors(mat),
ransform(mat),
]),eivals(mat),
ify(expr),
n),
Jordan(A),
),
list),
eival,degree),
ag_mode_matrix(a,F),
s(expr,var,maxpow),
),
ion(f,A)]
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The functions in the first four lines and all of the fifth linecept the last functionliag_matrixify

eigen.mac

are defined in

To display, via the same route, the functions definedhbg5.mac, we temporarily comment out the load commands of

linearalgebra

anddiag , restart Maxima, and load imbe5.mac.

(%il) functions;

(%01) 1]

(%i2) load(mbeb5);

(%02) "c:/work9/mbe5.mac"

(%i3) functions;

(%03) [gschmidt(Mm),inner_prod(Vv,Uu),normed(Vv),nor
diagp(Amatrix),modal_matrix(Aa),mJordan(Aa),jordan_
Mexp(Aa),eAt_diag(Amatrix),row_partial_L(Ab1,Nn1,Mm
row_partial(Ab,Nn,Mm),to_solve(Ab1,xL1),solve_aug(B
mcol_solve(known_col,unknown_col,uk_varL),echelon_t
echelon_test2(el,q),triangularize_testl(e,q),cvec(z
mtrace(Mat),multiplicity(MA),vrank_num(BB,kk),vrank
vrank_numbers(Bb,Mm),vrank(Bb,Vv),chained(Vv1,Bb,Vv
mcombine(L),row_vector(alist),exp_taylor(%A,%n),eAt
FSS_sector(Amatrix,eival, multiplicity),
FM_sector(Amatrix,eival, multiplicity),FSS(Amatrix),
gauss_jordan(Aa,BbL,XxL),NZero_rows(Zz),NZero_rows1l
Jrow(k),dorow(k,r),Mexp_block(kk),expJ(kv,eival),eA

mal(Amatrix),
chain(Aa,Ee),
1),
cl,zL1),
estl(e,q),
zL),nullity(BB),
_max(Bb,Mult),
2),vL_rank(Bb,VL),
_CH(Am),

eAt_FSS(A),
(Zz),rinverse(M),
t_jordan(Amatrix)]

1.3 Linear Inhomogeneous Set of Equations

To solve the system of three linear inhomogeneous equations

T —2x9+3x3 =17

—T1+ T2 —2x3 = —95

21‘1—%2—1‘3:4

using matrix methods, we (mentally) write the equations atrir form as

Ax =b, (1.3)
and find the solution using the invergde ! of A (if it exists)
x=A"'b. (1.4)

The matrixA is a3 x 3 matrix, so ifrank(A) < 3, then the inverse does not exist, and there is no solution.

In interactive work with Maxima, it is easiest to pick out tllements of the matriXd using the rules for matrix multipli-
cation, and definel using lists of row elements, as in

A : matrix ([1,-2,3], [-1,1,-2], [2,-1,-1] );

An alternative approach, which may be useful if you are wgismall automated programs, is to use the Maxima function

coefmatrix , as is done below. We use the Maxima functiovert(A) to produce the inverse matrix, and use the
mbe5.mac function cvec(alist) to produce a matrix column vector. We also waek(A) to find the (matrix) rank of
A.

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : coefmatrix([x1l - 2 *x2 + 3*x3, -x1 + x2 -2
2xx1 - x2 - x3],[x1,x2,x3]);

(%02) matrix([1,-2,3],[-1,1,-2],[2,-1,-1])

(%i3) bv : cvec([7,-5,4]);

(%03) matrix([7],[-5],[4])

(%i4) rank(A);

(%04) 3

(%i5) xv : invert(A) . byv;

(%05) matrix([2],[-1],[1])

*X3 ,
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The code filembe5.mac has the linalisplay2d:false$ , in order to allow more information per Maxima screen while
working on a problem. You can temporarily override thatisgtto get a more normal look at the matrices:
(%i6) display2d:true$
(%i7) bv;
[ 71
[ ]
(%07) [-5]
[ ]
[ 41
(%i8) A;
[ 1 -2 3]
[ ]
(%08) [-1 1 -2]
[ ]
[ 2 -1 -1]
(%i9) xv;
[ 21
[ ]
(%09) [-1]
[ ]
[ 11
(%i10) display2d:false$
As a (usually not needed) double check on the returned solugpu can us& ( equal ( A . xv, bv) )
(%ill) is (equal (A . xv, bv));
(%011) true

and sometimes it helps to usgpand before checking equality, as in

is (equal ( expand (A . xv) , bv));

1.4 Eigenvalues and Eigenvectors

Let A be an x n matrix.
e An eigenvalueof A is a number\ such thatd v = A\ v for some nonzero column vecter
e An eigenvectorof A is a nonzero column vecter such thatd v = A v for some numbea.
e The matrixA hasn eigenvalues (including each according to its multiplicity

e The sum of the: eigenvalues ofd is the same as theace of A, that is, the sum of the principle diagonal elements
of A.

e The product of the, eigenvalues ofl is the same as the determinant4f

Example 1

Given the matrix

A=

— = O
=

1
1, (1.5)
0

what can we say (using Maxima) about its eigenvalues ancheggtors?

The Maxima function®igenvalues andjordan (respectively defined irigen.mac anddiag.mac ) are loaded by
mbe5.mac and both give eigenvalue information.
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(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix ([0,1,1],[1,0,1],[1,1,0] );
(%02) matrix([0,1,1],[1,0,1],[1,1,0])

(%i3) eigenvalues(A);

(%03) [[2,-1],[1,2]]

(%i4) jordan(A);

(%04) [[2,1],[-1,1,1]]

(%i5) [al,a2] : map (first, %);

(%05) [2,-1]

(%i6) a3 : a2;

(%06) -1

(%i7) eigenvectors(A);

(%07) [[[2!-1]1[112]]1[[[11111]]1[[110!-1]1[0111-1]] ]]

The first sublist returned bsigenvalues(A) is a list of the eigenvalues of, and the second sublist is a list of the cor-
responding (algebraic) multiplicities of each of thesesaigalues. Thus the eigenvalde= —1 has multiplicitym = 2.

The first sublist returned bigrdan(A) is[2,1] , which says that the eigenvalue= 2 has multiplicitym = 1. The
second sublist i§1,1,1] , says that the eigenvalue= —1 has multiplicitym = 2 (the sum of the second and third
elements), and that there exist two ordinary (rank 1) eigetors corresponding to the eigenvalue- —1 (see Sec. 5).
We expect there to exist three ordinary rank 1 eigenvectoce sank(A) = length(A)

The Maxima functioreigenvectors(A) (from packagesigen.mac ) returns both the eigenvalue and multiplicity in-
formation (the first list) returned byigenvalues(A) and also ordinary (rank 1) eigenvectors (the second listyee
sponding to the eigenvalues. But note that the eigenvetteraselves are returned as lists of the vector elements, and
these lists need to be converted to matrix column vectorsus®#dhembe5.mac functioncvec(alist) to create matrix
columns from the lists of vector elements. Note that the s@c®et of eigenvectors corresponds to the second eigenvalue
A=—1.

In Section 4.1 we discuss the conceptsMifill B, the nullspace of a matri8, and the dimension (“nullity”) of that
nullspace. Here we specialize to the casesfj@aren x n matrix B. ThenNullB is the set of all n-dimensional column
vectorsv such thatBv = 0. Thenullity of the matrixB is number of basis vectoss needed to span the nullspace (the
dimension of the nullspace). The “rank-nullity theoremdtss that the sum of thrank of a matrix and theaullity of a
matrix is equal to the number of columns of the matrix. Forw@esg matrix, the number of columns equals the number of
rows. In MaximaJength(B)  returns of number of rows of the matrix Since we are assuminfg is a square matrix,
we can calculate the nullity of a matrix usingllity(B) : length(B) - rank(B) . The “nullity” of B = A — A\I

is the number of ordinary rank 1 vectors associated with tagimA and the eigenvalug.

(%i8) B1 : A - al ~ident(3);
(%08) matrix([-2,1,1],[1,-2,1],[1,1,-2])
(%i9) rank(B1);

(%09) 2

(%i10) nullity(B1);

(%010) 1

(%ill) B2 : A - a2 ~ident(3);
(%011) matrix([1,1,1],[1,1,1],[1,1,1])
(%il2) rank(B2);

(%012) 1

(%i13) nullity(B2);

(%013) 2

We find it simpler to write down the eigenvectors by using #teim value of thenbe5.mac function
jordan_chain(A, eival) , using the syntax (if the eigenvale&/al has multiplicitym):

[vi, v2, ..., vm] : map (‘cvec, jordan_chain (A, eival))

Using this method, and comparing the vectors with thosemetlibyeigenvectors(A) , we have
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(%il4) [evals, evecs] : eigenvectors(A);

(%014) [[[21-1]1[1!2]]1[[[1!1!1]]1[[1101-1]![011!-1] ]]]
(%il5) [v1] : map(cvec, jordan_chain(A,2));
(%015) [matrix([1],[1],[1])]

(%il6) vi;

(%016) matrix([1],[1],[1])

(%il7) [v2, v3] : map(cvec, jordan_chain(A,-1));
(%017) [matrix([1],[0],[-1]),matrix([O],[1],[-1])]
(%il8) v2;

(%018) matrix([1],[0],[-1])

(%il9) v3;

(%019) matrix([0],[1],[-1])

(%i20) is (equal (A . v1, 2 *v1));

(%020) true

(%i21) is (equal (A . v2, -v2));

(%021) true

(%i22) is (equal (A . v3, -v3));

(%022) true

For this matrixA4, eigenvectors(A) has returned three ordinary (rank 1) eigenvectors whiclirzgarly independent
but not necessarily orthogonal. If we form tBe< 3 matrix M = [v1,v2,v3], then the set of three vectors direarly
independentif det(M) # 0, which is equivalent toank(M) = length(M) which implies that)\/ —! exists (see Sec.
3: Inverse of a Matrix). We use thebe5.mac function mcombine(alist) to createM

(%i293 M : mcombine([vl,v2,v3] );
(%023) matrix([1,1,0],[1,0,1],[1,-1,-1])
(%i24) rank(M);

(%024) 3

(%i25) determinant(M);

(%025) 3

which confirms the linear independence of the three eigéokgecTechnically,A has three eigenvalues2, —1, —1) but
only two distinct eigenvalues. For thg x 3 matrix A, the sum of its 3 eigenvalues is the same as the tracel @nd
the product of its 3 eigenvalues is the same as the determinant.of he mbe5.mac function mtrace(A) is used to
calculate the trace aod, although adding up three zeros mentally is not so hard!

(%i26) 2 + (-1) + (-1);
(%026) 0

(%i27) mtrace(A);
(%027) 0

(%i28) 2 *(-1) *(-1);
(%028) 2

(%i29) determinant(A);
(%029) 2

To check normalization and orthogonality of this set of éheggenvectors, we use thde5.mac function
inner_prod(u,v) , Which has the definition

inner_prod(u,v) := ratsimp(expand ( transpose (conjugate ) . v)$

vl is not normalized to 1, but is orthogonali® andv3.

(%i30) inner_prod(vi,vl);
(%030) 3
(%i31) inner_prod(vi,v2);
(%031) 0
(%i32) inner_prod(vl,v3);
(%032) 0

Bothv2 andv3 are not normalized to 1, ani® andv3 are not orthogonal to each other.

(%i33) inner_prod(v2,v2);
(%033) 2
(%i34) inner_prod(v3,v3);
(%034) 2
(%i35) inner_prod(v2,v3);
(%035) 1
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To check normalization more quickly we can use the syntase(lfieis an undefined function):

11

(%i36) map (f, [1,2,3],[1,2,3]);
(%036) [f(1,1),f(2,2).f(3,3)]

To check for orthogonality more quickly, we can use the synta

(%i37) map (f, [1,2,3],[2,3,1]);
(%037) [f(1,2),f(2,3),f(3,1)]

(%i38) map (inner_prod,[vl,v2,v3],[vl,v2,v3] );
(%038) [3,2,2]
(%i39) map (inner_prod,[vl,v2,v3],[v2,v3,v1] );
(%039) [0,1,0]

We use thanbe5.mac function gschmidt(L)

ratsimp (expand (...
ized).

We leave the eigenvectot alone, and use the Gram-Schmidt process to orthogonakzpdin(v2, v3)
, Which converts a column matrix into a list of values.

aliaslme, defined inmbe5.mac for list_matrix_entries

which calls theeigen.mac package functiogramschmidt , but adds
, to finally arrive at three eigenvectovs,v2,v3  which are orthogonal (but still not normal-

. We use the

(%i40) map (lme,[v2,v3]);

(%040) [[1,0,-1],[0,1,-1]]

(%i41) gschmidt(%);

(%041) [[1,0,-1],[-1/2,1,-1/2]]

(%i42) [v2,v3] : map (‘cvec,%);

(%042) [matrix([1],[0],[-1]),matrix([-1/2],[1],[-1/2
(%i43) map (inner_prod,[vl,v2,v3],[vl,v2,v3] );
(%043) [3,2,3/2]

(%i44) map (inner_prod,[vl,v2,v3],[v2,v3,v1] );
(%044) [0,0,0]

(%i45) is (equal (A . vi1, 2 *v1));
(%045) true

(%i46) is (equal (A . v2, -v2));

(%046) true

(%i47) is (equal (A . v3, -v3));

(%047) true

)

Example 2

We use the same tools to look at the eigenvalues and eigenvextthe matrix

We find there is one distinct repeated eigenvalue 2, but only one ordinary (rank 1) eigenvector.

|

-1
3

|

(1.6)

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix ([1,-1],[1,3]);
(%02) matrix([1,-1],[1,3])
(%i3) eigenvalues(A);
(%03) [[2].[2]]

(%i4) jordan(A);

(%04) [[2,2]]

(%i5) [al] : map (first, %);
(%05) [2]

(%i6) a2 : ail;

(%06) 2

(%i7) eigenvectors(A);
(%07) [[[2].[2]1.[[[2,-111]

(%08) [matrix([-1],[1]),matrix([1],[0])]

(%i9) is (equal (A . vl, al *v1));
(%09) true
(%il0) is (equal (A . v2, a2 *Vv2));

(%010) false

(%i8) [vi,v2] : map (‘cvec, jordan_chain(A,al));
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The list returned byordan(A) s [[2,2]] which indicates there is only ordistinct eigenvaluex = 2, with mul-
tiplicity m = 2, and there is one Jordan chain of generalized eigenvecitiisnvaximum vector rank 2, so there will
be one ordinary rank 1 eigenvector (here callédl which satisfies the eigenvalue equation, and one rank 2rgjeres
eigenvector (here callee?), which does not satisfy the eigenvalue equation. (We distiie concepts of the rank of a
vector, generalized eigenvectors and Jordan chains il oie&ec. 5.)

Defining the square matri® = A — X\ I, we use thenbe5.mac functionsvrank(B , v)  andchained (va, B, vb)
to first return the vector ranks of the vectors defined via ¢iern value ofordan_chain(A,eival) and then confirm
that the two vectors are a “Jordan chain” of “generalizedonsc

The “nullity” of B = A — A\l is the number of ordinary rank 1 vectors associated with tagimA and the eigenvalus.

(%ill) B : A - al ~ident(2);
(%011) matrix([-1,-1],[1,1])
(%i12) length(B);

(%012) 2

(%il3) rank(B);

(%013) 1

(%il4) nullity(B);

(%014) 1

(%il5) vrank(B,v1);

(%015) 1

(%il6) vrank(B,v2);

(%016) 2

(%il7) chained (v1, B, v2);
(%017) true

(%il8) expand (B . vl);
(%018) matrix([0],[0])
(%il9) expand (B . v2);
(%019) matrix([-1],[1])
(%i20) expand (B2 . v2);
(%020) matrix([0],[0])

Example 3. Complex Eigenvalues and Eigenvectors

We use our tools to look at the eigenvalues and eigenvectdhe onatrix

C[-12 1
A= [ 1 _1/2} (1.7)
We find there are two distinct complex eigenvalugs= —(1 + 24)/2 and and\y = —(1 — 24)/2, which are complex

conjugates of each other, and two ordinary (rank 1) eigdgavgceach of which have one element which is a complex
number. Since the two eigenvalues are distinct, the casreBpg eigenvectors are automatically orthogonal.

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix ([-1/2, 1], [-1,-1/2] );
(%02) matrix([-1/2,1],[-1,-1/2])

(%i3) jn : jordan(A);

(%03) [[-(2 *%i+1)/2,1],[(2 * %i-1)/2,1]]
(%i4) [al, a2] : map (first, jn);
(%04) [[(2 *%i+1)/2,(2 *%i-1)/2]
(%i5) al;

(%05) -(2 *%i+1)/2

(%i6) a2z;

(%06) (2 *%i-1)/2

The return value oprdan(A)  indicates each eigenvalue corresponds to an ordinary rargehvector.

(%i7) [vl] : map (‘cvec, jordan_chain(A,al));
(%07) [matrix([1],[-%i])]

(%i8) vi,;

(%08) matrix([1],[-%i])
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(%i9) [v2] : map (‘cvec, jordan_chain(A,a2));
(%09) [matrix([1],[%i])]

(%il0) v2;

(%010) matrix([1],[%i])

(%ill) is (equal (A . vi1, al *v1));
(%011) true

(%il2) is (equal (A . v2, a2 *Vv2));

(%012) true

(%il3) inner_prod(vl,vl);
(%013) 2

(%il4) inner_prod(v2,v2);
(%014) 2

(%il5) inner_prod(vi,v2);
(%015) 0

Looking at thenullity (see previous example) &f = A— \I for each eigenvalue, ifullity(B) = dim NullB = 1, then
one basis vector is needed to s@dnllB, and there is one ordinary rank 1 eigenvector corresporditige eigenvalue
A

(%il6) B1 : A - al ~xident(2);
(%016) matrix([(2  *%i+1)/2-1/2,1],[-1,(2 * %i+1)/2-1/2])
(%il7) rank(B1);

(%017) 1

(%il18) length(B1);

(%018) 2

(%i19) nullity(B1);

(%019) 1

(%i20) vrank(B1,v1);

(%020) 1

(%i21) expand (B1 . vl);
(%021) matrix([0],[0])

(%i22) B2 : A - a2 ~ident(2);
(%022) matrix([(-(2 * %i-1)/2)-1/2,1],[-1,(-(2 * %i-1)/2)-1/2])
(%i23) rank(B2);

(%023) 1

(%i24) length(B2);

(%024) 2

(%i25) nullity(B2);

(%025) 1

(%i26) vrank(B2,v2);

(%026) 1

(%i27) expand (B2 . v2);
(%027) matrix([0],[0])

1.5 Initial Value Problem for a Set of Three First Order Linear ODE'’s

We can use Maxima'’s symbolic abilities to find the analytitugons to the set of three first order linear ordinary difer
ential equations (ode’s)

%’U«l(t) = u1(t) + 2ua(t) — us(t)
%m(t) = —du(t) — Tug(t) +4us(t)
%ug(t) =~ (t) — dus(t) + u(t)
which we can write in matrix form as d
Du(t) = Au(o) a9
in which the “coefficient matrix’A is 1 2 1
P I (1.9)

-4 -4 1
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As we discuss later, if the initial values of the three deendariables:; are given by the column vecter(0), then the

solution in matrix form is

u(t) = et 4u(0), (1.10)

in which ¢*4 is the “exponential matrix” as a function of the mattixl. We later present various ways to analytically

evaluate this exponential matrix, including a functionribe5.mac) calledeAt_jordan(A) , which we use here.

We assume

u(0) = |[—1]. (1.11)

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix ([1,2,-1],[-4,-7,4],[-4,-4,1]);

(%02) matrix([1,2,-1],[-4,-7,4],[-4,-4,1])

(%i3) jordan(A);

(%03) [[-3,1],[-1,2]]

(%i4) eAt : eAt_jordan(A);

(%04) matrix([2 *t * 9%e"-t+%e"-t,%e"-t-%e"-(3 *f),t  *%e -t-%e -t+%e"-(3 *1)],
[-4 *t>%e™t,3 *%e™-(3 *t)-2 *%e™t,
(-2 *t*%e™-1)+3 *%e™-t-3 *%e™-(3 *1)],
[-4 *t>%e 1,2 *%e™-(3 *1)-2 *%e™t,
(-2 *t*%e™-1)+3 *%e™-t-2 *%e"-(3 *t)])

(%i5) u0 : cvec ([1,-1,0]);

(%05) matrix([1],[-1],[0])

(%i6) ut : eAt . u0;

(%06) matrix([2 *t*%e -t+%e"™-(3  *t)],[(-4 *t*x%e -)+2 *%e"-t-3 *%e (3 *t)],
[(-4 *t=%e™-t)+2 =*%e™-t-2 *%e™-(3 *t)])

(%i7) [utl,ut2,ut3] : list_matrix_entries(ut);

(%07) [2 *t*%e -t+%e (3 *1),(-4 *t*%e -1)+2 *%e -t-3 *%e"-(3 *t),

(-4 *t*%e™-t)+2 *%e™-t-2 *%e™-(3 *t)]

(%i8) utl;

(%08) 2 *t *%e -t+%e™-(3 *t)

(%i9) ut2;

(%09) (-4 *t*%e -t)+2 *%e™-t-3 *%e -(3 *t)

(%il0) ut3;

(%010) (-4 *t*%e™-t)+2 *%e™-t-2 *%e"-(3 *t)

(%ill) utl,t=0;

(%011) 1

(%il2) ut2,t=0;

(%012) -1

(%il3) ut3,t=0;

(%013) 0

(%il4) plot2d([utl,ut2,ut3],['t,0,1],[legend,false],

[style,[lines,4]])$
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which produces the plot

0.5 [ i

t
Figure 1: Caseu;(0) = 1, u2(0) = —1, u3(0) =0

One can useoefmatrix  to derive the coefficient matria from the form of the right hand sided u of the three
differential equations.

(%i15) A;
(%015) matrix([1,2,-1],[-4,-7,4],[-4,-4,1])
(%il6) A : coefmatrix(Jul+2 *U2-u3,-4 *ul-7 *u2+4+u3,-4 *ul-4 *u2+u3],ful,u2,u3));

(%016) matrix([1,2,-1],[-4,-7,4],[-4,-4,1])

The analytic solution matching the given initial conditois then

u(t) =2te ! 4 e3¢
uy(t) = (2—4t)e ! —3e3¢
uz(t) = (2—4t)e ! —2¢e73¢

1.6 Matrix Notation Used Here

Column vectors are represented by bold face lower-casadirigtters(x, y, z, ...). The i'th component of the vectot
is z;. The row vector with the same elements as the column veci®thetransposeof x, and is represented by .

Matrices (other than vectors) are represented by upperf€aglish letters A, B, C, ...). Subscripts, as im;, A, ...
may be used to distinguish different matricBsvector is a matrix with only one column or only one row.

Lower-case Greek letters, such)asy, v will be used to represent real or complex numbers — nevertawecmatrix.
The columns of the matriX can be indicated by, ..., a(™ or more simply aa',...,a"

The components of a matrix A arg;. We can also write

A=(a;5) i=1,....m j=1,...,n (1.12)
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to indicate thatd is the matrix

a1l ai2 - Aln
a a .. a
Aml Am2 - Amn

If A has the same number, of rows and columns, we write
A=(a5) 4,j=1,...,n (1.14)
The rows of a matrix are horizontal, for example the third row
[as1, ..., a3 (1.15)
The columns of a matrix are vertical, for example the seventbmn

aiy

(1.16)

Am7

To save space, we can write instead(eg}, - - - , a,,,7) for the above column.

The lettere with a superscript is reserved for cartesian unit vectarsh $hate’ is a column vector with its jth component
equal to 1 and with all other components equal to 0.

A determinant is a single number computed from a square xn@tri= n). The simplest case is the determinant of a

2 x 2 matrix
a 0

a 0
det[fy ﬁ}:aﬁ—’yézfy 3

ThetransposeA™ of a matrix A is formed by interchanging corresponding rows and colunfihsis row 1 ofA becomes
column 1 of AT, row 2 of A becomes column 2 od, etc. An example for & x 2 matrix is

a 0 T_ a
[,y 5} _[5 ﬁ] (1.18)

(1.17)

ThenifB= AT thenb,-j = Qjj.

If AT = A, which impliesa;; = a;;, then we say thatl is a symmetric matrix. If A" = —A, which impliesa;; = —a;j,
then we say thatl is an antisymmetric matrix. The Hermitian conjugate of a matrix A is indicated by eitheA or
A" and if B = AT, thenbd;; = @;;, in which the overbar indicates complex conjugation. Ireotiords,

Al = (A)" = (4T). (1.19)
If A = A, then we say thatl is a Hermitian matrix (self-adjoint). A matrix which is both real and symmetricais
special case of a Hermitian matrix.
Matrix Multiplication
Ax for a Non-Square Matrix A

Let A be am x n matrix (m rows andn columns) with components;;, with (i = 1,2,...,m)and(j = 1,2,...,n). If
x is a n-component column vector with componentsthen the number of rows of x equals the number of rows of,
and them elements of the column vecterx are given by

(AX)Z = Z Q5 Tj, (’L = 1,2, e ,m). (120)
j=1
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For example

(1.21)

12 3] |7 [ o+ 222+ 3
2l T ldx + 530+ 613|

Ax for a Square Matrix A

AssumeA is a square: x n matrix with matrix elements;;. The jth column ofA is al, anda;; = o). Letx be a
n-component column vector with components The productA x is a column vector which is a linear superposition of
the columns ofA.

Ax = Za(j) xj (1.22)
j=1
and thei’'th component is
(AX)Z = Z az(-j) T = Z Q5 L. (123)
j=1 j=1

The productC’ = A B of twon x n matricesA and B has matrix components

Cij = Y _ ag bj. (1.24)
k

The product of two diagonal matricesand B is again diagonal. Lef;; denote the Kronecker delta, which is equal to
if i = j and otherwise is equal tbh Then if A;; = «a; 6;;, andB;; = 53; 0;;, then withC' = A B,

Cij = A Brj =Y (i 6ix) (Br ki) = i Bi > Gir Onj = cvi Bi 6 (1.25)
k K K

Vector Multiplication

If x andy are column vectors with the same numheaf components, then one kind of product is
n
X'y = Z TiYi =y X. (1.26)
i=1

If x andy are linearly dependent, then one is a multiple of the otheralsb define a product called tlsealar product
or inner product, defined by

(xy) =) Tigi=X"y (1.27)
i=1
which is, in the general case, a complex number.

Here is a small example, using thee5.mac functioninner_prod(u,v) , which has a definition (both input matrix
column vectors are assumed to have the same number of ement

inner_prod (uA,vA) := ( conjugate( transpose(uA)) . VA )$

We first show thatonjugate(%i *a) just change$si to -%i , sincea is assumed real unless you specifically declare it
complex (as irdeclare (a, complex) ). We then define a three component column veetashich has two complex
elements, and show wheatnjugate does tov. We then define another three component column vectanich has one
complex element, and calculate the inner product), usinginner_prod

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"
(%i2) conjugate(%i *a);
(%02) -%i *a




1 INTRODUCTION AND QUICK START

18

(%i3) declare(b,complex);
(%03) done

(%i4) conjugate(%i *b);
(%04) -%i *conjugate(b)

(%i5) v : cvec ([%i,%i *2,3));
(%05) matrix([%i],[2 * %i],[3])
(%i6) conjugate(v);

(%06) matrix([-%i],[-2 * %i],[3])
(%i7) u : cvec ([4,5,%i *6]);
(%07) matrix([4],[5],[6 * %0i])

(%i8) inner_prod(u,v);
(%08) -4 *%i

If (x,y) = 0, then the two vectors andy are said to b@rthogonal, and are automatically linearly independent. The

inner product (scalar product) of a vector with itself is al neon-negative number whose square root is calledetngth

n n
(%) =Y Towi=»_ |ul
=1 i=1

of the vector.

Here is an example usingdefined above:

(1.28)

(%i9) inner_prod (v,v);
(%09) 14
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2 Row-Echelon Form and Rank of a Matrix

Row-Echelon Form
Quoting Bronson, Ch. 1,

A zero row in a matrix is a row whose elements are all zermakzero rowis one that contains at least one
nonzero element. A matrix iszero matrix, denoted” (or Z,,,, to emphasizen rows andn columns), if it
contains only zero rows.

A matrix is in row-echelonform if it satisfies four conditions:

1. Allnonzero rows precede (that is, appear above) zero wdves both types are contained in the matrix.
2. The first (leftmost) nonzero element of each nonzero ramity.

3. When the first nonzero element of a row appears in colunireq, &ll elements in column c in succeed-
ing rows are zero.

4. The first nonzero element of any nonzero row appears ireadatumn (further to the right) than the
first nonzero element of any preceding row.

If a matrix A is in row-echelon form, then the non-zero rows of this form larearly independent.

Elementary Row and Column Operations
Quoting Bronson (pg. 3)
There are threelementary row operationswhich may be used to transform a matrix into row-echelon form

1. Interchange any two rows.
2. Multiply the elements of any row by a nonzero scalar.
3. Add to any row, element by element, a scalar times the sporaling elements of another row.

Threeelementary column operationsare defined analogously.

Rank

Therank ( or row-rank) of a matrix is the number afonzero rowsin the matrix after it has been transformed to row-
echelon form via elementary row operations.

The Maxima functiorechelon(A) can be used to transform the matfxnto a (not usually unique) row-echelon form.
The core Maxima functiomank(A) can be used to calculate the rankfofHere is a simple example using thex 3

matrix 2 rows and3 columns).
1 2 3 1 2 3
A_[4 9 7}_)[0 1 —5} (2.1)

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,2,3],[4,9,7]);
(%02) matrix([1,2,3],[4,9,7])
(%i3) echelon(A);

(%03) matrix([1,2,3],[0,1,-5])
(%i4) rank(A);

(%04) 2

Quoting Bronson, p. 9,

The row-echelon form is not unique if a matrix has rank 2 oatge



2 ROW-ECHELON FORM AND RANK OF A MATRIX 20

In the example above, which has rank 2, we could add the seaoentb the first row of the row-echelon form returned,
and the result would still be in row-echelon form.

The rank of a matrix equals the number of linearly indepehdefumns in the matrix. The rank of a matrix equals the
number of linearly independent rows in the matrix. For a sgumatrix, the maximum rank is the number of columns
(which is the same as the number of rows). A matrix which hasntlaximum rank is called a “full rank matrix.” The
product of two full rank matrices is itself full rank. The enrse of a square x n matrix exists (and is unique) if and only
if the rank of the matrix is:.

Row-Echelon Transformation Algorithm

Quoting Bronson, Ch. 1,

An algorithm for using elementary row operations to transfa matrix into row-echelon form is as follows:

1. Let R denote the work row, and initializ8 = 1 (so the top row is the first work row).

2. Find the first column containing a nonzero element in eitber R or any succeeding row. If no such
column exists, stop; the transformation is complete. Qifser letC' denote this column.

3. Beginning with rowR and continuing through successive rows, locate the firsthraving a nonzero
element in columrC'. If this row is not rowR, interchange it with ron?. Row R will now have a
nonzero element in colum@. This element is called thaivot; let P denote its value.

4. If P # 1, multiply the elements of rowk by 1/P; otherwise continue.

5. Search all rows following? for one having a nonzero element in coludn If no such row exists, go
to step 8; otherwise designate that row as rgwand the value of the nonzero element in rdivand
columnC asV.

6. Add to the elements of rol the scalarV times the corresponding elements of ré&wv

7. Return to step 5.

8. IncreaseR by 1. If this new value ofR is larger than the number of rows in the matrix, stop; the
transformation is complete. Otherwise, return to step 2.

In addition to the example here, there are more examplegisdbtion on matrix inversion.

Example 1
Follow the above steps to transform
0 1 4
B = [1 5 3} (2.2)
With R = 1 (step 1) and” = 1 (step 2), we apply step 3 and interchange rows 1 and 2, olbggini
1 2 3
[o : 4} 2.3)
which is in row-echelon form.
Example 2
Follow the above steps to transform
0 2 4
[0 2 ] 2o
With R = 1 (step 1) and” = 2 (step 2),P = 2 (step 3), we multiply the elements of roivby 1/P = 1/2 to get a
row-echelon form
0 1 2
[O ! J (2.5)

which is in row-echelon form.
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Example 3

Follow the above steps to transform

1 2 3
32[4 9 7} (2:6)

With R = 1 (step 1) and” = 1 (step 2),N = 2 andV = 4 (step 5), we add to each element of row 2 (-4) times the
corresponding element in row 1, to get a row-echelon form

1 2 3
[o : _5} 2.7)
3 Inverse of a Matrix
Quoting Bronson, Ch. 4,
Matrix B is theinverse of a square matri¥ if
AB=BA=1. (3.2)

For both products to be defined simultaneoudiyand B must be square matrices of the same order.

A square matrix is said to b&ingular if it does not have an inverse; a matrix that has an inversaliec:
nonsingular or invertible. The inverse of4, when it exists, is denoted as'.

PROPERTIES OF THE INVERSE

1. The inverse of a nonsingular matrix is unique.

2. If Ais nonsingular, thefA—) " = A.

3. If AandB are nonsingular, thepd B)~! = B=1 A~1,

4. If Ais nonsingular, then so too . Further,(AT) ™' = (A~1)".

Let A be ann x n matrix. If any of the following equivalent conditions holithen A does nohave an inverse:
Ax = 0 has a nontrivial solution.

The columns ofd are linearly dependent.

The rank ofA is less tham.

A 'is notrow equivalent to the identity matrix.

a & w0 npPRE

det(A) =0

The meaning of the fourth statement above is found in theriiigo of the derivation of the inverse by elementary row
operations discussed below.

Let A be ann x n matrix with real or complex entries. Then the following staents are equivalent.
1. A1 exists.
2. The only solution tA x = 0 is the “trivial solution”x = 0.
3. The columns ofd are linearly independent.

4. rank(A) =n
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5. Aisrow equivalenttd. (A < I.)
6. det(A) # 0.

A consequence of the fifth statement abades I, is that there exist row operations that takd¢o /. If we apply these
row operations to the augmented matt¥ /], then we will producg|B]. The matrixB satisfiesA B = I. But to be
an inverse, it must also satisfy A = I. One can show that, by virtue of the row reduction method dfifig B, and its
reversibility, B satisfiesB A = I automatically, and thus is the unique inverseda$ought.

ThusA~! exists if and only ifA < 1.

3.1 Inversion Using Maxima core functions

In Maxima, we can use either of the two equivalent foringert(A) orA™-1 (orA™(-1) ) to determine the inverse
of A, if it exists.

Example 1

We use Maxima to find the inverse of

5 3
A:[2 J. (3.2)

(%il) A : matrix([5,3],[2,1]);
(%01) matrix([5,3],[2,1])
(%i2) B : invert(A);
(%02) matrix([-1,3],[2,-5])
(%i3) B . A;

(%03) matrix([1,0],[0,1])
(%id) A . B;

(%04) matrix([1,0],[0,1])
(%i5) A™-1;

(%05) matrix([-1,3],[2,-5])
(%i6) A™(-1);

(%06) matrix([-1,3],[2,-5])

which says that
Al = [_1 3 } . (3.3)

Note that

(%i7) rank(A);

(%07) 2

(%i8) echelon(A);

(%08) matrix([1,3/5],[0,1])
(%i9) length(A);

(%09) 2

andrank(A) is equal to the number of rows df and there are no zero rows in the row-echelon form of

Example 2

We use Maxima to seek the inverse of

(3.4)

h

Il
ST
oo Ot N
© o w

(%il0) A : matrix([1,2,3],[4,5,6],[7,8,9]);
(%010) matrix([1,2,3],[4,5,6],[7,8,9])
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(%ill) B : invert(A);

expt: undefined: 0 to a negative exponent.

-- an error. To debug this try: debugmode(true);
(%il2) echelon(A);

(%012) matrix([1,2,3],[0,1,2],[0,0,0])

(%il3) rank(A);

(%013) 2

(%il4) length(A);

(%014) 3

Note that the singular matriA has a rank which is less than the number of rows, and the rowl@t form has one zero
row. A~! does not exist.

3.2 Inversion Using Elementary Row Operations

From Bronson, Ch. 4,

CALCULATING INVERSES USING ELEMENTARY ROW OPERATIONS

Inverses may be found through the use of elementary row tipesa This procedure not only yields the
inverse when it exists, but also indicates when the inveoss dot exist. An algorithm for finding the inverse
of a matrix A is as follows:

1. Form the partitioned matripA |1 |, wherel is the identity matrix having the same order4s

2. Using elementary row operations, transfainto row-echelon form, applying each row operation to

the entire partioned matrix formed in Step 1. Denote thelresy C' | D |, whereC'is in row-echelon
form.

3. If C has a zero row, stop; the original matrikis singular and does not have an inverse. Otherwise
continue; the original matrix is invertible.

4. Beginning with the last column @f and progressing backward iteratively through the secohdug
use elementary row operation (3) to transform all elemabtsve the diagonal ofC' to zero. Apply
each operation, however, to the entire mafiix|D |. Denote the result 9 | B |. The matrixB is the
inverse of the original matrid.

If exact arithmetic is not used in Step 2, then a pivotingtsgg should be employed. No pivoting strategy is
used in Step 4; the pivot is always one of the unity elementherdiagonal of”. Interchanging any rows
after Step 2 has been completed will undo the work of that aitel) therefore, is not allowed.

A homemade functioninverse(A) (available inmbe5.mac) implements this algorithm in the Maxima language,
using echelon as the first step in the row reduction (see code below). Inrittverse  code we use the function
mat_unblocker , defined in thdinearalgebra.mac package of functions. If this package is not already loattes,
first time use ofinverse  will take a little longer because the package automatidafigls when we first use its function
mat_unblocker

In the examples below, the row reduction is done “by handt,fias further examples of using the elementary row
operations.

Example 1

We use the elementary row operation algorithm to find thergesef

5 3
A:[Q J. (3.5)
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We first form the partitioned matrijA |1 |.

5 3 | 1 0} 3.6)

[A|I]:[2 1] o0 1"

With R =1, C =1, andP = 5, we first multiply row1 by (1/5) to get

1 3/5 | 1/5 0
{2 S 1]. (37)

With R=1,C =1, N = 2, andV = 2, we replace rov2 by the sum of ron2 and(—2) times row1 to get

135 | 1/5 0
{0 15 | —2/5 J' (3.8)

With R =2, C = 2,andP = —1/5, we multiply row2 by (—5) to get

(3.9)

[C|D]:[1 3/5 | 1/5 0]

0 1 | 2 =5

C does not have a zero row, sbis invertible, and we continue to find the inverse. We replagel by the sum of rond
plus(—3/5) times row2, to get

[t o | -1 3
[I|B] = [O L2 _5] . (3.10)
This determines the inverse dfas
15 |1 3
A7 =B = [ 5 _5} , (3.11)

which agrees with our Maxima calculation above.

To employ Maxima, we use bothvert and thernrinverse

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([5,3],[2,1]);
(%02) matrix([5,3],[2,1])
(%i3) rank(A);

(%03) 2

(%i4) determinant(A);
(%o04) -1

(%i5) B1 : invert(A);
(%05) matrix([-1,3],[2,-5])
(%i6) A . B1,;

(%06) matrix([1,0],[0,1])
(%i7) Bl . A;

(%07) matrix([1,0],[0,1])
(%i8) B2 : rinverse(A);
(%08) matrix([-1,3],[2,-5])
(%i9) A . B2;

(%09) matrix([1,0],[0,1])
(%i10) B2 . A;

(%010) matrix([1,0],[0,1])

Example 2

We use the elementary row operation algorithm to find thergesef

12 3
A=14 5 6]. (3.12)
789
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We first form the partitioned matrijA |1 |.

123|100
[AlI]=14 5 6 | 0 1 0f. (3.13)
78 9 ] 001
With R =1,C =1, N = 2, andV = 4, we replace rov2 by the sum of ron2 and(—4) times row1 to get
1 2 3 | 1 00
0 -3 =6 | —4 1 0]. (3.14)
78 9 | 0 01

With R=1,C =1, N = 3, andV = 7, we replace rov3 by the sum of ron3 and(—7) times row1 to get

1 2 3 | 1 00
0 -3 —6 | —4 1 0]. (3.15)
0 -6 —12 | -7 0 1

We increaseR by 1, and withR = 2, C' = 2, andP = —3, we replace rov2 by (—1/3) times row2 to get

1 2 3 | 1 0 0
0 1 2 | 4/3 —1/3 0]. (3.16)
0 -6 —12 | -7 0 1

With R =2,C =2, N = 3, andV = —6 we replace row3 by the sum of row8 and(6) times row?2 to get

| 4/3 —1/3 0]. (3.17)

v
3] 1 0 0
2
o] 1 -2 1

1 2
[C|p]= |0 1
0 0

The left side of this partitioned matrix is in row-echelomrfo Since its third row is a zero row, the original matdxdoes
not have an inverse, which agrees with our Maxima calculatio

(%ill) A : matrix([1,2,3],[4,5,6],[7,8,9]);
(%011) matrix([1,2,3],[4,5,6],[7,8,9])
(%il2) rank(A);

(%012) 2

(%il3) determinant(A);

(%013) 0

(%il4) rinverse(A);

the inverse does not exist

(%014) done

Example 3

We use the elementary row operation algorithm to find thersevef

0 1 1
A=15 1 -—-1]. (3.18)
2 -3 -3
We first form the partitioned matripA |1 |.
0 1 1 | 100
[AlI]=1|5 1 -1 | 0 1 0]. (3.19)
2 -3 =3 ] 001
We interchangd?1 and R2 to get
5 1 =11 010
0 1 1 | 1 0 0. (3.20)
2 -3 =3 | 001
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With R =1, C =1, andP = 5, replaceR1 by (1/5) R1 to get

1 1/5 —1/5 | 0 1/5 0
o 1 1 |1 0 o. (3.21)
2 -3 -3 |0 0 1

With R =1,C =1, N = 3, andV = 2, we replaceR3 with the sum ofR3 and(—2) R1 to get

1 15 -—1/5 | 0 1/5 0
0 1 1 |1 0 0. (3.22)
0 —17/5 —13/5 | 0 —2/5 1

With R =2,C =2, N = 3, andV = —17/5, we replaceR3 with the sum ofR3 and(17/5) R2 to get

1 1/5 —=1/5 | 0 1/5 0
o 1 1 | 1 0 0. (3.23)
0 0 4/5 | 17/5 —2/5 1

With R = 3, C' = 3, andP = 4/5, we replaceR3 by (5/4) R3 to get

1 1/5 —=1/5 | 0 1/5 0
[cD]=f0o 1 1 | 1 0 0. (3.24)
0 0 1 | 17/4 —2/4 5/4

The left side of this partitioned matrix is now in row-echeform and there are no zero rows, so the inverse of the otigina
matrix A exists. We start on columband replace?2 by the sum ofR2 and(—1) R3 to get

1 1/5 —1/5 | 0 1/5 0
0 1 0 | —13/4 2/4 -—5/4|. (3.25)
0 0 1 | 17/4 -2/4 5/4

We next replace?1 by the sum ofR1 and(1/5) R3 to get

1 1/5 0 | 17/20 2/20 5/20
0 1 0 | —13/4 2/4 —5/4]. (3.26)
0 0 1 | 17/4 -2/4 5/4

We next replacel by the sum ofR1 and(—1/5) R2 to get

100 | 3/2 0 1/2
[I|B]=10 1 0 | —13/4 2/4 —5/4]. (3.27)
00 1 | 17/4 -2/4 5/4
This determines the inverse dfas
3/2 0 1/2 L6 02
A'=B=|-13/4 2/4 -5/4|=-|-13 2 -5 (3.28)
17/4 —2/4 5/4 17 -2 5

which agrees with a Maxima calculation using eitlmert  or rinverse

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([0,1,1],[5,1,-1], [2,-3,-3]);

(%02) matrix([0,1,1],[5,1,-1],[2,-3,-3])

(%i3) B : invert(A);

(%03) matrix([3/2,0,1/2],[-13/4,1/2,-5/4],[17/4,-1/2 ,5/4])
(%i4) 4 *B;

(%04) matrix([6,0,2],[-13,2,-5],[17,-2,5])

(%i5) rinverse(A);

(%05) matrix([3/2,0,1/2],[-13/4,1/2,-5/4],[17/4,-1/2 ,5/4])
(%i6) 4 *%,;

(%06) matrix([6,0,2],[-13,2,-5],[17,-2,5])




4 SET OF HOMOGENEOUS LINEAR ALGEBRAIC EQUATIONA X =0 27

The code forinverse(M)  is:

/= rinverse(M) uses echelon and elementary row operations to d erive inverse of M,
mat_unblocker is from linearalgebra.mac, which loads auto matically */

rinverse(M) =

block([nrows,ncols, Ml , M_inv ],
local(RL), / * |ocal hashed array */
nrows : length(M),
ncols : length( transpose(M)),

if nrows # ncols then (
print(" need square matrix M "),
return(done)),

if rank(M) < nrows then (
print(" the inverse does not exist"),
return(done)),

MI : mat_unblocker( matrix ( [ M, ident(nrows) ] ) ),
MI : echelon (M),

for j thru nrows do RL[] : Ime (row (M, })),

/ = create 0's above 1's */
for j:2 thru nrows do
for k thru (j - 1) do RL[K] : RL[K] - RL[KI[] * RL[],
[ = right hand of partitioned matrix should now be M_inverse */

for j thru nrows do RL[j] : rest ( RL[j], ncols ),

M_inv : matrix(RL[1]),
for j:2 thru nrows do M_inv : addrow(M_inv, RL[j] ),
M_inv)$

4 Set of Homogeneous Linear Algebraic Equation& x = 0

Let A be am x n matrix (m rows andnr columns). Letx be an n-component column vector. l0ebe a m-dimensional
column vector, all of whose elements dre Then the matrix equatiod x = 0 is equivalent to a system ef linear
homogeneous equations@nunknowns.

Casem > n

In this case there are more equations than unknowns (thensyst‘overdetermined”) and only the trivial solutian= 0
exists. Below we discuss the conceptsiofispaceof a matrix and the definition of the dimension of the nullspamalled
thenullity of the matrix. The dimension of the “nullspace” of the mairixhe followingm > n example is 0. Here is
an example of three equations in two unknowms=£ 3, n = 2).

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) solve([x + y,2 *X + yX + 2 *ylIxVyl);
solve: dependent equations eliminated: (3)
(%02) [[x = 0y = 0]]

(%i3) Al : matrix([1,1],[2,1],[1,2]);

(%03) matrix([1,1],[2,1],[2,2])

(%i4) rank(Al);

(%04) 2

(%i5) nullity(A1);

(%05) 0
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(%i6) nullspace(Al);
(%06) span()

4.1 Nullspace Basis Vectors of a Matrix

Let A be am x n matrix (m rows andn columns). In the following, we assume < n. Thenullspaceof the matrix
A, denotedNullA4, is thesetof all n-dimensional column vectoes such thatAx = 0, in which the right hand side
is a m-component vector, all of whose elements equdNullA is asubspaceof the set of all n-dimensional vectors.
Elementary row operations on a matrxdo not changéNull A.

The dimension of the nullspaceNullA is called thenullity of the matrix A, and can be denoted hyullity(A) or
(more often) bydimNullA. SinceA 0 = 0, the sefNullA always contain®, the trivial solution, so using set notation,
NullA # (). If NullA only contains the trivial solution vector, then the nullspacs dianension 0.

If the square matrix A is invertible (A~! exists), then (again using set notatid¥llA = {0}, since the solution to
Ax = 0is given by the unique solutior = A=10 = 0.

Therank-nullity theorem states that the sum of the rank of a matrix and the nullity of#rimis equal to the number of
columns of the matrix. This theorem is used to define the fanciullity(A) (in mbe5.mac):

nullity(BB) := ( length(transpose(BB)) - rank(BB) )$

Here is a simple example, which eventually usespace(A) , a function defined itinearalgebra.mac , which
automatically loads when you loagbe5.mac.

We seek the nullspace &f, NullA, for the2 x 3 matrix

1 2 3
e .

In our work belowA is a2 x 3 matrix (two rows and three columnsf is a 3-element column vector of unknowns, and
the matrix produc . xs produces a 2-element column vector, so the matrix equatiggp = 0 requres the right hand
side to be a 2-element column of Q's, and the result is eqemtdb two equations in three unknowns, an under-determined
system, whose solution will involve one arbitrary paramete

The work below then shows the nullspaceois spanned by one basis vector, and the most general vedigiey
the the nullspace oh is an arbitrary constant times the basis vector. This isistar® with nullity(A) --> 1

In the following, we show two different methods to obtain thatrix column vectow1, given the return value from
nullspace(A)

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix ([1,2,3],[4,5,6]);
(%02) matrix([1,2,3],[4,5,6])
(%i3) rank(A);

(%03) 2

(%i4) nullity(A);

(%04) 1

(%i5) nspc : nullspace(A);
(%05) span(matrix([-3],[6],[-3]))
(%i6) [v1] : nspc, 'span = "[*;
(%06) [matrix([-3],[6].[-3])]
(%i7) vi;

(%07) matrix([-3],[6],[-3])

(%i8) vl : part (nspc, 1);
(%08) matrix([-3],[6],[-3])

(%i9) A . vi;

(%09) matrix([0],[0])
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(%i10) v1/(-3);
(%010) matrix([1],[-2],[1])

We compare the use olilllspace (above) with the direct use agblve for this system of algebraic equations, getting
the equations from the matrix definition for practice. We Below thatsolve produces a solution vector depending on
one arbitrary parameter, which we call We letAxs be the matrix column vector (two rows, one column) given k& th
matrix productA . xs .

(%ill) xs : cvec([x,y,z]);

(%011) matrix([x],[y],[z])

(%il2) Axs : A . Xxs;

(%012) matrix([3 *z+2*y+x],[6 *z+5*y+4xX])
(%il3) eql : Axs[1,1];

(%013) 3 *z+2+*y+x

(%il4) eq2 : Axs[2,1];

(%014) 6 * z+5*y+4*x

(%il5) solns : solve([eql,eq2],[x,y,z]);
(%015) [[x = %rly = -2 *%rl,z = %rl]]
(%il6) solns : solns, %rl = r;
(%016) [[x = ry = -2 *rz = 1]
(%il7) soln : solns[1];

(%017) [x =1y = -2 *rz =1
(%i18) xL : map(rhs,soln);

(%018) [r,-2  *r,1]

(%il9) xvec : cvec(xL);

(%019) matrix([r],[-2 *r,[r])
(%i20) A . xvec;

(%020) matrix([0],[0])

(%i21) xveclr;

(%021) matrix([1],[-2],[1])

In general, one finds the nullspace of a matrix by finding adyasid the dimension of the basis is then known. The di-
mension of the nullspace of is equal to the number of basis vectors needed to “span tlvespa., allow any solution
of Ax = 0 to be written in terms of the set of basis vectors, using Iplidative scalar constants (parameters).

If uis a basis vector of a one dimensional vector space, sodtlmat= 0, then the most general vector in that space is
X = cu, in whichc¢ is a scalar parameter, sindecu =cAu =¢0 = 0.

Here is another example. We seek the nullspacé, @ ull A, for the3 x 5 matrix

3 6 -1 1 -7
A=|1 -2 2 3 -1|. (4.2)
2 -4 5 8 —4

The elements oNullA will be 5-component vectors, and the matrix equatibr = 0 stands for three algebraic equa-
tions.

A Maxima solution for the nullspace of can be found using the Maxima contributed packégsralgebra.mac ,

which has its own definition of the functiomank(A) , nullity(A) , andnullspace(A) which are illustrated here.
When you loadmbe5.mac, the filelinearalgebra.mac will also load. The functiomullspace returns the vectors
which form a basis of the nullspace in the special fepan(vi,v2,...vn) , and one can use

subst('span = "[", returned-result) to get an ordinary Maxima list of basis vectors, if you wish.

(%il) load(mbeb);
(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([-3,6,-1,1,-7],[1,-2,2,3,-1], [2,-4,5, 8,-4]);
(%02) matrix([-3,6,-1,1,-7],[1,-2,2,3,-1],[2,-4,5,8, -4])
(%i3) rank(A);

(%03) 2

(%i4) nullity(A);
(%04) 3
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(%i5) nspc : nullspace(A);
(%05) span(matrix([-10],[-5],[0],[0],[0]),matrix([0] ,[0],[-20],[15],[5]),
matrix([0],[5],[20],[-10],[0]))

(%i6) [vi,v2,v3] : nspc, 'span = "[";

(%06) [matrix([-10],[-5],[0],[0],[0]),matrix([0],[0] ,[-20],[15],[5]),
matrix([0],[5],[20],[-10],[0])]

(%i7) vi;

(%07) matrix([-10],[-5],[01,[0],[0])

(%i8) A . vi;

(%08) matrix([0],[0],[0])

(%i9) map(lambda([u], A . u),[vl,v2,v3]);

(%09) [matrix([0],[0],[0]),matrix([0],[0],[0]),matri x([0],[0],[0])]

Instead of usinguullspace , we can use the core Maxima functisoive to find the nullspace ofi, as follows here.

Without using the rank-nullity theorem, we can use the Maxiomctionsolve to “solve” for the basis vectors of the
nullspace ofA and thus infer the dimension of the nullspace. We use the slyribfor alist of the five (unknown)
elements ok. We use the symbdl to represent, in matrix form, the 5-element column vestoWe let the symbohx
represent the column vector produced by the matrix productx , and we let the symbaxL represent the list of the
elements of the column vectax.

(%il0) xL : [x1,x2,x3,x4,x5];
(%010) [x1,x2,x3,x4,x5]
(%ill) x : cvec(xL);
(%011) matrix([x1],[x2],[x3],[x4],[x5])
(%il2) Ax : A . X;
(%012) matrix([(-7 * X5)+x4-x3+6  *x2-3 * x1],[(-x5)+3 * X4+2 % x3-2 * x2+x1],
[(-4 *x5)+8 *x4+5*x3-4 *x2+2 *x1])
(%il3) AxL : list_matrix_entries(Ax);
(%013) [(-7 *Xx5)+x4-x3+6 *x2-3 *X1,(-X5)+3  *x4+2*x3-2 *x2+x1,(-4 *x5)+8 *x4+5*x3-4 *x2
+2% x1]
(%il4) solns : solve(AxL,xL);
solve: dependent equations eliminated: (3)
(%014) [[x1 = 2 *%r3+%r2-3 *%rl,x2 = %r3,x3 = 2 *%rl-2 *%r2,x4 = %r2,x5 = %rl]]

The solution depends on three arbitrary parameters, wioighl e called anything, so this subspace is three dimeaision
spanned by three (5-element) basis vecigrs,, andw, which will respectively be represented byv, andw in our
Maxima work. The Maxima functiorolve uses¥rj as the symbol for arbitrary parameters, starting with 1. In our
own summary, we can use any symbols for these arbitrary mdeas If we write this solution as

X=riu+rov+ryw, (4.3)
then we have
T -3 1 2
T 0 0 1
xr3| =1 21 +ry | =2 +73 |0 (4.4)
T4 0 1 0
Iy 1 0 0

from which we make the identification of three possible basigors of the three dimensional nullspacedof

-3 1 2
0 0 1
u=|21|, v=|-2(, w= |0 (4.5)
0 1 0
1 0 0

Using our functiorcvec(L) in mbe5.mac to define Maxima column vectors in terms of matrices,

(%il5 u : cvec([-3,0,2,0,1]);
(%015) matrix([-3],[0],[2],[0].[1])
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(%il6) v :

cvec([1,0,-2,1,0]);

(%016) matrix([1],[0],[-2],[1],[0])

(%il7) w :

cvec([2,1,0,0,0]);

(%017) matrix([2],[1],[0],[0],[0])

If these three basis vectors are linearly dependeeh there exist scalar constanis co, andes (not all zero) such that
z = cpu+ cy v + cgw = 0 so that we can express one of the vectarsv, w) in terms of the others.

(%i19) z

(%il8) cL :
(%018) [c1,c2,c3]

©cl *u + Cc2*v + C3*w;
(%019) matrix([2
(%i20) zL :

[c1,c2,c3];

*c3+c2-3 *c1],[c3],[2
list_matrix_entries(z);

*c1-2 *c2],[c2],[c1])

(%020) [2 *c3+c2-3 *cl,c3,2 *cl-2 xc2,c2,cl]
(%i21) solve(zL, cL);

solve: dependent equations eliminated: (5 1)
(%021) [[c1 = 0,c2 = 0,c3 = 0]]

and the only solution for the set of three constantts the trivial solutionc; = 0. This should have been expected, since
we are trying to solve five equations for three constants,\@ndetermined system. We conclude that the three basis
vectors foundyu, v, andw, are linearly independenand are a basis of the nullspace/f

We can obtain a different set of basis vectors of the nullspdici by usingsolve with B :

echelon(A)

(%i22) B : echelon(A);
(%022) matrix([1,-2,1/3,-1/3,7/3],[0,0,1,2,-2],[0,0,
(%i23) Bx : B . x;

(%i25) soln : solve(BxL,xL);
solve: dependent equations eliminated: (3)
(%025) [[x1 = %r3,x2 = (%r3-%r2+3

*%rl)/2,x3 = 2

0,0,0])

(%023) matrix([(7 * X5)/3-x4/3+x3/3-2 *x2+x1],[(-2 *X5)+2 * x4+x3],[0])
(%i24) BxL : list_matrix_entries(Bx);
(%024) [(7 *x5)/3-x4/3+x3/3-2 *X2+x1,(-2  *x5)+2 * x4+x3,0]

*%rl-2 *%r2,x4 = %r2,x5 = %r1]]

If we again write this solution as

x=riu +rov +ryw, (4.6)
then we have )
1 0 0 1
T2 3/2 -1/2 1/2
xr3| =1 2 + 72 -2 + 73 0 (47)
T4 0 1 0
I5 1 0 0

from which we make the identification of a set of three possiiasis vectors of the three dimensional nullspacé:of

0 0 1
3/2 -1/2 1/2
u =2 vVi=| 2], w=1|0 (4.8)
0 1 0
1 0 0

Casem < n

A system ofm linear homogeneous equationsrirunknowns always has a nontrivial solutionnif < n. Here is an
example of two equations in three unknowns € 2, n = 3).

(%i26) solve([x+y+z,2 *X+y+2],[x,y,2]);
(%026) [[x = 0,y = -%rl,z = %rl]]

where%rl can be chosen at will.
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Casem =n

Here we consider the case = n, the number of equations equals the number of unknowns. ¥erashere thatl is a
squaren x n matrix, (the “coefficient matrix”), and the n-componentwin vectorx is to be found. The matrix equation
Ax = 0 then stands fon equations im unknowns.

This system of equations has the unique trivial solutign= 0 for all j if detA # 0. A nontrivial solution, defined up to
a multiplicative constant, exists if and onlydiét A = 0. An alternative requirement is that the rank of the matrixobe
less than the number of columns. Here & :a 3 singular matrix example, using fot

12 3
A=14 5 6]. (4.9)
789

If we use thenullspace function fromlinearalgebra.mac , we find that the dimension of the nullspacefis 1,
and the single basis vector is proportiona[+ta, 6, —3]T, which means the general solutionxis= ¢ [1, —2, 1]", wherec
is a constant.

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,2,3],[4,5,6],[7,8,9]);
(%02) matrix([1,2,3],[4,5,6],[7,8,9])
(%i3) determinant(A);

(%03) 0

(%i4) rank(A);

(%04) 2

(%i5) nullity(A);

(%05) 1

(%i6) nullspace(A);

(%06) span(matrix([-3],[6],[-3]))

If instead we use the Maxima functieolve , we get the same result.

(%i7) xL : [x1,x2,x3];

(%07) [x1,x2,x3]

(%i8) x : cvec(xL);

(%08) matrix([x1],[x2],[x3])

(%i9) Ax : A . X;

(%09) matrix([3 *X3+2 * X2+x1],[6  *Xx3+5*x2+4 * x1],[9 *x3+8 * x2+7 * x1])
(%i10) AxL : list_matrix_entries(AXx);

(%010) [3 *x3+2*x2+x1,6 *Xx3+5*x2+4*x1,9 *Xx3+8 * x2+7 * x1]
(%ill) soln : solve(AxL,xL);

solve: dependent equations eliminated: (3)

(%011) [[x1 = %rlx2 = -2 *%r1,x3 = %rl]]

We can usechelon to triangularizeA without changing the solution of the homogeneous equaésrgnother way to
get the general solution.

(%i12) B : echelon(A);

(%012) matrix([1,2,3],[0,1,2],[0,0,0])

(%il3) rank(B);

(%013) 2

(%il4) nullity(B);

(%014) 1

(%il5) determinant(B);

(%015) 0

(%il6) Bx : B . x;

(%016) matrix([3 *X3+2* x2+x1],[2  *x3+x2],[0])
(%il7) BxL : list_matrix_entries(Bx);

(%017) [3 *x3+2*x2+x1,2 *x3+x2,0]

(%i18) BxL : rest(BxL,-1);

(%018) [3 *x3+2*x2+x1,2 *x3+x2]

(%i19) soln : solve(BxL,xL);

(%019) [[x1 = %r2,x2 = -2 *%r2,x3 = %r2]]

which produces the same general solution as when usingitfiealmmatrix A.
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4.2 Examples of Eigenvalues and Eigenvectors

The set of eigenvalues of a matrix is often called $pectrum of the matrix. It is important to note that not all matrices
have eigenvalues. For example the matrix

01
Ao [0 0] (4.10)

does not have nonzero eigenvalues.

(%il) A : matrix([0,1],[0,0]);
(%01) matrix([0,1],[0,0])
(%i2) rank(A);

(%02) 1

(%i3) eigenvalues(A);
(%03) [[0L.[2]]

Let A be a square: x n matrix. Let the column vectors’ be n-component eigenvectors df and let\; be the
corresponding scalar (nonzero) eigenvalues (either rearaplex) which satisfy the equation

Avj:/\jvj, 1<ji<n (4.12)
From linear algebra
Av=Av & (A-X)v=0 (4.12)
andv # 0 if and only if
p(A) =det(A—AI)=0. (4.13)

Each of the set of eigenvalugs satisfy the “characteristic equation”
p(A) = 0. (4.14)

The “fundamental theorem of algebra” states that if thesast(4.14) are counted with multiplicities, theii\) has
exactlyn rootsAq, ..., A\, and
p(A) = (=1)"A=A1)... (A= A\p). (4.15)

If A hasn distincteigenvalues\, ..., \,, then there exist linearly independengigenvectors/, ..., v™.

Determinant Test for Linear Independence of Eigenvectors

Let M be then x n matrix whose columns(/) are the eigenvectorsl’) of the matrix4, and letc be an n-component
column vector whose elements are constant numiessch that the equation

Mc = Zv(j) c;j=20 (4.16)
J

is satisfied. A non-trivial solution, in which not all of the are equal to zero, exists if and onlydét (M) = 0, in which
case we can always express one of #i8 as a linear combination of the other eigenvectors. Thus weondy have a
linearly independent set of eigenvecterd) if det (M) # 0.

Some Simple Facts to Remember

1. The sum of the eigenvalues of a matrix is equal taithee of that matrix, which is the sum of the elements on its main
diagonal.

2. The product of the eigenvalues (counting multiplicitiefa matrix is equal to the determinant of that matrix.

3. Eigenvectors corresponding to different eigenvaluediaearly independent.

4. A matrix is singular if and only if it has a zero eigenvalirewhich case its determinant is zero.

In general, a» x n matrix A hasn eigenvalues. If two or more of these eigenvalues are eqeaday thatd is degenerate
If A hasn distinct eigenvaluesd is said to benondegenerate A has at least as many linearly independent eigenvectors
as it has distinct eigenvalues.
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Eigenvalues and Eigenvectors of Hermitian Matrices

Quoting Boyce and DiPrima (Ch. 7), and using a dagger, at'imstead of4* for the Hermitian conjugation symbol,
and using the overbar;; for complex conjugation:

An important class of matrices, callsélf-adjoint or Hermitian matrices, are those for which! = A, that

is @;; = a;;. Hermitian matrices include as a subclass real symmetrtdaes, that is, matrices which have
real elements and for which™ = A. The eigenvalues and eigenvectors of Hermitian matriceayas have
the following useful properties.

1. All eigenvalues are real.

2. There always exists a full set oflinearly independent eigenvectors, regardless of theiptialties of
the eigenvalues.

3. Ifv() andv(? are eigenvectors that correspond to different eigenvatbea the inner produgy (D, v(2)) =
0. Thus, if all eigenvalues are “simple” (multiplicity onehen the associated eigenvectors form an or-
thogonal set of vectors.

4. Corresponding to an eigenvalue of multiplicity, it is possible to choosen eigenvectors that are
mutually orthogonal. Thus the full set nfeigenvectors can always be chosen to be orthogonal as well
as linearly independent.

Eigenvalues and Eigenvectors of Non-Hermitian Matrices

If the n x n matrix A is not Hermitian, consider first the case thatis real. Then there are three possibilities for the
eigenvalues ofd:

1. All eigenvalues are real and distinct.

2. Some eigenvalues occur in complex conjugate pairs, bueth eigenvalues are all distinct.

3. Some real eigenvalues are repeated.

The first case leads to no difficulties. There is a single liggadependent real eigenvector for each eigenvalue.

In the second case, there exislinearly independent eigenvectors, with those correspgnh the complex eigenvalues
being themselves complex.

In the third case the number of linearly independent eigetove corresponding to a single repeated eigenvalue may be
less than the multiplicity of that repeated eigenvalue.

If A is non-Hermitian but izomplex then complex conjugate eigenvalues need not occur in gatgupairs and the
eigenvectors are normally complex even if the correspandigenvalue is real.

Example 1. Distinct Real Eigenvalues of a Real Non-Hermitia Matrix

We take the case

8§ -5 10
A=|2 1 2. (4.17)
4 4 -6

To find the trace of a given matrix, we use the functiottace from the file mbe5.mac. The three eigenvalues of
the given matrixA are real and distinct (each eigenvalue has multiplieity= 1). We can usesigenvalues(A)
jordan(A) , eigenvectors(A) , andjordan_chain(A,eival) to get the distinct eigenvalues, multiplicities, and
eigenvectors (see also Sec. 5).

We first show that! is not a “normal matrix”, sinced A" # A" A, where in generalt” = AT = (A) is the Hermitian
conjugate of4, which reduces to the transposeff all the elements ofd are real. Only ifAd is a normal matrix can we
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be assured that there exists a set of eigenvectors whichecarrdnged to form aorthogonal set. To determine if is a
normal matrix, we can use tmebe5.mac functionnormal(A) which returns eithetrue or false

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([8,-5,10],[2,1,2],[-4,4,-6]);
(%02) matrix([8,-5,101,[2,1,2],[-4,4,-6])

(%i3) normal(A);

(%03) false

(%id) diagp(A);

(%04) true

(%i5) eigenvalues(A);

(%05) [[-2,2,3],[1,1,1]]

(%i6) jordan(A);

(%06) [[-211]![2!1]![311]]

(%i7) [al,a2,a3] : map(first, %);

(%07) [-2,2,3]

(%i8) eigenvectors(A);

(%08) [[[-2!2!3]![1!1!1]]1[[[1101-1]]1[[011!1/2]]1[[ 11110]]]]
(%i9) [v1] : map (‘cvec, jordan_chain(A,al));
(%09) [matrix([1],[0].[-1])]

(%i10) [v2] : map (cvec, jordan_chain(A,a2));
(%010) [matrix([0],[1],[1/2])]

(%ill) [v3] : map (‘cvec, jordan_chain(A,a3));
(%011) [matrix([1],[1],[0])]

Each eigenvector is defined up to an overall constant migltipT he eigenvalue; = —2 corresponds to the eigenvector

1
vi=10]. (4.18)
-1
The eigenvalue\, = 2 corresponds to the eigenvector
0
- 1 . (4.19)
1/2
The eigenvalue\; = 3 corresponds to the eigenvector
1
vi=11]. (4.20)
0

If in doubt about the correctness of the returned results;amecheck the eigenvalue equation for the three eigengector

(%il2) is (equal (A . vi1, al *v1));
(%012) true
(%il3) is (equal (A . v2, a2 *Vv2));
(%013) true
(%il4) is (equal (A . v3, a3 *Vv3));

(%014) true

The three rank 1 eigenvectors found are not normalized torlare they mutually orthogonal.

(%il5) map (inner_prod, [v1,v2,v3],[vl,v2,v3] );
(%015) [2,5/4,2]
(%il16) map (inner_prod, [v1,v2,v3], [v2,v3,v1]);
(%016) [-1/2,1,1]

We see thahone of the eigenvectors produced are orthogonal to the othémse try to use thembe5.mac function
gschmidt(L)  which calls theeigen.mac package functiomramschmidt , despite the fact thatl is not a “normal”
matrix, we find that although we can end up with orthogonatamsg two of them are no longer eigenvectorsdof

We use the aliabne, defined inmbe5.mac for list_matrix_entries , which converts a column matrix into a list of
values.
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(%il7) [vil,v2L,v3L] : map (Ime, [v1,v2,v3]);

(%017) [[1,0,-1],[0,1,1/2],[1,1,0]]

(%il8) gschmidt(%);

(%018) [[1,0,-1],[1/4,1,1/4],[2/9,-1/9,2/9]]

(%i19) [v1,v2,v3] : map (‘cvec, %);

(%019) [matrix([1],[0],[-1]),matrix([1/4],[1],[1/4])
matrix([2/9],[-1/9], [2/9])]

(%i20) map (inner_prod, [v1,v2,v3],[vl,v2,v3] );

(%020) [2,9/8,1/9]

(%i21) map (inner_prod, [v1,v2,v3], [v2,v3,v1]);

(%021) [0,0,0]

which shows mutual orthogonality, but two of the vectorsrayéonger eigenvectors of corresponding to the eigenvalues
of A:

(%i22) is (equal (A . vi1, al *v1));
(%022) true
(%i23) is (equal (A . v2, a2 *Vv2));
(%023) false
(%i24) is (equal (A . v3, a3 *Vv3));
(%024) false

Ex. 1: Finding the Eigenvalues and Eigenvectors “by Hand”

If we work this out “by hand”, instead of usingigenvectors , we first form the characteristic polynomiga(\)
(4.13) whose roots are the eigenvaluesdof We will usea instead oflambda to save space. The Maxima function
charpoly(A, a) returns the appropriate characteristic polynomial, ashatfon ofa, given the matrixA. In our Max-
ima work, we letv be a general vector with unknown componeritgi2,u3 . (This is easier to type thari1,vi2,v1i3 .)

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"

(%i2) p : expand (charpoly(A, a));
(%02) (-a"3)+3 *a"2+4 *a-12

(%i3) a_solns : solve(p);

(%03) [a = -2,a = 2,a = 3]

(%i4) [al,a2, a3] : map(rhs, a_solns);
(%04) [-2,2,3]

(%i5) v : cvec ( [ul, u2, u3] );
(%05) matrix([ul],[u2],[u3])

We first solve for an eigenvectml corresponding to the eigenvalagé = -2 . In the first step, the column vectaer
should have all zero componentwifs an eigenvector correspondingédb.

(%i6) w : A . v -al =y

(%06) matrix([10 *Uu3-5 *u2+10*ul],[2 *u3+3*u2+2+ul],[(-4 *u3)+4 *u2-4 xul))
(%i7) w[1,1];

(%07) 10 *u3-5 *u2+10+*ul

(%i8) u_solns : solve([w[1,1],w[2,1],w[3,1]],[ul,u2,u3 D;

solve: dependent equations eliminated: (3)

(%08) [[ul = -%rl0,u2 = 0,u3 = %rl0]]

We then have the freedom to choose the arbitrary con&telt = -1 to define the column eigenvectat corresponding
to the eigenvalual = -2 (the same result returned faydan_chain(A,al) ). We then perform an unnecessary check
on the eigenvector solution.

(%i9) map ('rhs, first(u_solns));

(%09) [-%r10,0,%r10]

(%il0) v1 : cvec (%), %rl0 = -1;
(%010) matrix([1],[0],[-1])

(%ill) is (equal (A . vi1, al *v1));
(%011) true
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We are solving a set of three equations for three unknavtngi2, andu3, in which the right hand sides are zero. The
coefficient matrixB = A — A I of this homogeneous set of equations

0
Bv=0 (4.21)
0

can be simplified by replacing any row by a multiple of that ramd by replacing any target row by adding or subtracting
another row to or from the target row, in a way that simpliftes ¢oefficient matrix and the resulting algebra. Maxima has
the functiontriangularize(M) and the functiorechelon(M) for this task, with the latter function giving the simplest
result.

Reconsidering the eigenvectar corresponding tal = -2 , w2below represents a column vector, all of whose elements
should be zero.

(%il2) B : A - al ~ident(3);
(%012) matrix([10,-5,10],[2,3,2],[-4,4,-4])
(%il3) B1 : triangularize(B);

(%013) matrix([10,-5,10],[0,40,0],[0,0,0])
(%il4) B2 : echelon(B);

(%014) matrix([1,-1/2,1],[0,1,0],[0,0,0])
(%il5) w2 : B2 . v;

(%015) matrix([u3-u2/2+ul],[u2],[0])

From the form ofw2 we immediately see tha2 = 0, and then using this in the first row, tha&8 = -ul , and then the
value oful is arbitrary. Takingul = 1 then leads again to the same eigenveelqrwithout usingsolve .

We now useschelon to find the eigenvector2 corresponding to the eigenvalag = 2.

(%il6) B : echelon(A - a2 * ident(3));

(%016) matrix([1,-5/6,5/3],[0,1,-2],[0,0,0])

(%il7) w : B . v;

(%017) matrix([(5 *u3)/3-(5 *u2)/6+ul],[u2-2 *u3],[0])
(%il8) u_solns : solve(Jw[1,1],w[2,1]],[ul,u2,u3]);

(%018) [[ul = O,u2 = 2  *%r2,u3 = %r2]]

If we chooseu2 = 1,thenu3 = 1/2 .

(%i19) map (rhs, first(u_solns));

(%019) [0,2 *%r1l,%r11]

(%i20) v2 : cvec (%), %rll = 1/2;
(%020) matrix([0],[1],[1/2])

(%i21) is (equal (A . v2, a2 *Vv2));
(%021) true

We repeat this for the third eigenvale® = 3 and eigenvectov3:

(%i22) B : echelon(A - a3 * ident(3));
(%022) matrix([1,-1,2],[0,0,1],[0,0,0])

(%i23) w : B . v;

(%023) matrix([2 * u3-u2+ul],[u3],[0])

(%i24) u_solns : solve(Jw[1,1],w[2,1]],[ul,u2,u3]);
(%024) [[ul = %r3,u2 = %r3,u3 = 0]]

We choosaul = u2 = 1.

(%i25) map (rhs, first(u_solns));
(%025) [%r12,%r12,0]

(%i26) v3 : cvec (%), %rl2=1;
(%026) matrix([1],[1],[0])

We have arrived at the same set of eigenvectord a we did usingordan_chain , but we needed to make a choice
for an arbitrary parameter returned sylve for each eigenvector.
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Example 2. Repeated Real Eigenvalues of a Hermitian Matrix

Let A be the matrix

1 1

0o 11. (4.22)
10

A is real and symmetricAT = A), a special case of Hermitian or self-adjointmatrix. We know that any hermitian
matrix is a normal matrix and there exists a set of mutualtiiayonal eigenvectors.

The two distinct eigenvalues of the given matrixare real with one eigenvalue having multiplicity two. We a&se
eigenvalues(A) , jordan(A) , eigenvectors(A) , andjordan_chain(A,eival) to get the distinct eigenvalues,
multiplicities, and eigenvectors.

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([0,1,1],[1,0,1],[1,1,0]);

(%02) matrix([0,1,1],[1,0,1],[1,1,0])

(%i3) jn : jordan(A);

(%03) [[2,1],[-1,1,1]]

(%i4) [al,a2] : map (first,jn);

(%04) [2,-1]

(%i5) a3 : a2;

(%05) -1

(%i6) [v1] : map (‘cvec, jordan_chain(A,al));
(%06) [matrix([1],[1],[1])]

(%i7) [v2,v3] : map (‘cvec, jordan_chain(A,a2));
(%07) [matrix([1],[0],[-1]),matrix([0],[1],[-1])]

Each eigenvector is defined up to an overall constant migitipl he eigenvalue; = 2 corresponds to the eigenvector
1

vi=|1]. (4.23)
1

The eigenvalue\ = —1 has multiplicity2. The eigenvalue, = —1 corresponds to the eigenvector

1
vi=10]. (4.24)
-1
The eigenvalue\; = —1 corresponds to the eigenvector
3 _
vi=1|1]. (4.25)
-1

Here is a check of the eigenvalue equation solutions found:

(%i8) is (equal (A . vl, al *v1));
(%08) true
(%i9) is (equal (A . v2, a2 *Vv2));
(%09) true
(%il0) is (equal (A . v3, a3 *Vv3));
(%010) true

and a check of inner products.

(%ill) map (inner_prod, [v1,v2,v3], [v1,v2,v3] );
(%011) [3,2,2]
(%il2) map (inner_prod, [v1,v2,v3], [v2,v3,v1] );
(%012) [0,1,0]
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We leavevl alone and orthogonalize the p&i2,v3) using the Gram-Schmidt process.

(%i13) normal(A);

(%013) true

(%il4) map (lme,[v2,v3]);

(%014) [[1,0,-1],[0,1,-1]]

(%il5) gschmidt(%);

(%015) [[1,0,-1],[-1/2,1,-1/2]]

(%il6) [v2,v3] : map (‘cvec, %);

(%016) [matrix([1],[0],[-1]),matrix([-1/2],[1],[-1/2 Nl
(%il7) map (inner_prod, [v1,v2,v3], [v1,v2,v3] );
(%017) [3,2,3/2]

(%i18) map (inner_prod, [v1,v2,v3], [v2,v3,v1] );
(%018) [0,0,0]

Finally, we can produce an orthonormal set of eigenvectsisguthembe5.mac function normed(v) which returns a
vector normalized to 1.

(%i19) [vi,v2,v3] : map (‘'normed, [vi,v2,v3])$
(%i20) map (inner_prod, [v1,v2,v3], [v1,v2,v3] );
(%020) [1,1,1]

(%i21) map (inner_prod, [v1,v2,v3], [v2,v3,v1] );
(%021) [0,0,0]

and again check the eigenvalue equation.

(%i22) is (equal (A . vi1, al *v1));
(%022) true
(%i23) is (equal (A . v2, a2 *Vv2));
(%023) true
(%i24) is (equal (A . v3, a3 *Vv3));

(%024) true

Ex 2: Solving for the Eigenvectors by Hand

Given the eigenvalues, we solve for the eigenvectors by harah example of using Maxima at a lower level. First for
A1 = 2, we need to solve for the eigenvectowhich satisfies the eigenvector equatich— A\; I) v = Bv = 0. We can
simplify the algebra by reducing the coefficient matixo a simple triangular form usingchelon .

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([0,1,1],[1,0,1],[1,1,0]);
(%02) matrix([0,1,1],[1,0,1],[1,1,0])

(%i3) B : A - 2 =*ident(3);

(%03) matrix([-2,1,1],[1,-2,1],[1,1,-2])
(%i4) B : echelon(B);

(%04) matrix([1,-1/2,-1/2],[0,1,-1],[0,0,0])
(%i5) v : cvec ( [ul, u2, u3] );

(%05) matrix([ul],[u2],[u3])

(%i6) w : B . v;

(%06) matrix([(-u3/2)-u2/2+ul],[u2-u3],[0])
(%i7) w[1,1];

(%07) (-u3/2)-u2/2+ul

(%i8) w[2,1];

(%08) u2-u3

(%i9) u_solns : solve([w[1,1],w[2,1]],[ul,u2,u3]);
(%09) [[ul = %rl,u2 = %rl,u3 = %rl]]

All three components of!' are equal, but otherwise not constrained, so the simplestels to take them all equal tig
which is the choice made ksigenvectors  above.

For the case. = —1 we proceed as above:

(%i10) B : echelon(A + ident(3));
(%010) matrix([1,1,1],[0,0,0],[0,0,0])
(%ill) w : B . v;

(%011) matrix([u3+u2+ul],[0],[0])
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The single constraint is the equation + uo + u3 = 0, SO two values can be chosen arbitrarily, and the third velue
given by this equation. Choosing = 1, u; = 0, we then geti3 = —1 for the components of?. SinceA is a Hermitian
matrix, we know that'! andv? are automatically orthogonal (see below for a check).

To get a linearly independent eigenvectdrcorresponding to the same eigenvalue, we can make a difigneice foru,
andus, in such a way that? is not proportional tos* nor tov?, for exampleu; = 0, u, = 1, we then getiz3 = —1 for the
components of3. Note that with this choice? is not orthogonal tos?, butis linearly independent. We then check that
the determinant of the matrix whose columns are the thremeagtors is not zero, to confirm the linear independence of

our chosen set of eigenvectors.

(%il2) v1 : cvec([1,1,1]);

(%012) matrix([1],[1],[1])

(%il3) v2 : cvec([1,0,-1]);

(%013) matrix([1],[0],[-1])

(%il4) v3 : cvec([0,1,-1]);

(%014) matrix([0],[1],[-1])

(%il5) determinant (mcombine ([v1,v2,v3]));
(%015) 3

(%il16) map (inner_prod, [v1,v2,v3],[v2,v3,v1] );
(%016) [0,1,0]

Sincev? and v3 correspond to the same eigenvalue, they are not autontataréhogonal. If we requirev? to be

orthogonal tov?, as well as corresponding to the eigenvalue —1, then we need to satisfy two equations:

(%il7) eqnl : ul+u2+u3 = O;

(%017) u3+u2+ul = 0

(%il8) eqn2 : inner_prod(v2,v) = 0;

(%018) ul-u3 = 0

(%i19) usolns : solve([eqnl,eqgn2],[ul,u2,u3]);
(%019) [[ul = %r4, u2 = -2 *%r4, u3 = %r4]]

Making the choiceord = 1,

(%i20) map (rhs, first(usolns));

(%020) [%r4, -2 *%r4, %r4]

(%i21) v3 : cvec (%), %rd = 1;

(%021) matrix([1],[-2],[1])

(%i22) map (inner_prod, [v1,v2,v3],[v2,v3,v1] );
(%022) [0,0,0]

(%i23) determinant (mcombine ([v1,v2,v3]));
(%023) -6

Example 3. Repeated Real Eigenvalues of a Real Non-HermitiaMatrix

For a non-Hermitian matrix, it may not be possible to find asyrmearly independent eigenvectors (corresponding to a

repeated eigenvalue) as the multiplicity of that eigereallhus, consider:

1 -1
A= 5]

(4.26)

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,-1],[1,3]);
(%02) matrix([1,-1],[1,3])
(%i3) eigenvalues(A);

(%03) [[2].[2]]

(%i4) jordan(A);

(%04) [[2,2]]

(%i5) eigenvectors(A);

(%05) [[[2],[2]1,[[1.-1]1

The eigenvalues are = 2 with a multiplicity m = 2, but only one rank 1 eigenvector is found &igenvectors

return value ofordan(A) indicates that there exists a set of generalized eigem&gaahain consisting of one rank 1

eigenvector, and one rank 2 generalized eigenvector (Seébke

. The
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(%i6) [vi,v2] : map (‘cvec, jordan_chain(A,2));
(%06) [matrix([-1],[1]),matrix([1],[0])]

(%i7) is (equal (A . v1, 2 *v1));
(%07) true
(%i8) is (equal (A . v2, 2 *Vv2));

(%08) false

(%i9) B : A - 2 =*ident(2);
(%09) matrix([-1,-1],[1,1])
(%il0) vL_rank(B, [vi,v2] );
(%010) [1,2]

(%ill) chained (v1, B, v2);
(%011) true

If we look at the eigenvector problem by hand, from the pofntiew that if v is a rank 1 eigenvector of corresponding
to the eigenvalue. = 2, andB = A — 21, thenBv = 0.

(%il2) v : cvec([ul, u2]);

(%012) matrix([ul],[u2])

(%il3) B : echelon(A - 2 *ident(2));
(%013) matrix([1,1],[0,0])

(%ild) w : B . v;

(%014) matrix([u2+ul],[0])

and the only constraint on the eigenvectois thatus = —uy. With the arbitrary choice;; = 1, we get (up to an overall
constant)

ve {_11} | (4.27)

Thus there is only one rank 1 eigenvector associated witrefbeated eigenvalue.

5 Generalized Eigenvectors, Jordan Chains, Canonical BasiJordan Canonical Form

There may not always exist a full setoflinearly independent eigenvectors of arx n matrix A. This happens when
the algebraic multiplicityn of at least one eigenvalug is greater than its “geometric multiplicity’n,, defined as the
nullity of the matrix(A — \; I), which is the dimension of theullspaceof the matrix(A — \; I).

The difference of the algebraic and geometric multipksiti — m,) is the number of extra “generalized eigenvectors”
needed to get a complete setrofinearly independent eigenvectors of anx n matrix A, and these extra vectors will
have “vector rank” greater than 1.

The so-called “generalized eigenvectors” satisfy citevhich are more relaxed than those for an ordinary eigeorect
Quoting Bronson, Ch.9, where he defines the concepéctor rank of ageneralized eigenvectar

A non-zero vectow,, is a generalizedright) eigenvector ovector rank m for the square matrixd and
associated eigenvalueif

(A=AD)"v,, =0 but (A-XI)""'v,, #0. (5.1)

In particular, for the usual eigenvectors witctor rank 1 which correspond to the case= 1 (such as are returned by
eigenvectors(A) or nullspace(A - eival «1) ), becauseB® = I for any square matri®3, and henceB’ v = v,
for any B and any non-zero (conformable) column veacior

(A=AXI)vi=0 but (A—XI)°v; #0. (5.2)

Everyn x n matrix A hasn linearly independent generalized eigenvectors assacieith it. A generalized eigenvector
of vector rank 1 is an ordinary eigenvectorlfis an eigenvalue of algebraic multiplicityt, then A will have m linearly
independent generalized eigenvectors corresponding (iacluding the ordinary vector rank 1 eigenvectors). Theoge
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vectors spanned by all generalized eigenvectors for a giyéorms thegeneralized eigenspactr \;.

A generalized eigenvector; corresponding to\;, having multiplicity m, together with the matribB = (A — \; I)
generate dordan chain of independent generalized eigenvectors which form efemonical basisfor the subspace
associated with the matrid and the eigenvalug; or a “chained part” of a canonical basis.

An alternative set ofn linearly independent generalized eigenvectors (a basisdiua “canonical basis”) associated with
the matrixA and the eigenvalug; is returned bynullspace(B™p) , inwhichB = (A — \; I), andp is the smallest
positive integer such that the dimension of the nullspad&@f equals the multiplicityn of the eigenvalue\;.

As discussed in the Examples below, thee5.mac function vrank_max(B,m) returns the positive integgr which
satisfies the conditionullity(B~p) = m
Jordan Chains
Letv,, be a generalized eigenvector of vector rank m corresporditize matrix4 and the eigenvalug, such that
(A=AD)"v,, =0 but (A—XI)""lv,, #0. (5.3)

The chain generated by, is a set of vector§v,,, v,,—1, ..., vi} with the properties

V-1 = (A= AI)v,

V2 = (A= AI1)* vy = (A= XI) Vi1,

Vs = (A= AD)3 vy, = (A= XI) Vo,

vi=A-X)""v,, =(4A-\])vs.

Thus, in general, '
vi=A-X)"" v, =(A=-X])vjn (j=12,...,m—1). (5.4)

andv; is a generalized eigenvector of vector rank j correspontbrthe eigenvalue\. A chain is a linearly independent
set of vectors.
Canonical Basis

Let A be amn x n matrix. A set ofn linearly independent generalized eigenvectorsdargonical basisf it is composed
entirely of Jordan chains. Thus, once we have determinea theneralized eigenvector of vector ranks in a canonical
basis, it follows that then — 1 vectorsv,,,_1,v,, o, ..., vy that are in the Jordan chain generatedvhyare also in the
canonical basis.

5.1 Example 1
Suppose

1 1
A:[O J. (5.5)

5.1.1 Example 1 Using mcakolve(known.col,unknown_col, ukvarL)

This simple example introduces a group of usefibe5.mac functions which can be used to analyze and check Jordan
chains.

In the following Maxima session, we us@envalues  to find that there is only one eigenvalie= 1 and its algebraic
multiplicity is m = 2.
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We use the rank 1 ordinary eigenvector returne@iggnvectors , calling itvl. For convenience, we define
B : A - ident(2) ,corresponding to = 1.

The functionvrank(B,v)  returns the vector rank of the column vector

The functionvrank_max(B,m) returns the smallest positive integesuch that the dimension of the nullspaceB&ifp
equals the multiplicitymof the eigenvalueival ,withB : A - eival *1. This numbep is then the maximum vector
rank needed in the set of generalized eigenvectors. Thigtésion is equivalent teank(B™p) = n - m , using the
rank-nullity theorem1 is the number of rows of the matrior B).

The functionvrank_num(B,k)  returns the number of generalized eigenvectors which hae®rrank equal t&.

The functionvrank_numbers(B,m)  returns the lis{ [1,n1], [2,n2],...[p.np] ] , iIn whichnj is the number
of generalized eigenvectors (assoc. with the matrixnd eigenvalue with multiplicity m) which have rank , andp =
maximum vector rank, in whic? = (A — A I).

We usenullity(B) to confirm that the “geometric multiplicityin,, ( the dimension of the nullspace of the ma@jis
equal to 1, one less than the algebraic multiplicity, intiicathat we need one generalized eigenvector of rank 2reldai

to the eigenvector of rank 1) to arrive at a full set of gerieeal eigenvectors corresponding to the single eigenvalue
A = 1. We finally check that1 is a rank 1 matrix, using botirank and explicitly checking thaB . v1 is [0,0]T,
represented bynatrix([0],[0])

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,1],[0,1]);
(%02) matrix([1,1],[0,1])
(%i3) eigenvalues(A);
(%03) [[1],[2]]

(%i4) B : A - ident(2);
(%04) matrix([0,1],[0,0])
(%i5) determinant(B);
(%05) 0

(%i6) rank(B);

(%06) 1

(%i7) nullity(B);

(%07) 1

(%i8) vrank_max(B,2);
(%08) 2

(%i9) nullity(B™"2);

(%09) 2

(%i10) vrank_num(B,1);
(%010) 1

(%ill) vrank_numbers(B,2);
maximum vector rank = 2
(%011) [[1,1],[2,1]]

(%i12) [eivals,vecs] : eigenvectors(A);
(%012) [[[1L[2]1.[I1,0011]
(%il3) viL : part(vecs,1,1);
(%013) [1,0]

(%il4) v1 : cvec(vlL);
(%014) matrix([1],[0])
(%il5) vrank(B,v1);

(%015) 1

To solve for the rank 2 generalized eigenvestdyrepresented in Maxima b2 , we definev2 in terms of two unknowns,
v21 andv22, and require that the matrix equatieh = (A — A\ I) v2, represented in Maxima as = B . v2 is satis-
fied.

(Note: We cannot simply use : invert(B) . vl here because the matrixis singular and the inverse does not
exist; eitherank(B) = 1 < 2 or equivalentlydeterminant(B) = 0 , shows thaB is singular.)
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We let the symboBv2 stand for the column matri8 . v2 , which will be a function of the two unknowng1 and
v22. We then letsolve tell us the constraints imposed on these two unknown scgalamnsg thembe5.mac function
mcol_solve(vl,Bv2,[v21,v22]) , Which are then used to define a valuevafwhich satisfies the matrix equation
vl = (A — \I)v? between columns.

We then finally check thatl = B . v2 andB™2 . v2 = 0 , asis needed ¥2 is to be a rank 2 generalized eigen-
vector. The first property can be checked usithgined(v1,B,v2) , Which returns true if this relation is satisfied. The
second property can be checked by usirenk(B,v2) , which returns 2.

(%il6) v2L : [v21,v22];
(%016) [v21,v22]

(%il7) v2 : cvec(v2L);
(%017) matrix([v21],[v22])
(%il8) Bv2 : B . v2;
(%018) matrix([v22],[0])
(%il9) solns : mcol_solve(vl,Bv2,v2L);
(%019) [v21 = %rl,v22 = 1]
(%i120) v2L : map(rhs, solns);
(%0120) [%r1,1]

(%il21) v2 : cvec(v2L);
(%0121) matrix([%r1],[1])
(%i22) vrank(B,v2);

(%022) 2

(%i23) B2 . v2;

(%023) matrix([0],[0])

(%i24) chained(v1,B,v2);
(%024) true

(%i25) vi;

(%025) matrix([1],[0])

(%i26) B . v2;

(%026) matrix([1],[0])

The arbitrary scala¥rl can be left arbitrary, or simplified, say by letting it be zero

(%i27) v2 : v2, %rl = O;
(%027) matrix([0],[1])
(%i28) vrank(B,v2);
(%028) 2

(%i29) chained(v1,B,v2);
(%029) true

Our code for thenbe5.mac functionmcol_solve is:

mcol_solve(known_col, unknown_col, uk_varlL) :=
block([eqns:[], ssL ],
if not matrixp(known_col) then (
print(" need column matrices on both sides"),
return(done)),
if not matrixp(unknown_col) then (
print(" need column matrices on both sides"),
return(done)),
for j thru length (unknown_col) do
if unknown_col [j,1] # O then egns : cons(known_col[j,1] = un known_col[j,1], eqgns),
ssL : solve ( egns, uk_varl),
if length(ssL) = 1 then first(ssL)
else ssL)$
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5.1.2 Example 1 Using jordanchain(A, eival)

The contributed packagdiag.mac is loaded automatically when we loasbe5.mac, and contains several valuable
functions.

Thediag.mac functionjordan(A) for this example returnf§1,2]] , indicating there is a single eigenvalde= 1 and
the single Jordan chain ends (begins) with a maximum veatdt 2 generalized eigenvector.

In a more complicated problem, such as Example 3, in wHigsia6 x 6 matrix (Bronson, Prob. 9.10) :

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([4,2,1,0,0,0],[0,4,-1,0,0,0],[0,0,4,0 ,0,01,[0,0,0,4,2,0],
[0,0,0,0,4,0],[0,0,0,0,0,7])$

(%i3) eigenvalues(A);

(%03) [[4,7]1.[5,1]]

(%i4) jordan(A);

(%04) [[4,3,2],[7,1]]

in which the eigenvalue = 4 has multiplicitym = 5 and the eigenvalua = 7 has multiplicitym = 1, jordan(A) ’s

first sublist describes the chain content of the- 4 subspace: two chains, the first consisting of chained veetith
ranks 1,2, and 3, and the second chain consisting of chaeadrg with ranks 1 and 2, adding up to a total of 5 general-
ized eigenvectors spanning the subspace.

Thembe5.mac interface functiorjordan_chain(A, eival) calls thediag.mac function ModeMatrix to produce

a set a generalized eigenvectors of the marborresponding to the eigenvala&al . The elements of the generalized
vectors are returned Qyrdan_chain  as lists. The vector rank of a ligt. of generalized eigenvectors can be inspected
all at once, as shown below, using thhee5.mac functionvL_rank(B,vL)

(%i5) A : matrix([1,1],[0,1]);
(%05) matrix([1,1],[0,1])

(%i6) eigenvalues(A);

(%06) [[1].[2]]

(%i7) jordan(A);

(%07) [[1,2]]

(%i8) chain : jordan_chain(A,1);
(%08) [[1,0],[0,1]]

(%i9) [v1,v2] : map(cvec, chain);
(%09) [matrix([1],[0]),matrix([0],[1])]
(%il0) B : A - ident(2);

(%010) matrix([0,1],[0,0])

(%ill) vL_rank(B,[v1,v2]);

(%011) [1,2]

(%il2) chained(vl,B,v2);

(%012) true

The advantage of usirjgrdan_chain(A,eival) is that one obtains a set of generalized eigenvectors, wutitieaving

to assign values to the arbitrary parameters, suc¢hraswhichsolve returns with its solutions. Of course, in general,
the set will look different from a set derived “by hand”, ugimcol_solve . In this case, the set of generalized eigenvec-
tors happens to be the same set as follows from our decisiosetdrl = 0 above.

An “almost diagonal” matrix/ in Jordan canonical form, related by a similarity transformation, is obtained by first
forming a “generalized modal matrix¥/ whose columns are a set of two chained generalized eigemgeatA. The
columns of M are acanonical basisfor A, and the connection with the Jordan canonical forrd & = M J, which
impliesJ = M~' A M. In this simple cas@/ turns out to be the same as the identity matrix.

M = [Vl Vg] = |:é (1):| (56)

To illustrate a general approach, we use @be5.mac function mcombine(L) , wherelL is a list of column vectors, to
combine the two known generalized eigenvectors into onarequatrix, and then the Jordan canonical (normal) fdrm
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(%il4) M : mcombine([v1,v2]);
(%014) matrix([1,0],[0,1])
(%i15) J : M™7(-1) . A . M;
(%015) matrix([1,1],[0,1])

In this simple case, becaus#is the same as the identity matix , and the inverse of the identity matrix is the same
identity matrix, the matrix product of andMgive the Jordan canonical form.

(%il6) 12 : ident(2);
(%016) matrix([1,0],[0,1])
(%i17) 127(-1);

(%017) matrix([1,0],[0,1])
(%i18) A . M;

(%018) matrix([1,1],[0,1])

We can also directly use thebe5.mac interface functionsnodal_matrix(A) andmJordan(A) , both of which call
functions defined inliag.mac .

(%i19) M : modal_matrix(A);
(%019) matrix([1,0],[0,1])
(%i20) J : M™7(-1) . A . M;
(%020) matrix([1,1],[0,1])
(%i21) mJordan(A);

(%021) matrix([1,1],[0,1])

5.2 Example 2: One Chain Per Eigenvalue Example

Supposed is theb x 5 matrix

1 0 000
3 1000

A=16 3 2 00 (5.7)
10 6 3 2 0
15 10 6 3 2

In the following Maxima session, we use eitleigenvalues  or eigenvectors  to find that there are two eigenvalues:
A1 = 1 with algebraic multiplicitym; = 2 and geometric multiplicityn,; = 1, andy = 2 with algebraic multiplicity
mg = 3 and geometric multiplicityngo = 1.

5.2.1 Example 2 Using jordanchain(A, eival)

We described the origin and usejofdan_chain(A,eival) above in Example 1 of our generalized vectors section.
For convenience, we defirgd : A - 15 , inwhichI5 istheb x 5 identity matrix, andB2 : A - 2 15 .

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([1,0,0,0,0],[3,1,0,0,0], [6,3,2,0,0],[ 10,6,3,2,0],[15,10,6,3,2])$
(%i3) eigenvalues(A);

(%03) [[1,2],[2,3]]

(%i4) multiplicity(A);

(%04) [[1,2],[2,3]]

(%i5) jordan(A);

(%05) [[1,2],[2,3]]

(%i6) 15 : ident(5)$

(%i7) BL : A - I5;

(%07) matrix([0,0,0,0,0],[3,0,0,0,0],[6,3,1,0,0],[10 ,6,3,1,0],[15,10,6,3,1])
(%i8) vrank_numbers(B1,2);

maximum vector rank = 2

(%08) [[1,1].[2,1]]

(%i9) chainl : jordan_chain(A,1);

(%09) [[0,3,-9,9,-3],[1,0,-15,44,-60]]

(%i10) [x1,x2] : map(cvec, chainl);

(%010) [matrix([0],[3],[-9],[9],[-3]),matrix([1],[0] ,[-15],[44],[-60])]
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(%ill) vL_rank(B1,[x1,x2]);
(%011) [1,2]
(%il2) chained(x1,B1,x2);
(%012) true

sox2 is a generalized eigenvector of rank 2, corresponding o1, chained toxl and reflecting a particular choice of a
free arbitrary parameter.

We next generate the three generalized eigenvectors por@isig toA = 2 and multiplicitym = 3.

(%il3) B2 : A - 2 =I5
(%013) matrix([-1,0,0,0,0],[3,-1,0,0,0],[6,3,0,0,0],
[10,6,3,0,0],[15,10,6,3,0])

(%il4) vrank_numbers(B2,3);

maximum vector rank = 3

(%014) [[1,1],[2,1],[3,1]]

(%il5) chain2 : jordan_chain(A,2);

(%015) [[0,0,0,0,9],[0,0,0,3,6],[0,0,1,0,0]]

(%il6) [yl,y2,y3] : map('cvec, chain2);

(%016) [matrix([0],[0],[0],[0],[9]),matrix([0],[0].[ 01.[31.[6D).
matrix([0],[0],[1].[0],[0])]

(%il7) vL_rank(B2,[yl,y2,y3]);

(%017) [1,2,3]

(%il18) chained(y1,B2,y2);

(%018) true

(%il9) chained(y2,B2,y3);

(%019) true

soy2 is arank 2 generalized eigenvector corresponding $02, andy3 is a rank 3 generalized eigenvector correspond-
ing to A\ = 2, both corresponding to some unknown choice of free andrarpiparameters.

The Jordan chained sets of generalized eigenvectors apéygiiaked out byjordan_chain(A) as the columns of the
(not unigue) modal matrix usingodal_matrix(A)

(%i20) M : modal_matrix(A);
(%020) matrix([0,1,0,0,0],[3,0,0,0,0],[-9,-15,0,0,1]
[9,44,0,3,0],[-3,-60,9,6,0])

5.2.2 Example 2 Using mcakolve(known.col,unknown_col, ukvarlL)

We use the rank 1 ordinary eigenvectors returne@ibgnvectors , calling the rank 1 vectox1 for the \; = 1 case
and calling the rank 1 vectoil for the A = 2 case.

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([1,0,0,0,0],[3,1,0,0,0], [6,3,2,0,0],[ 10,6,3,2,0],[15,10,6,3,2])$
(%i3) eigenvalues(A);

(%03) [[1,2],[2,3]]

(%i4) 15 : ident(5)$

(%i5) B1 : A - I5;

(%05) matrix([0,0,0,0,0],[3,0,0,0,0],[6,3,1,0,0],[10 ,6,3,1,0],[15,10,6,3,1])
(%i6) vrank_numbers(B1,2);

maximum vector rank = 2

(%06) [[1,1].[2,1]]

(%i7) B2 : A - 2 =*I5;

(%07) matrix([-1,0,0,0,0],[3,-1,0,0,0],[6,3,0,0,0],[ 10,6,3,0,0],[15,10,6,3,0])
(%i8) vrank_numbers(B2,3);

maximum vector rank = 3

(%08) [[1,1],[2,1],[3.1]]

(%i9) [eivals,vecs] : eigenvectors(A);

(%09) [[[1,2],[2,3]1,[[[0.1,-3,3,-1]],[[0,0,0,0,1]]] ]

(%il0) x1L : part(vecs,1,1);

(%010) [0,1,-3,3,-1]

(%ill) x1 : cvec(xlL);

(%011) matrix([0],[1],[-3].[3].[-1])
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(%il2) vrank(B1,x1);

(%012) 1

(%il3) ylL : part(vecs,2,1);
(%013) [0,0,0,0,1]

(%il4) y1 : cvec(ylL);
(%014) matrix([0],[0],[0],[0],[1])
(%il5) vrank(B2,yl);

(%015) 1

We then follow steps similar to those in example 1, for eadispace, first fon = 1.

(%il6) x2L : [x21,x22,x23,x24,x25];
(%016) [x21,x22,x23,x24,x25]
(%il7) x2 : cvec(x2L);
(%017) matrix([x21],[x22],[x23],[x24],[x25])
(%il8) B1x2 : B1 . x2;
(%018) matrix([0],[3 *X21],[x23+3  *x22+6 * x21],[x24+3  *x23+6 *x22+10 *x21],
[X25+3 *x24+6 * x23+10 * x22+15 * x21])
(%i19) solns : mcol_solve(x1,B1x2,x2L);
(%019) [x21 = 1/3x22 = (-%r1)-20,x23 = 3 * %r1+55,
x24 = -(9 *%rl+136)/3,x25 = %rl]
(%i20) x2L : map(’rhs, solns), %rl = O;
(%020) [1/3,-20,55,-136/3,0]
(%i21) x2 : cvec (x2L);
(%021) matrix([1/3],[-20],[55],[-136/3],[0])
(%i22) vrank(B1,x2);
(%022) 2
(%i23) chained(x1,B1,x2);
(%023) true

sox2 is a generalized eigenvector of rank 2, corresponding £o 1, chained to1 and reflecting a particular choice of
the arbitrary paramet&brl.

We can then find a set of generalized eigenvectors corresgptal\ = 2 with ms = 3 in the same way, starting with
yl.

(%i24) y2L : [y21,y22,y23,y24,y25];

(%024) [y21,y22,y23,y24,y25]

(%i25) y2 : cvec(y2L);

(%025) matrix([y21],[y22],[y23],[y24],[y25])

(%i26) B2y2 : B2 . y2;

(%026) matrix([-y21],[3 *y21-y22],[3  *y22+6 *y21],[3 *y23+6 *y22+10 *y21],
[3 *y24+6 *y23+10 *y22+15 *y21])

(%i27) solns : mcol_solve(yl,B2y2,y2L);

solve: dependent equations eliminated: (4)

(%027) [y21 = 0,y22 = 0,y23 = 0,y24 = 1/3,y25 = %r2]

(%i28) y2L : map(’rhs, solns),%r2 = 0;

(%028) [0,0,0,1/3,0]

(%i29) y2 : cvec(y2L);

(%029) matrix([0],[0],[0],[2/3],[0])

(%i30) vrank(B2,y2);

(%030) 2

(%i31) chained(y1,B2,y2);

(%031) true

(%i32) y3L : [y31,y32,y33,y34,y35];

(%032) [y31,y32,y33,y34,y35]

(%i33) y3 : cvec(y3L);

(%033) matrix([y31],[y32],[y33],[y34],[y35])

(%i34) B2y3 : B2 . y3;

(%034) matrix([-y31],[3 *y31-y32],[3  *y32+6 xy31],[3 *y33+6 *y32+10 *y31],
[3 *y34+6 *y33+10 * y32+15 * y31])

(%i35) solns : mcol_solve(y2,B2y3,y3L);

solve: dependent equations eliminated: (4)

(%035) [y31 = 0,y32 = 0,y33 = 1/9,y34 = -2/9,y35 = %r3]

(%i36) y3L : map(’rhs, solns), %r3 = O;

(%036) [0,0,1/9,-2/9,0]

(%i37) y3 : cvec(y3L);

(%037) matrix([0],[0],[1/9],[-2/9],[0])

(%i38) vrank(B2,y3);

(%038) 3
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(%i39) chained(y2,B2,y3);
(%039) true

soy2 is arank 2 generalized eigenvector corresponding 02, andy3 is a rank 3 generalized eigenvector correspond-
ingto A = 2.

The above steps have produced a sdtasfis vectorsfor each of thegeneralized eigenspacesf A, which have included
choices of the values of three free variables (arbitraraipaters) whiclsolve includes in the solutions. Those choices
affect the actual values of the vector elements, but anycesgiroduce a valid complete set of basis vectors.

Together, the two chains of generalized eigenvectors $maspace of all 5-dimensional column vectors; any such vecto
can be written as a linear combination of these five genexdlEgenvectors.

0 1/3 0] T 0 0
1 —20 0 0 0
{Xl,XQ} = -3 99 s {yl,}’g,yg} = 0 0 1/9 (58)
3| [-136/3 ol [1/3] [-2/9
-1 0 1 0 0

An “almost diagonal” matrix/ in Jordan canonical form, related #bby a similarity transformation, is obtained by first
forming a “generalized modal matrixV/ whose columns are a set of five generalized eigenvecta#s of

0 /3 0 0 0
1 20 0 0 0
M=[x1 x2 y1 y2 y3]=|-3 55 0 0 1/9 (5.9)
3 —136/3 0 1/3 —2/9
-1 0 1 0 0

We use oumbe5.mac functionmcombine(L) , whereL is a list of column vectors.

(%i40) M : mcombine([x1,x2,y1,y2,y3]);
(%040) matrix([0,1/3,0,0,0],[1,-20,0,0,0],[-3,55,0,0 ,1/9],
[3,-136/3,0,1/3,-2/9],[-1,0,1,0,0])

The columns ofM are a (not uniquetanonical basisfor A, and the connection with the Jordan canonical form is
AM = M J, which impliesJ = M~' A M.

(%idl) J : M7(-1) . A . M;
(%041) matrix([1,1,0,0,0],[0,1,0,0,0,[0,0,2,1,0],[0 ,0,0,2,1],[0,0,0,0,2])
(%i42) display2d:true$
(%i43) J;
[1 1 0 0 0]

[ 1
[001 0 0 0]

[

(%043) [0 0 2 1 0]
[ 1
[0 0 0 2 1]

[ ]
[0 0 0 0 2]

which produces

(5.10)

<

Il
coocor
cCo o R~
co oo
o~ oo
o = o oo
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The contributed packag#iag.mac has the functiordispJordan(L) , in whichL is the list returned byordan(A)
which produces the Jordan canonical form without the négeskinteractively finding a canonical generalized basis
of A and constructing the generalized modal mafvix(as done above). Thabe5.mac function mJordan(A) is our
interface todispJordan

(%i44) display2d:false$
(%i45) dispJordan(jordan(A));

(%045) matrix([1,1,0,0,0],[0,1,0,0,01,[0,0,2,1,01,[0 00.21110,000.2])
(%i46) mJordan(A);
(%046) matrix([1,1,0,0,0],[0,1,0,0,01,[0,0,2,1,01,[0 00.211100.00.2)

The generalized modal matrix is not unique, but we get theesdmndan canonical form. Here we use thiee5.mac
interface functiormodal_matrix(A)

(%i47) M : modal_matrix(A);
(%047) matrix([0,1,0,0,0],[3,0,0,0,0],[-9,-15,0,0,1]
[9,44,0,3,0],[-3,-60,9,6,0])
(%i48) J : M™(-1) . A . M;
(%048) matrix([1,1,0,0,01,[0,1,0,0,0],[0,0,2,1,0],[0 ,0,0,2,1],[0,0,0,0,2])

5.3 Example 3: Two Chains Per Eigenvalue Example

Example 3 is Bronson, Prob. 9.10. The given mattiis the6 x 6 matrix

—

(5.11)

O OO OO
O =N O OO
N O O O o o

OO OO =N
OO = O oo

O O O =

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([4,2,1,0,0,0],[0,4,-1,0,0,0],[0,0,4,0 ,0,0,[0,0,0,4,2,01,[0,0,0,0,4,0],[0,0,0,0,0,7])$
(%i3) eigenvalues(A);

(%03) [[4,71,[5,1]]

(%i4) jordan(A);

(%04) [[4,3,2],[7,1]]

in which the eigenvalue = 4 has multiplicitym = 5 and the eigenvalug = 7 has multiplicitym = 1, jordan(A) s
first sublist[4,3,2]  describes the chain content of the= 4 subspace: two chains, the first consisting of chained v&ctor
with ranks 1,2, and 3, and the second chain consisting ohelarectors with ranks 1 and 2, adding up to a total of 5
generalized eigenvectors corresponding te 4.

(%i5) 16 : ident(6)$

(%i6) B4 : (A - 4 ~*16)$
(%i7) vrank_max(B4,5);
(%07) 3

(%i8) vrank_numbers(B4,5);
maximum vector rank = 3
(%08) [[1,2],[2,2],[3,1]]

(%i9) nullity(B4);

(%09) 2

The dimension of the nullspace of the maixis 2 and we get two ordinary rank 1 eigenvectors correspgnigin = 4
usingeigenvectors(A)

(%il0) eigenvectors(A);
(%010) [[[4,7],[5,1]].[[[1,0,0,0,0,0],[0,0,0,1,0,0]] ,[[0,0,0,0,0,1]1]]
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The geometric multiplicity of the\. = 4 sector is 2, algebraic multiplicityn = 5, so we need 3 generalized eigenvectors
with rank greater than 1. Starting with two known eigenvestaf rank 1, one needs to add 3 generalized eigenvectors of
rank greater than 1.

(%ill) [v1,v2,v3,v4,v5] : map('cvec,jordan_chain(A,4)) ;

(%011) [matrix([-2],[0],[0].[0],[0],[0]), matrix([1], [-11,[01,[0],[0].[0]).
maitrix([0],[0],[1],[0],[0],[0]), matrix([0],[0],[0], [21,[0].[0]),
matrix([0],[0],[0],[0],[1],[0])]

(%il2) vL_rank(B4, [v1,v2,v3,v4,V5]);

(%012) [1,2,3,1,2]

(%il3) vrank(B4,v3);

(%013) 3

(%il4) B4™3 . v3;

(%014) matrix([0],[0],[0],[0],[0],[0])

(%il5) chained (v2,B4,v3);

(%015) true

(%il6) chained (v1,B4,v2);

(%016) true

(%il7) vrank(B,v5);

(%017) 2

(%il8) B4™2 . v5;

(%018) matrix([0],[0],[0].[0],[0],[0])

(%il9) chained (v4,B4,v5);

(%019) true

The sixth eigenvector is the rank 1 vector correspondiny 07 having multiplicitym = 1.

(%i20) B7 : (A - 7 *16);

(%020) matrix([-3,2,1,0,0,0],[0,-3,-1,0,0,0],[0,0,-3 ,0,0,01,[0,0,0,-3,2,0],
[0,0,0,0,-3,0],[0,0,0,0,0,0])

(%i21) nullity(B7);

(%021) 1

(%i22) vrank_numbers(B7,1);

maximum vector rank = 1

(%022) [[1,1]]

(%i23) [v6] : map('cvec,jordan_chain(A,7));

(%023) [matrix([0],[0],[0],[0],[0],[1])]

(%i24) v6;

(%024) matrix([0],[0],[0],[0],[0],[1])

(%i25) vrank(B7,v6);

(%025) 1

(%i26) B7 . v6;

(%026) matrix([0],[0],[0].[0],[0],[0])

An “almost diagonal” matrix/ in Jordan canonical form, related by a similarity transformation, is obtained by first
forming a “generalized modal matrix¥/ whose columns are a set of six generalized eigenvectass which we then
compare with our interface functionodal_matrix(A)

(%i27) M : mcombine([vl,v2,v3,v4,v5,v6]);

(%027) matrix([-2,1,0,0,0,0],[0,-1,0,0,0,0],[0,0,1,0 ,0,01,[0,0,0,2,0,0],
[0,0,0,0,1,0],[0,0,0,0,0,1])

(%i28) modal_matrix(A);

(%028) matrix([-2,1,0,0,0,0],[0,-1,0,0,0,0],[0,0,1,0 ,0,01,[0,0,0,2,0,0],
[0,0,0,0,1,0],[0,0,0,0,0,1])

The columns ofM are a (not uniquetanonical basisfor A, and the connection with the Jordan canonical form is
AM = M J, which impliesJ = M~ A M. We compare with using our interface functimdordan(A) .

(%i29) J : M™(-1) . A . M;

(%029) matrix([4,1,0,0,0,0],[0,4,1,0,0,0],[0,0,4,0,0 ,01,[0,0,0,4,1,0],
[0,0,0,0,4,0],[0,0,0,0,0,7])

(%i30) mJordan(A);

(%030) matrix([4,1,0,0,0,0],[0,4,1,0,0,0],[0,0,4,0,0 ,01,[0,0,0,4,1,0],
[0,0,0,0,4,01,[0,0,0,0,0,7])

which shows agreement.
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6 Set of Innomogeneous Linear Algebraic Equations\ x = b

We assume here that is a given square x n matrix, (the “coefficient matrix”), the n-component columeactorb is
known and the n-component column vectois to be found. The matrix equation

Ax=b (6.1)

then stands for a system oflinear algebraic equations #nunknowns.

If the square matri¥ is singular, that isdet A = 0, then solutions oA x = b either do not exist, or do exist but are not
unique.

A system of simultaneous linear algebraic equations maggassno solutions, exactly one solution, or more than one
solution. A set of simultaneous equationgansistentif it possesses at least one solution; otherwiseirggnsistent

Theaugmented matrix corresponding to (6.1) is the partitioned matik| b].

Bronson (Ch. 2) presents two theorems and three simplifgpeyations.

1. The systemd x = b is consistent if and only if the rank of equals the rank dfA | b |.

2. Denote the rank afl ask, and the number of unknowns aslf the systemA x = b is consistent, then
the solution contains—k arbitrary scalars, given in Maxima by the differeneegth(A) - rank(A)

Simplifying Operations

Three operations that alter the form of a system of simutiasdinear equations but do not alter its solution
set are:

(O1): Interchanging the sequence of two equations.

(02): Multiplying an equation by a nonzero scalar.

(03): Adding to one equation a scalar times another equation

Applying operations O1, 02, and O3 to the system (6.1) isvadgit to applying the elementary row opera-
tions to the augmented matiid | b].

Gaussian eliminationis an algorithm for applying these operations systemdyictl obtain a set of equa-
tions that is easy to analyze for consistency and easy te #ahis consistent.

In linear algebraGaussian elimination (also known as row reduction) is an algorithm for solvingtegss of linear
equations. This method can also be used to find the rank of xmtat calculate the determinant of a matrix, and to
calculate the inverse of an invertible square matrix.

Errors due to rounding can become a problenGaussian elimination To minimize the effect of round-
off errors, a variety of pivoting strategies have been psepo(partial, scaled, or complete)-pivoting, each
modifying Step 3 of the algorithm for transformation of theganented matrix to row-echelon form. Pivoting
strategies are merely criteria for choosing the pivot eleme

Gaussian elimination with partial pivoting involves searching the work column of the augmented matrix
for the largest element in absolute value appearing in thewuwork row or a succeeding row. That element

becomes the new pivot. To upartial pivoting , replace Step 3 of the algorithm for transforming a matrix to

row-echelon form with the following:

New Step 3 Beginning with row R and continuing through successivesol@cate the largest element in
absolute value appearing in the work column C. Denote thieréivein which this element appears as row |I.
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If 1 is different from R, interchange rows | and R. Row R willwdave, in column C, the largest nonzero
element in absolute value appearing in column C of row R orramysuceeding it. This element in row R
and column C is called thgivot; let P denote its value.

There are more powerful pivoting strategies which requitgrarcomputations. Since the goal is to avoid
significant roundoff error, it is not necessary to find thetlpgot element at each stage, but rather to avoid
bad ones. Thugartial pivoting is the strategy most often implemented.

The Maxima functionsriangularize andechelon both use a version of Gaussian elimination (not includingigla
pivoting) to return the upper triangular form of a matrix thvthe same return value, except that in the return value of
triangularize , the leading nonzero coefficient in each row is not normdlizel. Both of these Maxima functions
convert input numbers to rational numbers (ratios of integend use integer arithmetic to arrive at the row echedom f

(or upper triangular form), producing exact answers in geahrational numbers, which can then be useddye to
produce “exact” answers (and floating point answers aceuoafl5 digits after the exact answer has been converted to
floating point), eliminating the need for using the methoti%artial pivoting.” Here is an example of using Maxima to
convert floating point numbers to rational numbers usingMigima functionrationalize

(%i1) fpprintprec:16$

(%i2) rationalize(0.1);

(%02) 3602879701896397/36028797018963968

(%i3) float(%);

(%03) 0.1

(%i4) rationalize(1e-20);

(%04) 6646139978924579/66461399789245793645190353014 0172288
(%i5) float(%);

(%05) 1.0e-20

(See the two sections below which carry out tests using srakles for a parameter in the given matrix.)

Both echelon andtriangularize immediately switch rows to get a 1 in the working row and catuwithout ad-
ditional work, and without any knowledge of the size of quited represented by symbols. Here is an example of the
behavior oftriangularize with symbolic and integer inputs:

(%i6) triangularize(matrix([a,b,c],[d,e,f]));

(%06) matrix([a,b,c],[0,a *xe-b xd,a «f-c +d])

(%i7) triangularize(matrix([a,b,c],[1,e,f]));

(%07) matrix([1,e,f],[0,b-a xe,c-a f])

(%i8) triangularize(matrix([1,b,c],[d,e,f]));

(%08) matrix([1,b,c],[0,e-b +xd,f-c  d])

and here is an example of the behavioedifelon with symbolic and integer inputs.

(%i9) echelon(matrix([a,b,c],[d,e,f]));

(%09) matrix([1,b/a,c/a],[0,1,(a xf-c *d)/(a *e-b=d)])
(%i10) echelon(matrix([a,b,c],[1,e,f]));

(%010) matrix([1,e,f],[0,1,(a f-c)/(a  *e-b)])

(%ill) echelon(matrix([1,b,c],[d,e,f]));

(%011) matrix([1,b,c],[0,1,(f-c xd)/(e-b  *d)])

6.1 Examples

Example 1
Consider solving the system (6.1) if
1 1 1 )
A=12 3 5|, b=|8]. (6.2)
4 0 5 2

We use the Maxima functioaddcol(A,bL)  to define the augmented matb, given the coefficient matria and the
list bL of the elements of the column vector We find that the rank afl is 3, and the rank of the augmented mafi¥b]
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is 3, so this system isonsistentand has at least one solution.

Since the rank ofd is the same as the number of unknowns (the number of rows,ahere should be a single unique
solution. We useCd : echelon(Ab)  to reduce the partitioned matrix to row-echelon form. We osehomemade
functions (available imbe5.mac) solve_aug(Cd, xL) andgauss_jordan(A,bL,xL) to independently find the so-
lution vectorxs.

The code for these homemade functions is listed in the nekibse

Neither of these methods usiesert(A) or determinant(A) . We finally check thalA . xs = b . We use the
homemade functioavec , asinb : cvec(bL) for example, to convert a list into a matrix column vector.

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([1,1,1],[2,3,5],[4,0,5]);
(%02) matrix([1,1,1],[2,3,5],[4,0,5])
(%i3) rank(A);

(%03) 3

(%i4) determinant(A);

(%04) 13

(%i5) bL : [5,8,2];

(%05) [5,8,2]

(%i6) Ab : addcol(A,bL);

(%06) matrix([1,1,1,5],[2,3,5,8],[4,0,5,2])
(%i7) rank(Ab);

(%07) 3

(%i8) Cd : echelon(Ab);

(%08) matrix([1,0,5/4,1/2],[0,1,5/6,7/3],[0,0,1,-2])
(%i9) xL : [x1,x2,x3];

(%09) [x1,x2,x3]

(%i10) solve_aug(Cd,xL);

(%010) [x1 = 3,x2 = 4x3 = -2]
(%ill) gauss_jordan(A,bL,xL);
(%011) [x1 = 3x2 = 4x3 = -2]
(%i12) xsL : map(’rhs,%);

(%012) [3,4,-2]

(%il3) b : cvec(bL);

(%013) matrix([5],[8],[2])

(%il4) xs : cvec(xsL);

(%014) matrix([3],[4].[-2])

(%il5) A . xs;

(%015) matrix([5],[8],[2])

Example 2: A Singular Coefficient Matrix

Consider solving the system (6.1) if

210 5
A=13 6 1|, b=]1 (6.3)
5 7 1 8
Since the rank ofl is 2, and the rank of the augmented maft¥b] is 3, this system ignconsistentand no solution exists.

We note thatdet A = 0, which indicates that the inverse does not exist.

The use okchelon onthe augmented matrb shows that one of the three equations has the forgH-0 20 +0x3 = 1,
which cannot be satisfied.

If we nevertheless try to usevert(A) , we get an error return, which warns that we are trying toddidy0.

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([2,1,0],[3,6,1], [5,7,1]);
(%02) matrix([2,1,0],[3,6,1],[5,7,1])
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(%i3) rank(A);

(%03) 2

(%i4) determinant(A);

(%04) 0

(%i5) bL : [5,1,8];

(%05) [5,1,8]

(%i6) Ab : addcol(A,bL);

(%06) matrix([2,1,0,5],[3,6,1,1],[5,7,1,8])
(%i7) rank(Ab);

(%07) 3
(%i8) Cd : echelon(Ab);
(%08) matrix([1,1/2,0,5/2],[0,1,2/9,-13/9],[0,0,0,1] )

(%i9) xL : [x1,x2,x3];

(%09) [x1,x2,x3]

(%i10) solve_aug(Cd,xL);

(%010) ]

(%ill) gauss_jordan(A,bL,xL);

inconsistent problem: no solution

(%011) done

(%il2) invert(A);

expt: undefined: 0 to a negative exponent.

-- an error. To debug this try: debugmode(true);

Example 3: A Solution Vector Depending on One Arbitrary Scahr

Consider solving the system (6.1) if
0 4 1 2
A=12 6 —-2|, b= [3]. (6.4)
4 8 =5 4
Since the rank ofd is 2, and the rank of the augmented matfi¥b] is also2, this system izonsistentand at least one
solution exists.

Because the rank isless than the number of unknowns, the solution vector wiletiel on one arbitrary scalar, which
we callt in our Maxima solution. Since there are an infinite numberalfies we can choose forthere are an infinite
number of solution vectors.

We also note thaflet A = 0, which indicates that the inverse does not exist. Howeliergetstill exist an infinite number
of solution vectors.

We again check the solution vector at the end.

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([0,4,1],[2,6,-2],[4,8,-5]);
(%02) matrix([0,4,1],[2,6,-2],[4,8,-5])

(%i3) rank(A);

(%03) 2

(%i4) determinant(A);

(%04) 0

(%i5) bL : [2,3,4];

(%05) [2,3,4]

(%i6) Ab : addcol(A,bL);

(%06) matrix([0,4,1,2],[2,6,-2,3],[4,8,-5,4])
(%i7) rank(Ab);

(%07) 2

(%i8) Cd : echelon(Ab);

(%08) matrix([1,3,-1,3/2],[0,1,1/4,1/2],[0,0,0,0])
(%i9) xL : [x1,x2,x3];

(%09) [x1,x2,x3]

(%i10) solve_aug(Cd,xL);

solve: dependent equations eliminated: (3)
(%010) [x1 = (7 *%rl)/4x2 = -(%rl-2)/4,x3 = %rl]
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(%ill) gauss_jordan(A,bL,xL);
solution depends on 1 arbitrary parameter(s)
transfer to solve

solve: dependent equations eliminated: (3)

(%011) [x1 = (7 *%r2)/4,x2 = -(%r2-2)/4,x3 = %r2]
(%il2) %, %r2 = t;

(%012) [x1 = (7 *t)/4x2 = -(t-2)/4,x3 = {]

(%il3) xsL : map(rhs,%);

(%013) [(7 =*t)/4,-(t-2)/4,1]

(%il4) xs : cvec(xsL);

(%014) matrix([(7 * t)/4],[-(t-2)/4],[t])

(%il5) b : cvec(bL);

(%015) matrix([2],[3],[4])

(%il6) A . xs;

(%016) matrix([2],[(3 *1)/2-(3 = (t-2))/2],[2 *t-2 *(t-2)])
(%il7) ratsimp(%);

(%017) matrix([2],[3].[4])

6.2 Example of a Matrix Containing a Small Parametere
partial pivoting can usually be avoided

If the coefficient matrix contains small parameters, and s& eaonventional double precision (16 digit) arithmetic; ex

perience shows that one should try to avoid dividing by a kmahber, producing very large numbers which dominate
the subsequent numbers dealt with, to reduce the chancesid Imany significant digits when subtracting two 16 digit
numbers which are very close in value.

Using Maxima'’s symbolic capability, we can avoid the use aftjal pivoting by leaving small parameters in symbolic
form, and getting an exact symbolic solution. The soluticas then be reduced to numerical form by substitution of
numbers for the symbolic parameters.

We consider the issue of “roundoff errors” and the use ofiglgivoting with a simple2 x 2 example. We let here be a
small number and seek the solution of the pair of equations

ex1+xo=1+¢
T+ 19 =2

We can easily check that the correct answerjis= zo = 1. Using matrices, we solve the matrix equation

e 1 1+e€
R R -

for the unknown column vectox.

6.2.1 Maxima Symbolic Solutions
Use of invert(A) with a Symbolic Problem

Using the Maxima functiomvert , we use the solution method:
x=A"b. (6.6)

We leavex, represented by, as an undefined symball is nonsingular it # 1, sincedet A = ¢— 1, so the inverse exists
if ¢ # 1. The problem ionsistentsince the rank of the coefficient matrikis the same as the rank of the augmented
matrix. The problem only involves a symbolic parameter ameégers, sinvert(A)  produces the exact inverse matrix.

The functioncvec(L) , defined inmbe5.mac, converts a Maxima list into a matrix column vector.
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Of course, we could instead usenspose(matrix(bL)) to generate the matrix column vectbr And, if the
eigen.mac package has been loaded (it loads automatically if weeiggmnvalues  or eigenvectors ), the func-
tion columnvector(bL) is available and does the same job, and a shorter “alias&asalailablecovect(bL)

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([e,1],[1,1]);
(%02) matrix([e,1],[1,1])
(%i3) bL : [1+e,2];

(%03) [e+1,2]

(%i4) Ab : addcol(A, bL);
(%04) matrix([e,1,e+1],[1,1,2])
(%i5) rank(A);

(%05) 2

(%i6) rank(Ab);

(%06) 2

(%i7) determinant(A);

(%07) e-1

(%i8) A_inv : invert(A);
(%08) matrix([1/(e-1),-1/(e-1)],[-1/(e-1),e/(e-1)])
(%i9) b : cvec( bL );

(%09) matrix([e+1],[2])
(%il0) xs : A_inv . b;
(%010) matrix([(e+1)/(e-1)-2/(e-1)],[(2 *e)/(e-1)-(e+1)/(e-1)])
(%ill) xs : ratsimp(xs);
(%011) matrix([1],[1])

(%il2) A . xs;

(%012) matrix([e+1],[2])

which produces the correct exact answers.

Use of solveaug(Ab,xL) with a Symbolic Problem

The functionsolve_aug(M,L) is defined inmbe5.mac, and takes as input an augmented matrix (either the starting
matrix or a version reduced to a row-echelon form) and a fisghe solution variables. This method cadlslve , and is
useful for simple algebraic solution problems whslive can handle.

(%il3) xL : [x1,x2];

(%013) [x1,x2]

(%il4) solns : solve_aug(Ab,xL);
(%014) [x1 = 1,x2 = 1]

(%il5) Cd : echelon(Ab);
(%015) matrix([1,1,2],[0,1,1])
(%il6) solns : solve_aug(Cd,xL);
(%016) [x1 = 1,x2 = 1]

(%il7) xsL : map(rhs,solns);
(%017) [1,1]

(%il8) xs : cvec(xsL);

(%018) matrix([1],[1])

(%il9) A . xs;

(%019) matrix([e+1],[2])

(%i20) b;

(%020) matrix([e+1],[2])

Note thatechelon immediately switched the first and second rows to getrathe (1, 1) position. Note also that in this
simple problem use afchelon causes to disappear from the problem, and we get exact correct assmigether we
use the original augmented matrix or the “partial pivotedyW-echelon form, augmented matrix produceceblgelon .

Below is our definition obolve_aug(Mb, xL) . Note thatmbe5.mac allows one to uséne(M) as an alias for
list_matrix_entries(M) . Note also this code uses the dot product of two lists, a ndethestrated by the example

(%i21) x1L : [c,d.e];
(%021) [c,d,e]
(%i22) x2L : [f,0,h];
(%022) [f,g,h]




6 SET OF INHOMOGENEOUS LINEAR ALGEBRAIC EQUATION& X =B 58

(%i23) x1L . x2L;
(%023) e *h+d*g+c*f
(%i24) kill(x1L,x2L);
(%024) done

Here is our code fosolve_aug (Mb, xL)

/ = define a short alias name to use for list_matrix_entries */
alias(Ime, list_matrix_entries)$

/= generate list of n equations from augmented matrix Abl with n rows
and n+1 columns, given n-element list xL1 */
to_solve(Abl, xL1) :=
block( [rL, egnl, eqn_list : [], jI,
for j thru length(xL1) do (
rL : Ime (row (Abl,)),
egnl : rest(rL,-1) . xL1 = last(rL),
egn_list : cons (eqnl, eqn_list)),
reverse (eqn_list) )$

/= use solve with the list of equations produced by to_solve */
solve_aug(Bcl,zL1) :=
block([ssL],
ssL : to_solve(Bcl,zL1),
ssL @ solve(ssL, zL1),
if length(ssL) = 1 then first(ssL)
else ssL)$

Gauss-Jordan Elimination Method Using gausgordan(A,bL,xL)

Our filembe5.mac contains codgauss_jordan(A, bL, xL) which implements the Gauss-Jordan elimination method,
with A being the coefficient matriL being a list of the elements of the column vedipandxL being a list of the names
of the unknowns.

Our code first makes use ethelon , and in the normal case thank(A) = length(A) , makes a further row reduc-
tion so that we end up with 1's on the diagonal of the coefficieatrix side of the augmented matrix, and 0's everywhere
else (i.e., the identity matrix), in which case the soughtlifst of unknowns is just the list of the last elements of the
augmented matrix rows.

If rank(A) < length(A) the solution is passed off &blve_aug

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([e,1],[1,1]);

(%02) matrix([e,1],[1,1])

(%i3) solns : gauss_jordan(A, [1+e,2], [x1,x2] );
(%03) [x1 = 1x2 = 1]

(%i4) xs : cvec (map(rhs, solns));

(%04) matrix([1],[1])

(%i5) A . xs;

(%05) matrix([e+1],[2])

Here is our code fogauss_jordan (A, bL, xL)

| *
gauss_jordan(Aa,BbL, XxL) uses echelon and then normally r educes the
echelon form further to get not only 1's on the coefficient si de diagonal but
also 0's above the diagonal 1's, so the coefficient side is re duced to a unit
matrix. The solution vector elements are then the last eleme nts of

the reduced augented matrix rows.
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Aa is square matrix of coefficients, BbL is a list of the eleme nts of the given
column vector which equals the right hand side of the egn
Aa . x = Bb; XxL is a list of unknown variable names.

*/

gauss_jordan(Aa,BbL, XxL) :=

block([nrows, ncols, AaBb,CcDd, nzero_rows, ssL:[] ],
local(RL),
nrows : length(Aa),
ncols : length( transpose(Aa)),

if nrows # ncols then (
print(" need square matrix Aa "),
return(done)),
if length(BbL) # nrows then (
print(" length of BbL should be equal to number of rows of Aa") ,
return(done)),

AaBb : addcol(Aa, BbL), / * augmented matrix */
if rank(Aa) # rank(AaBb) then (
print(" inconsistent problem: no solution "),
return(done)),
CcDd : echelon(AaBb),

if rank(Aa) < length(Aa) then (
print(" solution depends on ", length(Aa) - rank(Aa)," arbi trary parameter(s)"),
print(" transfer to solve_aug "),
return( solve_aug(CcDd, XxL))),

/* case: rank(Aa) = length(Aa) = number of unknowns:
assume we have 1's on the diagonal and no 0's on the
diagonal, replace elements above 1's with 0's */

for j thru nrows do RL[] : Ime (row (CcDd, j)),

for j:2 thru nrows do
for k thru (-1) do RL[K] : RL[K] - RLIKI[] * RLJ[],

/ = collect last element of rows in a list ssL */
for j thru nrows do ssL : cons( last(RL[j]), ssL),
ssL : reverse (ssL),
map ("=", XxL, ssL))$

Use of “by hand” row-echelon reduction with a Symbolic Probem

For a fourth approach, we use Maxima list arithmetic to tiems Ab to row-echelon formby hand (using Maxima list

arithmetic) instead of usingchelon or triangularize . We first define the two rows of the augmented maatixas
ordinary lists, first using the Maxima functioaw(A,n) , and then using the aliase (defined inmbe5.mac as an alias
for list_matrix_entries ) to produce an ordinary Maxima list of the row elements.

(%i6) bL : [1+e,2];

(%06) [e+1,2]

(%i7) Ab : addcol(A, bL);
(%07) matrix([e,1,e+1],[1,1,2])
(%i8) R1 : Ime(row(Ab,1));
(%08) [e,1,e+1]

(%i9) R2 : Ime(row(Ab,2));
(%09) [1,1,2]
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Without using partial pivoting, we have = 1, C' = 1, P = ¢, so transformkR1 — R1 = R1/P.
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(%i10) R1 : Rill/e;
(%010) [1,1/e,(e+1l)/e]

WithR=1,C =1, N =2,V =1, we transform ron2 R2 —+ R2 = R2 — R1

(%ill) R2 : R2 - R1;

(%011) [0,1-1/e,2-(e+1)/e]
(%il2) R2 : ratsimp(R2);
(%012) [0,(e-1)/e,(e-1)/e]

With R =2,C =2, P = (e — 1) /e, we transform row2 R2 — R2 = R2/P.

(%i13) R2 : R2/R2[2];
(%013) [0,1,1]

Starting with these two transformed rows, we can now defiaagrdmsformed augmented mat@x in two steps ( in the

second step usingddrow(M,list) ).

(%il4) Cd : matrix(R1);

(%014) matrix([1,1/e,(e+1)/e])
(%il5) Cd : addrow(Cd, R2);
(%015) matrix([1,1/e,(e+1)/e],[0,1,1])

With a listxL of symboils for the solution vector defined, we can thensobee_aug(Cd, xL)

(%il6) xL : [x1,x2];

(%016) [x1,x2]

(%il7) solns : solve_aug(Cd,xL);
(%017) [x1 = 1,x2 = 1]

Instead of usingolve_aug , we can also work directly with the transformed rows of thgraanted matrix to find an
exact symbolic solution “by hand.” The symbagl andeq2 stand for the algebraic equations implied by the rows of

the row-echelon forncd.

(%il8) eql : rest(R2,-1) . xL = R2[3];
(%018) x2 = 1

(%i19) X2 : rhs(%);

(%019) 1

(%i20) eqg2 : rest(R1,-1) . xL = R1[3];
(%020) x2/e+x1 = (e+l)le

(%i21) eq2 : eq2, x2 = X2;

(%021) x1+1l/e = (e+l)le

(%i22) solve(eq2, x1);

(%022) [x1 = 1]

An intermediate route uses the functitansolve (Cd, xL)

(%i23) eqnL : to_solve (Cd, xL);
(%023) [x2/e+x1 = (e+l)le, x2 = 1]
(%i24) X2 : rhs (eqgnL[2]);

(%024) 1

(%i25) eq2 : eqnlL[l], x2 = X2;
(%025) x1+1l/e = (e+l)le

(%i26) solve (eg2, x1);

(%026) [x1 = 1]

6.2.2 Maxima Numerical Solutions

A “by hand” reduction of a numerical augmented matrix, with n o partial pivoting

We first define the two rowR1 andR2 of the starting augmented matrib as ordinary lists. We then use Maxima list
arithmetic on the rows to transfordb to row-echelon form by hand, instead of usiechelon . We then define the
transformed augmented mati©d from the transformed rows. We do not do partial pivoting hefere is an example

usinge = 1e-15 , first defining the rows of the augmented matrix.
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(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) fpprintprec:16$

(%i3) e : le-15;

(%03) 1.0e-15

(%i4) R1 : [e,1,1+€];

(%04) [1.0e-15,1,1.000000000000001]
(%i5) R2 : [1,1,2];

(%05) [1,1,2]

Without using partial pivoting, we have = 1, C = 1, P = ¢, so we transfornrR1 — R1 = R1/P.

(%i6) R1 : Rlle;
(%06) [1.0,9.999999999999999e+14,1.000000000000001e+ 15]

WithR=1,C =1, N =2,V =1, we transform row2, R2 —+ R2 = R2 — R1

(%i7) R2 : R2 - R1;
(%07) [0.0,-9.999999999999989¢+14,-9.999999999999991 e+14]

WithR=2,C =2, P = (e — 1) /e, we transform row2 R2 — R2 = R2/P.

(%i8) R2 : R2/IR2[2];
(%08) [0.0,0.9999999999999999,1.0]

We can now define the transformed augmented matdiix two steps, one for each row.

(%i9) Cd : matrix(R1);

(%09) matrix([1.0,9.999999999999999e+14,1.0000000000 00001e+15])
(%i10) Cd : addrow(Cd, R2);
(%010) matrix([1.0,9.999999999999999e+14,1.000000000 000001e+15],

[0.0,0.9999999999999999,1.0])

With a listxL of symboils for the solution vector defined, we can thensobee_aug(Cd, xL)

(%ill) xL : [x1,x2];

(%011) [x1,x2]

(%i12) solns : solve_aug(Cd,xL);
(%012) [x1 = 2, x2 = 1]

which gives thevrong answerfor x1. We can also work directly with the transformed roRsandR2 of the augmented
matrix to find a solution “by hand.”

(%il3) eql : rest(R2,-1) . xL = R2[3];

(%013) 0.9999999999999999 *x2 = 1.0

(%il4) soln : solve(eql,x2);

(%014) [x2 = 1]

(%il5) X2 : rhs(soln[1]);

(%015) 1

(%il6) eq2 : rest(R1,-1) . xL = R1[3];

(%016) 9.999999999999999e+14  *x2+1.0 *x1 = 1.000000000000001e+15
(%il7) eq2 : eq2, x2 = X2;

(%017) 1.0 *x1+9.999999999999999%¢e+14 = 1.000000000000001e+15
(%il18) soln : solve(eq2,x1);

(%018) [x1 = 9/8]

(%i19) X1 : rhs(soln[1]);

(%019) 9/8

which gives aifferent wrong answer for x1.
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A third route uses the functio_solve(Cd,xL)
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(%i20) eqgnL : to_solve(Cd,xL);

(%020) [9.999999999999999%+14  *x2+1.0 *x1 = 1.000000000000001e+15,
0.9999999999999999 *x2 = 1.0]

(%i21) soln : solve(eqnL[2],x2);

(%021) [x2 = 1]

(%i22) X2 : rhs(soln[1]);

(%022) 1

(%i23) eq2 : eqnL[l], x2 = X2;

(%023) 1.0 *x1+9.999999999999999e+14 = 1.000000000000001e+15

(%i24) soln : solve(eq2,x1);

(%024) [x1 = 9/8]

(%i25) X1 : rhs(soln[1]);

(%025) 9/8

which isstill wrong.

“by hand” reduction of a numerical matrix, with partial pivo ting

We interchange the starting rows:

(%i26) R1 : [1,1,2];

(%026) [1,1,2]

(%i27) R2 : [e,1,1+¢€];

(%027) [1.0e-15,1,1.000000000000001]

WithR=1,C=1,N =2,V = e, we transform ron2: R2 — R2 = R2 — e R1

(%i28) R2[1];

(%028) 1.0e-15

(%i29) R2 : R2 - R2[1] *R1;

(%029) [0.0,0.999999999999999,0.9999999999999991]

With R =2,C =2, P = (1 — e), we transform rov2: R2 — R2 = R2/P.

(%i30) R2 : R2/R2[2];
(%030) [0.0,1.0,1.0]

We can now define the transformed augmented matdiix two steps, one for each row.

(%i31) Cd : matrix(R1);

(%031) matrix([1,1,2])

(%i32) Cd : addrow(Cd, R2);
(%032) matrix([1,1,2],[0.0,1.0,1.0])

With a listxL of symbols for the solution vector defined, we can thensebes_aug(Cd, xL)

(%i33) xL;

(%033) [x1,x2]

(%i34) solns : solve_aug(Cd,xL);
(%034) [x1 = 1,x2 = 1]

which produces the correct answer, showing the benefit cifpaivoting.

We can repeat this partial pivoted solution éor= 1e-30 .

(%i35) e : 1e-30;
(%035) 1.0e-30
(%i36) R1 : [1,1,2];
(%036) [1,1,2]

(%i37) R2 : [e,1,1+€];
(%037) [1.0e-30,1,1.0]
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(%i38) R2 : R2 - R2[1] *R1;
(%038) [0.0,1.0,1.0]

(%i39) Cd : matrix(R1);

(%039) matrix([1,1,2])

(%i40) Cd : addrow(Cd, R2);
(%040) matrix([1,1,2],[0.0,1.0,1.0])
(%i41) solns : solve_aug(Cd,xL);
(%041) [x1 = 1,x2 = 1]

echelon test with numerical e and no partial pivot

We useechelon_testl(e,q) in mbe5.mac, with the small floating point numberas the first argument.

If g = "no" , thenechelon is tested with no partial-pivot switch of rows 1 and 2. Othiseyechelon is tested with a
partial pivot switch of rows 1 and 2.

Note thatechelon natively converts floating point numbers to ratios of intsgend, generates answers via integer arith-
metic, and returns answers in terms of ratios of integets(ral numbers). The rational number answers generated by
echelon or triangularize should be left in that form when generating equations to ieeddy solve , for max-
imum accuracy. This means that one shautd usenumer:true in the code, since that automatically sets the evflag
float totrue

Using the exact rational number outputeshelon , or triangularize , in the equations to be solved, we will get the
same 15 digit precision floating point answers whether ometio partial pivoting.

For example, we get the correct answers (to 15 digit accyibey= 1e-20 and we don't use partial pivoting:

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"
(%i2) fpprintprec:16$

(%i3) echelon_test1(1e-20,"no")$

e = 1.0e-20
test echelon with numerical e and no partial pivot
start with:
R1 = [1.0e-20,1,1.0]
R2 = [1,1,2]
after echelon
R1 = [1,200000000000000000000,100000000000000000000]
R2 = [0,1,99999999999999999998/99999999999999999999]

method 1: use solve_aug(Cd, xL)

solns =

[x1 = 100000000000000000000/99999999999999999999,
X2 = 99999999999999999998/99999999999999999999]
float(solns) = [x1 = 1.0,x2 = 1.0]

method 2: solve by hand

x1 = 100000000000000000000/99999999999999999999
X2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0

Method 3: use function: to_solve(Cd, xL)

x1 = 100000000000000000000/99999999999999999999
X2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0
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If we compare the “no partial pivot” result above with the tEdrpivot result (next), we see that there is no difference i
the ratio of integer answers returned, and hence no diiferenthe floating point answer.

(%i4) echelon_test1(1e-20,"yes")$

e = 1.0e-20

test echelon with numerical e and with partial pivot

start with:

R1 = [1,1,2]

R2 = [1.0e-20,1,1.0]

after echelon

R1 [1,1,2]

R2 [0,1,99999999999999999998/99999999999999999999]

method 1: use solve_aug(Cd, xL)

solns =

[x1 = 100000000000000000000/99999999999999999999,
X2 = 99999999999999999998/99999999999999999999]
float(solns) = [x1 = 1.0,x2 = 1.0]

method 2: solve by hand

x1 = 100000000000000000000/99999999999999999999
X2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0

Method 3: use function: to_solve(Cd, xL)

x1 = 100000000000000000000/99999999999999999999
X2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0

triangularize test with numerical e and no partial pivot

We usetriangularize_testl(e,q) in mbe5.mac. If g = "no" , thentriangularize is tested with no partial-
pivot switch of rows 1 and 2. Otherwisgjangularize is tested with a partial pivot switch of rows 1 and 2. Note
that triangularize natively converts floating point numbers to ratios of intsgand, generates answers via integer

arithmetic, and returns answers in terms of ratios of intege

Thus we get correct answers, usirigngularize with no partial pivoting, fore = 1e-20 .

(%i5) triangularize_test1(1e-20,"no")$

e = 1.0e-20
test triangularize with numerical e and no partial pivot
start with:
R1 = [1.0e-20,1,1.0]
R2 = [1,1,2]
after triangularize
R1 = [1,100000000000000000000,100000000000000000000]
R2 = [0,-99999999999999999999,-99999999999999999998]

method 1: use solve_aug(Cd, xL)

solns =

[x1 = 100000000000000000000/99999999999999999999,
X2 = 99999999999999999998/99999999999999999999]
float(solns) = [x1 = 1.0,x2 = 1.0]

method 2: solve by hand

x1 = 100000000000000000000/99999999999999999999
X2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0

Method 3: use function: to_solve(Cd, xL)

x1 = 100000000000000000000/99999999999999999999
X2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0
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Using partial pivoting does not improve the answers.

(%i6) triangularize_testl(1e-20,"yes")$

e = 1.0e-20

test triangularize with numerical e and with partial pivot
start with:

R1 = [1,1,2]

R2 = [1.0e-20,1,1.0]

after triangularize

R1 = [1,1,2]

R2 = [0,99999999999999999999,99999999999999999998]

method 1: use solve_aug(Cd, xL)

solns =

[x1 = 100000000000000000000/99999999999999999999,
X2 = 99999999999999999998/99999999999999999999]
float(solns) = [x1 = 1.0,x2 = 1.0]

method 2: solve by hand

x1 = 100000000000000000000/99999999999999999999
X2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0

Method 3: use function: to_solve(Cd, xL)

x1 = 100000000000000000000/99999999999999999999
X2 = 99999999999999999998/99999999999999999999
float(x1) = 1.0 float( x2) = 1.0

Symbolic echelon solution, followed by numerical substittion

If we leave small parameters in symbolic form, anddetelon andsolve find symbolic solutions (assuming this is
possible for a given problem), then it makes more sense #éutitfse actual numerical values of the parameters at the end
to generate a final numerical solution.

The example we are using here is trivial, in this respectesthe use ofchelon for the case of symbolie removes the
presence of the one small parameter entirely, before wetataolve for the symbolic answers.

Here we usechelon_test2(el,q) , in which the calculations are carried out in terms of the Isglic e, and the
final numerical answers are generated via statements Xike ev(x, e = el) . The approach used in this code can
be adapted to more complicated problems in which the usslodlon does not remove the presence of the small
parameters.

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"
(%i2) fpprintprec:16$

(%i3) echelon_test2(1le-14,"no")$

el = 1.0e-14
test echelon with symbolic e and no partial pivot
start with:
R1 = J[ele+l]
R2 = [1,1,2]
after echelon
R1 = [1,1,2]
R2 = [0,1,1]

method 1: use solve_aug(Cd, xL)
symbolic solns = [x1 = 1,x2 = 1]
numerical solns = [x1 = 1,x2 = 1]

method 2: solve by hand

symbolic x1 = 1
symbolic x2 = 1
numerical x1 = 1 numerical x2 = 1
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Method 3: use function: to_solve(Cd, xL)
symbolic x1 = 1

symbolic x2 = 1

numerical x1 = 1 numerical x2 = 1

7 Diagonalizable Matrices

Then x n matrix A is diagonalizableif it is similar to a diagonal matrix, i.e., if there exists a nonsingularrira$
such thatS—! A S is diagonal. Such a nonsingular matsxexists if and only if the matrix4 hasn linearly independent
(ordinary, rank 1) eigenvectors.

We know that if alln eigenvalues ofl are distinct (no repeats), therlinearly independent rank 1 eigenvectors exist (and
are returned bgigenvectors ). If some of the eigenvalues have algebraic multiplicitiesater than one, it may occur
thatn linearly independent rank 1 eigenvectors can still be folamdl returned bgigenvectors ).

If the set of rank 1 eigenvectoss, ..., v" are linearly independent, then thex n matrix S composed of the column
vectorsv/
S=Nn v (7.2)

is nonsingular and can be used to transfotrimto diagonal form. We can write

AS=[Av! o AV =[MvE o A VT =SA, (7.2)
where
A\l 0
0 An
SinceS is nonsingular,
STTAS=A, A=SAShL (7.4)

If A is diagonalizable, thety is the same asodal_matrix(A) , and the resulting diagonal matrix is the same as
mJordan(A) .

The functiondiagp(A) (defined inmbe5.mac) returnstrue if the matrix A is diagonalizable, otherwise returfagse

If a matrix A is not diagonalizable, the functiomJordan(A) returns theJordan Normal Form, which is an “almost
diagonal” matrix which has the eigenvalues on the leadirgahal and either zeroes or ones on the super diagonal.
The invertible matrixT which will produce the Jordan canonical fothwvia the relation = invert(T) . A . T is
returned byl : modal_matrix(A)

What About Repeated Eigenvalues?

A matrix might have repeated eigenvalues and still be diagonalizabléidrcase, the Maxima functiasigenvectors
will return a full set of linearly independent rank 1 eigectges, which can then be combined to defiffieHere is an
example of 8 x 3 matrix which has one distinct eigenvalue and one repeatgheslue, but can be diagonalized.

101
A=10 1 0]. (7.5)
00 2

(%il) load(mbeb5);
(%01) "c:/work9/mbe5.mac"
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(%i2) A : matrix([1,0,1],[0,1,0],[0,0,2]);
(%02) matrix([1,0,1],[0,1,0],[0,0,2])
(%i3) normal(A);

(%03) false

(%id) diagp(A);

(%04) true

(%i5) jordan(A);

(%05) [[1,1,1],[2,1]]

(%i6) [al,a2] : map (first, %);
(%06) [1,2]

(%i7) jordan_chain(A,al);

(%07) [[1,0,0],[0,1,0]]

(%i8) [v1,v2] : map (‘cvec,%);
(%08) [matrix([1],[0],[0]),matrix([0],[1],[0])]
(%i9) jordan_chain(A,a2);

(%09) [[1,0,1]]

(%il0) [v3] : map (‘cvec,%);
(%010) [matrix([1],[0].[1])]

(%ill) S : mcombine([vl,v2,v3));
(%011) matrix([1,0,1],[0,1,0],[0,0,1])
(%il2) A_diag : invert(S) . A . S;
(%012) matrix([1,0,0],[0,1,0],[0,0,2])
(%i13) mJordan(A);

(%013) matrix([1,0,0],[0,1,0],[0,0,2])
(%il4) modal_matrix(A);

(%014) matrix([1,0,1],[0,1,0],[0,0,1])

(%il5) is (equal (A . vi1, al *v1));
(%015) true
(%il6) is (equal (A . v2, al *Vv2));
(%016) true
(%il7) is (equal (A . v3, a2 *Vv3));

(%017) true

We see thatodal_matrix(A) returnsS andmJordan(A) returns the diagonal matrixvert(S) . A . S . Thus
eigenvalues with multiplicity greater than oméght have linearly independent rank 1 eigenvectors.

Here is an example of 2 x 2 matrix with only one rank 1 eigenvector. Combining the oadynrank 1 eigenvector with
a generalized eigenvector dasst produce a matrix which transforméto diagonal form.

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,1],[0,1]);
(%02) matrix([1,1],[0,1])

(%i3) jordan(A);

(%03) [[1,2]]

(%id) diagp(A);

(%o04) false

(%i5) eigenvalues(A);

(%05) [[1].[2]]

(%i6) chain : jordan_chain(A,1);
(%06) [[1,0],[0,1]]

(%i7) [v1,v2] : map(cvec, chain);
(%07) [matrix([1],[0]),matrix([0],[1])]
(%i8) B : A - ident(2);

(%08) matrix([0,1],[0,0])

(%i9) vL_rank(B,[v1,v2]);

(%09) [1,2]

(%i10) chained(v1,B,v2);
(%010) true

(%ill) S : mcombine([vl,v2]);
(%011) matrix([1,0],[0,1])

(%i12) AD : S™(-1) . A . S;
(%012) matrix([1,1],[0,1])
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Here is an example of & x 3 matrix with three distinct eigenvalues. Combining the ¢hrank 1 eigenvectors returned
by eigenvectors  or jordan_chain  to form S (the same asodal_matrix(A) ), we find the diagonal form using
invert(S) . A . S , Which is also returned biyJordan(A) .

(%il3) A : matrix([8,-5,10],[2,1,2],[-4,4,-6]);
(%013) matrix([8,-5,10],[2,1,2],[-4,4,-6])

(%il4) normal(A);

(%014) false

(%il5) diagp(A);

(%015) true

(%il6) jn : jordan(A);

(%016) [[-2,1],[2,1],[3,1]]

(%il7) [al,a2,a3] : map (first, jn);

(%017) [-2,2,3]

(%il18) [v1] : map (cvec, jordan_chain(A,al));
(%018) [matrix([1],[0],[-1])]

(%i19) [v2] : map (‘cvec, jordan_chain(A,a2));
(%019) [matrix([0],[1],[1/2])]

(%i20) [v3] : map (‘cvec, jordan_chain(A,a3));
(%020) [matrix([1],[1],[0])]

(%i21) S : mcombine([v1,v2,v3]);

(%021) matrix([1,0,1],[0,1,1],[-1,1/2,0])

(%i22) A_diag : invert(S) . A . S;

(%022) matrix([-2,0,0],[0,2,0],[0,0,3])

(%i23) mJordan(A);

(%023) matrix([-2,0,0],[0,2,0],[0,0,3])

(%i24) modal_matrix(A);

(%024) matrix([1,0,1],[0,1,1],[-1,1/2,0])

Among matrices which have possible complex entries, allampi all Hermitian, and all skew-Hermitian matrices are
diagonalizable.

Among matrices with all real entries, all orthogonal, alirsyetric, and all skew-symmetric matrices are diagonalezab

8 Functions of a Matrix f(A) and Solution ofa(t) = A u(t) for Constant A

8.1 Taylor Series Definition of a Function of a Matrix
Quoting Bronson, Ch. 8,

If a function f(z) of a complex variable has a Maclaurin series expansion
f2) =) an2" (8.1)
n=0

which converges fofz| < R, then the matrix seriey . a,, A™ converges, provided is square and each
of its eigenvalues has absolute value less tRain such a casef,(A) is defined as

fA) = a, A" (8.2)
n=0

and is called avell-defined functionBy convention,A° = T

For example,
SRR SN DT o B 8.3
ef = +ﬁz+iz +...—Zﬁz (8.3)
§=0

converges for all values of (that isR = ~0). Since every eigenvalug of any square matrix satisfies the
condition thaf\| < oo,
N 1 1, =1
ef=T+—-A+—-A"+...= — A (8.4)
1! 2! ‘ 0]!
]:
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is well defined for all square matrices

A second example is the definition @fs(A). The Maclaurin series faros(z) is
2
z

Z4 Z6 o (_1)n z2n
cos(z):1—54—1—5...:27(2”)!
n=0

69

(8.5)

which converges for all values af (that is, R = ~0). Every eigenvalue of any square matrix satisfies the

condition thaf\| < oo, SO

AZ A4 B Aﬁ _i (_1)nA2n
T (2n)!

n=0

is well defined for every square matrik

8.2 Matrix Solution of Initial Value Problems

(8.6)

The initial value problem described by the set of linearjrmady first order differential equations with constant dwégnts

represented by the matrix equation

[a(t) = Au(t), u(0) = |

in which the elements of the square matfxare independent of timg has the solution

u(t) =ettug, t>0

since fort — 0, eAt — 1T, allowing the initial condition to be satisfied, and

1 1 1
At 2,2 343
e _I+—1!At+—2!At +—3!At 4+ ...
50 A2 A3
d 2t 3t 1 1 99 1 .33
— = A4+ — 4+ ——+ . . =Al+ At + = A"t — At
¢ =0 AY e (I + At + 5, +g +..)

8.3 Properties of the “Matrix Exponential” e**

1. Exponential seriesA? = I) with convergence for any matrit and finitet:

o0

M= (An™ /ml

m=0

ieAt :AeAt :eAtA
dt

:AeAt

3. If D = [d;;] is a diagonal matrixd;; = 0 for i # j), thene” ! is a diagonal matrix with entries’i ¢,

For example,
o a 0 i) — e 0
P\ o “lo e

e(rl)t — T

4. Special Caself; = r for all 7):

5. If AB = B A (they “commute”), then

o(A+B)t _ LAt Bt _ Bt At

Note: If A B # B A, then in general
e(A+B)t ” At Bt ” Bt At

(8.7)

(8.8)

(8.9)

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)
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6. et is nonsingular, and
(A1) = e At (8.17)

7. If S'is nonsingular, then
e(SASTHt _ g At g1 (8.18)

8. If v is an eigenvector ofl associated with the eigenvaluethen
ety =ellv. (8.19)

8.4 Using the Maxima Function matfunction(f, A) from Package diag.mac

The contributed Maxima packagég.mac has the functiomnat_function(f, A) which attempts to calculatéd) |,
and we use it here. The Maxima help manual has the information

Returns f(A), where f is an analytic function and A a matrix. T his computation is based
on the Taylor expansion of f. It is not efficient for numerica | evaluation, but can give
symbolic answers for small matrices.

The code indiag.mac is based on exploiting the Jordan canonical form of a givetriraaA section below presents a
brief description and an interactive example of using théthnad, as well as using the codat_jordan(A)  defined in
mbe5.mac. In this section we simply show two quick examples of usirgg_function(f,A) . The code filenbe5.mac
automatically loads in the packadiag.mac . Consider the square matrix

2 4
A [ . 2} . (8.20)
(%il) load(mbeb5);
(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([2,4],[1,2]);
(%02) matrix([2,4],[1,2])
(%i2) mat_function(exp, A);
(%02) matrix([%e 4/2+1/2,%e"4-1],[%e"4/4-1/4,%e"4/2+ 1/2))
(%i4) float(%);
(%04) matrix([27.799075,53.59815],[13.399538,27.7990 75])
(%i5) mat_function(cos, A);
(%05) matrix([cos(4)/2+1/2,cos(4)-1],[cos(4)/4-1/4,c 0s(4)/2+1/2])
(%i6) float(%);
(%06) matrix([0.17317819,-1.6536436],[-0.41341091,0. 17317819])
which says that
1 4 4
A |pet+1) et =1 }
e’ = 8.21
|:%(€4—1) %(644—1) ( )

and

cos(A) — |7 (cos(4) +1)  cos(4) =1
W= E (cos(4) —1) 5 (cos(4) + 1)} ' (8.22)

If Ais a diagonal matrix, theer! is also a diagonal matrix, whose diagonal elements haveothed™, with « being the
corresponding diagonal element4f Thus, for example, if

Ao [a 0} 7 (8.23)

then
e* 0
et = [o eﬁ] . (8.24)



8 FUNCTIONS OF A MATRIXF(A) AND SOLUTION OF['J(T) = AU(T) FOR CONSTANTA 71
Here is a concrete example:
(%i7) A : matrix([2,0],[0,4]);
(%07) matrix([2,0],[0,4])
(%i8) mat_function(exp, A);
(%08) matrix([%e"2,0],[0,%e"4])
The Maxima Help Manual has the following example of one waygemat_function  for integer powers.
(%i9) display2d:true$
(%i10) A: matrix([1,2,0], [0,1,0], [1,0,1])$
(%i11) A;
[1 2 0]
[ ]
(%011) [0 1 0]
[ ]
[1 0 1]
(%i12) integer_pow(x) := block ([k], declare (k, integer), x'k)$
(%il3) Atok : mat_function(integer_pow, A);
[1 2 k 0]
[ ]
(%013) [0 1 0]
[ ]
[k (k-1 k 1]
(%il4) Atok,k = 20;
[1 40 0]
[ ]
(%014) [0 1 0]
[ ]
[20 380 1]
(%i15) A™20;
[1 40 0]
[ ]
(%015) [0 1 0]
[ ]
[20 380 1]
If we let M = e“* and return to th@ x 2 example
2 4
A= [1 2} . (8.25)
(%il6) A : matrix([2,4],[1,2]);
(%016) matrix([2,4],[1,2])
(%il7) M : mat_function(exp, t *A);
(%017) matrix([%e™(4  *1)/2+1/2,%e (4  *1)-1],[%e (4 *1)/4-1/4%e (4  *t)/2+1/2])
(%i18) M, t=0;
(%018) matrix([1,0],[0,1])
which shows thaf\/ — I for t — 0, ande“** has the form
1 At At
At s(e*+1) e* -1 }
et = (8.26)
10Dyl
8.5 Initial Value Problem Example Using matfunction(exp, t*A)
Here is a simpl@ x 2 example.
2 1
A= [1 2} (8.27)
and
u(0) = m : (8.28)



8 FUNCTIONS OF A MATRIXF(A) AND SOLUTION OFU(T) = AU(T) FOR CONSTANTA 72
and lettingu0 represent:(0), we get the solutiomt representing.(t):
(%il) load(mbeb5);
(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([2,1],[1,2]);
(%02) matrix([2,1],[1,2])
(%i3) M : mat_function(exp,t *A);
(%03) matrix([%e"(3 *1)/2+%e"t/2,%e"(3 *1)/2-%e"t/2],
[%e"(3 *1)/2-%e"t/2,%e"(3 *1)/2+%e"t/2])
(%id) M, t=0;
(%04) matrix([1,0],[0,1])
(%i5) u0 : cvec ([0,1] );
(%05) matrix([0],[1])
(%i6) display2d:true$
(%i7) ut : M . u0;
[ 3t t]
[ %e %e ]
[ - ]
[ 2 2 ]
(%07) [ ]
[ 3t t]
[ %e %e ]
[ - + o]
[ 2 2 ]
(%i8) ut, t=0;
[0]
(%08) [ ]
[1]
Hence the analytic solution column vector is
1 3t t
u(t) = 3 [e e} (8.29)

e3t + et

Here we usaliff  to “check” the solution we have found.

(%i9) dudt : diff(ut,t);

[ 3t t]
[ 3 %e %e ]
[ e - - ]
[ 2 2 ]
(%09) [ ]
[ 3t t]
[ 3 %e %e ]
[ + ]
[ 2 2 ]
(%il0) Aut : A . ut;
[ 3t 3t t t]
[ %e %e %e %e ]
[+ 2 (- ) + =]
[ 2 2 2 2 ]
(%010) [ 1
[ 3t 3t t t]
[ %e %e %e %e ]
[+ 2 (o + ) - ]
2 2 2 2 ]
(%ill) Aut : ratsimp(%);
[ 3t t]
[ 3 %e %e ]
[ oo ]
[ 2 ]
(%011) [ ]
[ 3t t]
[ 3 %e + %e ]
[ oo ]
[ 2 ]

(%il2) is (equal (dudt,Aut));
(%012) true
(%il3) ratsimp(dudt - Aut);

[
(%013) [
[
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8.6 eAtif A isa Diagonalizable Matrix

We assumed is diagonalizable, wittd = SAS~!, in which A is a diagonal matrix whose diagonal elements are the
eigenvalues ofd (with some possible repititions). Positive powers/ofare then diagonal matrices whose diagonal
elements are the corresponding powers of the respectieaityes.

A1 0 M 0 A3 0
0 An 0 A2 0 P&

BecauseS—! S = I, positive powers of the matrid can be written asl’ = S A/ S~!. For example,
A2 =(SASTH(SASH=5A25"1. (8.31)

In addition, we have, as usual’ = I andA? = I. If the given function has the power series expansion

flx) = Zaj @, (8.32)
j=0
then the definition off (A) is
FA =) 0 A=) a; SMNS =9 a; N5 (8.33)
§=0 j=0 =0
The sum begins with the ternag I + a; A + a A%, which take the form
(7)) 0 aq /\1 0 a9 )\% 0
. n + (8.34)
0 @ 0 a1 /\n 0 Qa9 )\%
so the infinite sum becomes
o Oéo—|—0£1>\1—|—012>\%—|—... 0
D ;N = (8.35)
J=0 0 ao+a1>\n+a2>\%+---
or, finally,
> N = . (8.36)
§=0 0 f(An)
We then obtainf(A)
(A1) 0
f(A) =8 st (8.37)
0 f(An)
In a similar manner we get(At)
0o 0o f(t >\1) 0
FA) =D ot/ V=8> a;t! NS =5 St (8.38)
3=0 3=0 | 0 f(tAn)
In particular, we get
et 0 ]
eM=g St (8.39)
0 etnt
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Example 1, Real Eigenvalues

We use this method for the diagonalizable matrix
2 1
A= L 2} |

The distinct eigenvalues avg = 3 and )\, = 1, and we compare our method with usimgt_function(exp,t

74

(8.40)

“A).

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([2,1],[1,2]);

(%02) matrix([2,1],[1,2])

(%i3) eigenvectors(A);

(%03) [[[3,1],[1,2]1.[[[1, 111, [[1,-1111]

(%i4) v1 : cvec([1,1)]);

(%04) matrix([1],[1])

(%i5) v2 : cvec([1,-1]);

(%05) matrix([1],[-1])

(%i6) S : mcombine([v1,v2]);

(%06) matrix([1,1],[1,-1])

(%i7) modal_matrix(A);

(%07) matrix([1,1],[1,-1])

(%i8) eAt : S . matrix([exp(3 *1),0],[0,exp(t)]) . invert(S);

(%08) matrix([%e"(3 *1)/2+%¢e"t/2,%¢e"(3 *1)/2-%e"t/2],
[%e°(3 *t)/2-%e"t/2,%¢e"(3 *1)/2+%¢e™t/2])

(%i9) eAt2 : mat_function(exp, t *A);

(%09) matrix([%e"(3 *1)/2+%¢e"t/2,%¢e"(3 *1)/2-%e"t/2],
[%e™(3 *t)/2-%e"t/2,%¢e"(3 *1)/2+%¢e™t/2])

(%i10) is(equal(eAt,eAt2));

(%010) true

(%ill) eAt - eAt2;

(%011) matrix([0,0],[0,0])

(%i12) expand (2 * eAt);

(%012) matrix([%e"(3 *1)+%et,%e"(3  *1)-%e"t],[%e"(3 *1)-%e"t,%e"(3 *1)+%et])

with the result
At 1 €3t+et et _ et
€ T 9 le3t — et Btget|”

This method for diagonalizable matrices is automated byuhetioneAt_diag(A)  defined inmbe5.mac.

(8.41)

(%il3) eAtl : eAt_diag(A);

(%013) matrix([%e"(3 *1)/2+%e"t/2,%e"(3 *1)/2-%e"t/2],
[%e™(3 *1)/2-%e"t/2,%e"(3 *1)/2+%e"t/2])

(%il4) is(equal(eAtl,eAt2));

(%014) true

The code forAt_diag(A) is

eAt_diag(Amatrix) =
block ( [mJ,mJL:[],D,S ],
if not diagp(Amatrix) then (
print (" not diagonalizable "),
return(false)),
mJ :  mJordan(Amatrix),
for k thru length(mJ) do mJL : cons(mJ[k,k],mJL),
mJL : exp (t *reverse (mJL)),
D : apply (diag_matrix, mJL),
S : modal_matrix(Amatrix),
S . D . invert(S))$

Example 2, Complex Eigenvalues

Our second example is

A= Ll

(8.42)
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We useal anda2 to represent the two distinct eigenvaluesof
(%il) load(mbeb5);
(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([-1/2,1],[-1,-1/2]);
(%02) matrix([-1/2,1],[-1,-1/2])
(%i3) diagp(A);
(%03) true
(%i4) [vals, vecs] : eigenvectors (A);
(%04) [[[-(2  *%i+1)/2,(2  *%i-1)/2],[1,1]],[[[1,-%i]],[[1,%i]]]]
(%i5) [al,a2] : vals[1];
(%05) [[(2 *%i+1)/2,(2 *%i-1)/2]
(%i6) [viL, v2L] : [vecs[1][1], vecs[2][1] ];
(%06) [[1,-%i],[1,%:i]]
(%i7) S : mcombine([cvec(vlL),cvec(v2L)]);
(%07) matrix([1,1],[-%i,%i])
(%i8) eAt : S . matrix([exp(al *1),0],[0,exp(a2 *1)]) . invert(S);
(%08) matrix([%e™-(((2 *%0i+1) *t)/2)/2+%e"(((2 *0i-1) *1)/2)/2,
(%i *%e"™-(((2  *%i+l) *t)/2))/2-(%i *%0e™(((2 *%i-1) *1)/2))/2],
[(%i *%e™(((2 *%i-1) *t)/2))/2-(%i *00e™-(((2  *%i+1) *1)/2))/2,
%e™-(((2  *%i+l) *t)/2)/2+%e"(((2 *00i-1) *1)/2)/2])
(%i9) eAt : rectform(eAt);
(%09) matrix([%e™-(t/2) * cos(t),%e™-(t/2) *sin(t)],
[-%e™-(t/2) * sin(t),%e"™-(t/2) * cos(t)])
(%il0) eAt2 : mat_function(exp,t *A);
(%010) matrix([%e"-(((2 *90i+1) *t)/2)/2+%e"(((2 *0i-1) *1)/2)/2,
(%i *%e™-(((2 *%i+l) *t)/2))/2-(%i *%e"(((2 *%i-1) *1)/2))/2],
[(%i *%e™(((2 *%i-1) *t)/2))/2-(%i *%e™-(((2  *%i+l) *1)/2))/2,
%e™-(((2  *%i+l) *t)/2)/2+%e"(((2 *00i-1) *t)/2)/2])
(%ill) eAt2 : rectform(eAt2);
(%011) matrix([%e™-(t/2) * cos(t),%e"-(t/2) *sin(t)],
[-%e™-(t/2) * sin(t),%e"™-(t/2) *cos(t)])
(%il2) is (equal (eAt, eAt2));
(%012) true
(%il3) eAt - eAt2;
(%013) matrix([0,0],[0,0])
with the result ® ®
At _ L cos(t sin(t
¢ ¢ [— sin(t) cos(t)|" (8.43)
Here we check the automated function for diagonalizableiosst
(%il4) eAtl : eAt_diag(A);
(%014) matrix([%e"-(((2 *90i+1) *t)/2)/2+%e"(((2 *0i-1) *1)/2)/2,
(%i *%e™-(((2 *%i+l) *t)/2))/2-(%i *%e"(((2 *%i-1) *1)/2))/2],
[(%i *%e™(((2 *%i-1) *t)/2))/2-(%i *%e™-(((2  *%i+l) *1)/2))/2,
%e™-(((2  *%i+l) *t)/2)/2+%e"(((2 *00i-1) *t)/2)/2])
(%il5) eAtl : rectform (eAtl);
(%015) matrix([%e™-(t/2) * cos(t),%e"-(t/2) *sin(t)],
[-%e™-(t/2) * sin(t),%e"™-(t/2) *cos(t)])
(%il6) is (equal (eAtl,eAt2));
(%016) true
Example 3
Our third example uses the matrix
1L g
A [g J (8.44)

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix ( [1, 9], [g, 1] );
(%02) matrix([1,9],[9,1])

(%i3) diagp(A);

(%03) true

(%i4) eigenvalues(A);

(%04) [[1-g,9+1].[1,1]]
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(%i5) jordan(A);

(%05) [[1-g,1],[g+1,1]]

(%i6) [al,a2] : map (‘first,%);

(%06) [1-9,9+1]

(%i7) [vl] : map (‘cvec, jordan_chain(A,al));

(%07) [matrix([1],[-1])]

(%i8) [v2] : map (‘cvec, jordan_chain(A,a2));

(%08) [matrix([1],[1])]

(%i9) S : mcombine ([v1,v2] );

(%09) matrix([1,1],[-1,1])

(%il0) eAt : S . matrix([exp(al *1),0],[0,exp(a2 *1)]) . invert(S);

(%010) matrix([%e"((g+1) *1)/2+%e"((1-9) *1)/2,%e"((g+1) *1)/2-%e"((1-9) *1)/2],
[%e”((g+1) *t)/2-%e"((1-g) *1)/2,%e"((g+1) *1)/2+%e"((1-g) *1)/2])

(%ill) eAt2 : mat_function(exp,t *A);

(%011) matrix([%e"(g * t+1)/2+%e"(t-g *1)/2,%e7(g  *t+t)/2-%e"(t-g *1)/2],
[%e™(g *t+t)/2-%e"(t-g *1)/2,%e7(g  *t+t)/2+%e"(t-g *1)/2])

(%il2) is (equal (eAt,eAt2));

(%012) true

(%il3) ratsimp (eAt - eAt2);

(%013) matrix([0,0],[0,0])

and here we check the automated method for diagonalizaliécesa

(%il4) eAtl : eAt_diag(A);

(%014) matrix([%e"((g+1) *1)/2+%e"((1-9) *1)/2,%e"((g+1) *1)/2-%e"((1-9) *1)/2],
[%e™((g+1) =*t)/2-%e"((1-g) *1)/2,%e"((g+1) *1)/2+%e"((1-g) *1)/2])

(%il5) is(equal(eAtl,eAt2));

(%015) true

Because our result faAt is proportional t@oe™t , we multiply eAt by exp(-t)  to work with a simpler matrix we call

M In order to use the Maxima functiorctform , which converts complex exponentials isia andcos functions (as
doesdemoivre ), we make the replacemegt-> %i »h. After usingrectform , we then use the reverse replacement
h -> -%i *g. Maxima, by default, convertsos(%i *x) -> cosh(x) andsin(%i *x) -> %i *sinh(x)

(%il6) M : expand (exp(-t) * eAt);

(%016) matrix([%e"(g *1)/2+%e"-(g  *1)/2,%e"(g  *1)/2-%e"-(g *1)/2],
[%e™(g *t)/2-%e"-(g *1)/2,%e(g  *t)/2+%e (g  *t)/2])

(%il7) M : M, g = %i xh;

(%017) matrix([%e"(%i *hxt)/2+%e™-(%i  *h*t)/2,%e"(%i  *h*t)/2-%e"-(%i  *h*1)/2],
[%e"(%i *h*t)/2-%e™-(%i  *h*1)/2,%e"(%i  *h*1)/2+%e™-(%i  *h*1)/2])

(%il8) M : rectform(M);

(%018) matrix([cos(h *1),%i *sin(h *t)],[%i *sin(h *t),cos(h *1)])

(%il9) M : M, h = -%i =*g;

(%019) matrix([cosh(g xt),sinh(g  *t)],[sinh(g xf),cosh(g  *t)])

So we finally have the simpler result:
ALt cosh(gt) sinh(gt)

~ " |sinh(gt) cosh(gt) (8.45)
8.7 e*tUsing the Jordan Canonical Form of a Matrix
Similar Matrices
A matrix A is similar to a matrixC' if there exists a nonsingular (invertible) mat$xsuch that
A=5"1cCs. (8.46)

If Ais similar toC, thenC'is also similar toA and both matrices have the same order and are square. Simailaces
have the same eigenvalues.

Modal Matrix

Given a square matrid, there always exists eanonical basis A modal matrix M for A is a matrix with the same
order asA whose columns are all of the vectors of a canonical basisifoSince a canonical basis is a set of linearly
independent vectorg/ is invertible. A modal matrix is not unigque.
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Jordan Block

A Jordan block J,(k, \) is ak x k matrix whose diagonal elements are all equal tmd whose superdiagonal elements
(those immediately above the main diagonal) are all equal &md all other elements afe A Jordan block has the form

(A 1.0 .-~ 0 O]
0Oox1 .- 00
00 X -~ 00
Jo(k,N)=1. . . - (8.47)
0 0 0 Al
0 0 0 0 A
The smallest examples are
\ 1 A1 0
Jp(L,N) = A, Jb(2,)\):[0 )\], H(3,A) =10 X 1]. (8.48)
0 0 A

A Jordan block matrix is completely determined by its ordsit the value of all of its diagonal elements.

Function of a Jordan Block

It can be shown that a matrix functigh(i.e., defined by an infinite Taylor series expansion) &fxa k£ Jordan block is

[F) IO 2" - SO
0 F) P im0
F(k. X)) = N, , (8.49)
0 W
I VACYR
in which all derivatives are taken with respecttoThe smallest examples are
/ FO) ) 2"
PN = . fea = [T L0 f<Jb<3,A>>{o )T (8.50)
0 0 N
It can also be shown that ip is adiagonal matrix
_dn O
D= 22 , (8.51)
_O dkzk
then ) _
f(di) O
(D) = f(da2) (8.52)
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The Jordan Canonical Form J,. of a Matrix
Every square matrix is similar to a matrix.J. in the (partitioned) Jordan canonical form
& 0

Cs
Jo = , (8.53)

0 O
in which eachC} is either a diagonal matrix or a Jordan block matrix. Thusit bappen that a Jordan canonical form

similar to A is simply a diagonal matrix. I/ is a modal matrix fotd, then a Jordan canonical forfy of A is similar to
A:

A=MJ.M™Y, J.=M1AM. (8.54)

The matrixf(A) is defined by an infinite Taylor series expansion. Sidce M .J. M !, we have

A= (MJI.M Y (MI.M Y =MJZM ™, (8.55)
and
A" =M J M (8.56)
which implies that
f(A) =M f(J) ML (8.57)
In particular,
e =Melo M, (8.58)
and ) )
et O
eC2
ele = _ . (8.59)
0
Example 1

We use the Jordan canonical form route to calcudteinteractively for thed x 3 matrix (this is prob. 10.41 in Bronson):

-1 1 0 —t t 0
A=10 2 1|, B=tA=|0 2t t (8.60)
0 0 2 0 0 2t
The matrix A is already in Jordan canonical form with the eigenvaluesherdiagonal\; = —1, m; = 1, and\y = 2,

m2:2.

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([-1,1,0],[0,2,1],[0,0,2]);
(%02) matrix([-1,1,0],[0,2,1],[0,0,2])
(%i3) eigenvalues(A);

(%03) [[-1,2],[1,2]]

(%i4) jordan(A);

(%04) [[-1,1],[2,2]]

(%i5) diagp(A);

(%05) false
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The eigenvalue chain contents are returnegbliian(A) , which shows that a chain of generalized eigenvectors of max
imum rank 2 is needed fox; = 2, so the matrix4 is not diagonalizable.

Continuing with the matrix3 = ¢ A, we see thaB3 is not in a Jordan canonical form, since we have t's on thersligup
onal instead of the needed 1's.

(%i6) B : t *A;

(%06) matrix([-t,t,0],[0,2 *1,t],[0,0,2 *1])
(%i7) eigenvalues(B);

(%o7) [[-t2  +t,[1,2]

(%i8) jordan(B);

(%08) [[-t,1],[2 *1,2]]
(%i9) mJordan(B);
(%09) matrix([-t,0,0],[0,2 *1,1],[0,0,2 *1])

Thembe5.mac functionmJordan(B) displays a Jordan canonical form Bfwhich corresponds to the returned eigen-
value and chain contents @drdan(B)  (in particular, the order of the “blocks” in the partitionedatrix). We can
construct that same Jordan canonical form using the mdieturned by thenbe5.mac function modal_matrix(B)

(%i10) MB : modal_matrix(B);

(%010) matrix([1,-3 *1,1],[0,-9 *1,0],[0,0,-9])
(%ill) JBc : invert(MB) . B . MB;

(%011) matrix([-t,0,0],[0,2 *1,1],[0,0,2 *1])

which produces the same matrixrasordan(B) .

Since f(B) = M f(J.)M~!, we first needf(J.) = e’c. The(1,1) element ofe’ is e~*. The remaining “diagonal
elements” ok’ is the exponential function of 2x 2 matrix in Jordan canonical form, and we can use if

< Al
Jo(A) = {0 5\] (8.61)
then & PO
I F) (A }
Jo(N)) = 0 8.62
a1 25 562
where the derivative is with respectXo (In our case) = 2t). Replacingf (a) by e?, e* = e2t. We also have
_ d s 5
F) = 5t =t =e. (8.63)
In this way we get
B o2t 2t
[ 2] @50
and
et 0 0
efe= 10 €2t 2. (8.65)
0 0 e?
Thembe5.mac functionexpJ(k,lambda)  returns thet x k block matrixe”’+("), and thediag.mac  function
diag([eJ1,eJ2,...,eJn]) produces a partitioned matrix from its blocks. Wedét stand for the Jordan canonical
matrix form found usingliag , and then useAt : MB . eJc . invert(MB); to construct the value af® = et 4,

and compare the matrix returned with the result of usiag function(exp,B)

(%il2) eJ1l : expJ(1,-t);

(%012) matrix([%e-t])

(%il3) eJ2 : expd(2,2 *1);

(%013) matrix([%e"(2 *1),%e"(2 *1)],[0,%e"(2 *1)])

(%il4) eJc : diag([eJ1,eJ2]);

(%014) matrix([%e"-t,0,0],[0,%e"(2 *1),%e"(2 +*1)],[0,0,%e"(2 *1)])
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(%il5) eAt : MB . eJc . invert(MB);

(%015) matrix([%e"-t,%e"(2 *1)/3-%e"-1/3,(t * %e"(2 *1))/3-%e"(2 *1)/9+%e"-1/9],
[0,%e"(2 *t),t *%e"(2 *1)],[0,0,%e"(2 *1)])

(%il6) eAt2 : mat_function(exp,B);

(%016) matrix([%e"-t,%e"(2 *1)/3-%e"-1/3,(t * %e"(2 *1))/3-%e"(2 *1)/9+%e"-1/9],
[0,%e"(2 *t),t *%e"(2 *1)],[0,0,%e"(2 *1)])

(%il7) is(equal(eAt,eAt2));

(%017) true

Using the eigenvalue and chain contents returnefbioan(B)  together with two uses @xpJ(k,lambda)  to define
eJ1 andeJ2 (in the same order as the structurejmtian(B) returns), followed by the use alfiag([eJ1,eJ2]) ,
allows one to easily determine the mateik.

This Jordan canonical form route is easy to automate, faligiihe general path shown above interactively, and is con-
tained in thembe5.mac functioneAt_jordan(A)  which returns the matrix“*.

(%il8) eAtl : eAt_jordan(A);

(%018) matrix([%e -t,%e"(2 *1)/3-%e”-1/3,(t * %0e"(2 *1))/3-%e"(2 *1)/9+%e"-1/9],
[0,%e7(2 =t),t *%e"(2 1)],[0,0,%e"(2 *1)])

(%i19) is(equal(eAtl,eAt2));

(%019) true

Thediag.mac functionmat_function(exp, t = A) follows the same Jordan canonical form route, but in a lessstr
parent manner thagAt_jordan(A)

We can write the result far ¢ as

0, 9e?, 9t et . (8.66)

Example 2

Here is an example of ax 5 matrix (Bronson, prob. 10.4)

4 11 2 2
121 3 0

A=|0 030 0 (8.67)
0 00 2 1
0 00 1 2

in which there are two eigenvalues, the first with multiglicl, the second with multiplicity 4. This second eigenvalue
needs two separate chains of generalized eigenvectorghamne having the maximum rank 3, and the second being an
ordinary rank 1 eigenvector.

(%il) load(mbeb);
(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix ( [4,1,1,2,2],[-1,2,1,3,0],[0,0,3,0,0], [0,0,0,2,1],[0,0,0,1,2] );
(%02) matrix([4,1,1,2,2],[-1,2,1,3,0],[0,0,3,0,0],[0 ,0,0,2,1],[0,0,0,1,2])

(%i3) B 1t *A;

(%03) matrix([4  *tt,t,2 *t,2 *t],[-1,2 *tt,3  *t,0],[0,0,3 *1,0,0],[0,0,0,2 *t,t],

[0,00t2  *t])

(%i4) MB : modal_matrix(B);

(%04) matrix([1,2  *t'2,t,0,1],[-3,-2 *1°2,1,0,0],[0,0,0,1,7],[4/3,0,0,0,-2],
[-4/3,0,0,0,-2])

(%i5) eigenvalues(B);

(%05) [[t.3  *t],[1,4]]

(%i6) jordan(B);

(%06) [[t,1],[3 *t,3,1]]

(%i7) eJ1l : expJ(1,t);

(%07) matrix([%e™t])
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(%i8) eJ2 : expJ(3,3 *1);
(%08) matrix([%e"(3 *1),%e"(3 *1),%e"(3  *1)/2],[0,%e"(3 *1),%e"(3  *1)],[0,0,
%e”(3 *1)])
(%i9) eJ3 : expJ(1,3 *1);
(%09) matrix([%e"(3 *1)])
(%il0) eJc : diag([eJ1,eJ2,eJd3));
(%010) matrix([%e"t,0,0,0,0],[0,%e"(3 *1),%e"(3 *1),%e"(3 *1)/2,0],
[0,0,%¢€e7(3 *t),%e"(3 *t),0],[0,0,0,%e"(3 *1),0],[0,0,0,0,%¢e"(3 *1)])
(%ill) eAt : expand (MB . eJc . invert(MB));
(%011) matrix([t *%e (3 *1)+%e (3 *t),t *%e (3 *t),1'2 *%e"(3 *t)+t *%e (3 *t),
(7 %172 *%e"(3 *1))/4+(11  *t*%e"(3 *1))/4-(3  *%e"(3 *1))/8+(3  *%e"t)/8,
(7 +172 *%e"(3 *1))/4+(5 *t*%e" (3 *1))/4+(3 *%e" (3 *1))/8-(3  *%e"t)/8],
[t *%e"(3 *t),%e"(3 *t)t *%e (3 *t),t *%e (3 *t)t2 *%e"(3*t),
(-(7 *t2 *%e (3 *1))/4)+(3  *t*%e (3 *1))/4+(9 *%e"(3 *1))/8
-(9 *%e"t)/8,
(-(7 *t2 *%e (3 *1))/4)+(9  *t*~%e (3 *1))/4-(9  *%e"(3 *1))/8
+(9 * %e"t)/8],[0,0,%e"(3 *1),0,0],
[0,0,0,%€"(3  *1)/2+%e"t/2,%e"(3 *1)/2-%e"t/2],
[0,0,0,%€e"(3  *1)/2-%e"t/2,%e"(3 *1)/2+%e"t/2])
(%il2) eAt2 : expand( mat_function(exp,t *A));
(%012) matrix([t *0%e (3 *1)+%e"(3 *t),t *%e (3 *1),1'2 *%e"(3 *t)+t *%e (3 *1),
(7 *172 *%e"(3 *1))/4+(11  *t*%e"(3 *1))/4-(3  *%e"(3 *1))/8+(3  *%e"t)/8,
(7 +172 *%e"(3 *1))/4+(5 *t*%e"(3 *1))/4+(3 *%e" (3 *1))/8-(3  *%e"t)/8],
[t *%e"(3 *t),%e"(3 *t)-t *%e (3 *t),t *%e (3 *t)t2 *%e"(3*t),
(-(7 *t2 *%e (3 *1))/4)+(3  *t*%e (3 *1))/4+(9 *%e"(3 *1))/8
-(9 *%e"t)/8,
(7 *t2 *%e (3 *1))/4)+(9  *t*%e (3 *1))/4-(9  *%e"(3 *1))/8
+(9 * %e"t)/8],[0,0,%e"(3 *1),0,0],
[0,0,0,%€"(3  *t)/2+%e"t/2,%e"(3 *1)/2-%e"t/2],
[0,0,0,%€"(3  *1)/2-%e"t/2,%e"(3 *1)/2+%e"t/2])
(%il3) is(equal(eAt,eAt2));
(%013) true
(%il4) eAtl : eAt_jordan(A);
(%014) matrix([t *0%0e (3 ¥1)+%e (3 *t),t *%e (3 *1),1'2 *%e"(3 *t)+t *%e (3 *1),
(7 %172 *%e"(3 *1))/4+(11 *t*~%e (3 *1))/4-(3  *%e"(3 *1))/8+(3  *%e"t)/8,
(7 *172 *%e"(3 *1))/4+(5  *t*%e"(3 *1))/4+(3 *%e"(3 *1))/8-(3  *%e"t)/8],
[t *%e"(3 *t),%e™ (3 +*t)-t *%e (3 *t),t *%e (3+*t)t2 *%e"(3*1),
(7 *t2 *%e (3 *1))/4)+(3  *t*%e (3 *1))/4+(9 *%e"(3 *1))/8
-(9 *%e"t)/8,
(7 *t2 *%e (3 *1))/4)+(9  *t*%e (3 *1))/4-(9  *%e"(3 *1))/8
+(9 * %e"t)/8],[0,0,%e"(3 *1),0,0],
[0,0,0,%€"(3  *1)/2+%e"t/2,%e"(3 *1)/2-%e"t/2],
[0,0,0,%€e(3  *t)/2-%e"t/2,%¢e"(3 *1)/2+%e"t/2])
(%il5) is(equal(eAtl,eAt2));
(%015) true
(%i16) display2d:true$
(%il7) col(eAtl,1);

[ 3t 3t]
[t %e + %e ]
[ ]
[ 3t |
[ t %e ]
(%017) [ ]
[ 0 ]
[ |
[ 0 ]
[ |
[ 0 ]

8.8 F.S.S. and “Fundamental Matrix” (F.M.) Definition of eA*t

We review the topic of “fundamental sets of eigenvector tohs” (F.S.S.) of the homogeneous system of scalar first
order differential equations, written in matrix form as

X = Ax. (8.68)

A is a squaren x n matrix whose components are independent of tineed x(t) is a time dependent-component
column vector. The column vectoss are_constanh-component eigenvectors df, and the); are the corresponding
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scalar eigenvalues (either real or complex) which sattefyequation
Avi =)V, 1<j<n (8.69)
Each of the set of eigenvalugs satisfy the “characteristic equation”
p(A) =0, (8.70)

where
p(A) =det(A—\I). (8.71)

in which I is then x n identity matrix. The “fundamental theorem of algebra” stathat if the roots of (8.70) are counted
with multiplicities, thenp(\) has exactlyr roots A4, ..., A\, and

PN = (1" (A= A1) .. (A — An). (8.72)

We first illustrate the use of the fundamental set of solutios and the “fundamental matrix” method in the case in
which the eigenvalues of4 are all distinct.

If \1,...,\, aren distincteigenvalues ofl, and ifv!, ..., v® are the correspondinglinearly independergigenvectors,
then

xI(t)=eMtvi, 1< j<n, (8.73)

are afundamental set of solutionsof (8.68), since

% eNtvl = Aj (ekjtvj) (8.74)
and
A (e)‘ftvj) =Nt AV = Aj (e)‘ftvj) . (8.75)

“Fundamental Matrix” (F.M.) Definition of et for Distinct Eigenvalue Case

The Fundamental Matrix (F.M.), here denoted aX (¢), is the square matrix whose columns are the fundamentaf set o
column vector solutions?)(¢) defined by (8.73) for the distinct eigenvalues case:

X(t) = [x<1>(t), o x® (t)] . (8.76)

Thegeneral solutionx(t) of the matrix differential equation (8.68}, = A x is a linear combination of the fundamental
solutionsx/)(¢) which we can write in terms of a set of constanfsand the fundamental matriX (¢) and a column
vectorc whose elements are the:

x(t) = Zx(j) c; =X(t)c. (8.77)
A particular solution (assume) must have the initialjvabgeso that
x(t=0)=X(0)c =xp (8.78)
which can be solved for the elements of the column veetor
c = (X(0)™" xo, (8.79)
which gives for the particular solution:
x(t) = X(t) (X(0) " xo =ettxg, t>0. (8.80)

This provides théundamental matrix definition ofe** (we will also be able to use this definition.f has eigenvalues
with multiplicity greater than one, but the definition of thendamental matrixX (¢) is altered):

eAt=X(t) (X)), t>0 (8.81)
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Interactive Example for the Distinct Eigenvalues Case

The interactive session which follows assumeks>a 3 matrix A which has three distinct real eigenvalues, and uses the
fundamental set of solutions and fundamental matrix metadishd the matrixe t.

8 -5 10
A=|2 1 2. (8.82)
4 4 -6

We can use the parts of the return valueigenvectors(A) to give the namesl, a2, anda3 to the eigenvalues and the
namess1, v2, andv3 to the corresponding eigenvectors (up to an overall cot)stéfe check the linear independence of
the three eigenvectors, using the conditibst (1) # 0, in which M is a matrix whose columns are the three eigenvectors.
We usemcombine([v1,v2,v3]) from mbe5.mac to createlM. We can then define the time dependent fundamental set
of solutions (F.S.S.) of (8.68), denoted herextty x2, andx3, and the fundamental matrix (F.MX)(¢), denoted here by

Xt , which is a matrix whose columns are the fundamental setlofisns.

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([8,-5,10],[2,1,2],[-4,4,-6]);
(%02) matrix([8,-5,10],[2,1,2],[-4,4,-6])

(%i3) eigenvalues(A);

(%03) [[-2,2,3],[1,1,1]]

(%i4) jordan(A);

(%04) [[-211]![2!1]![311]]

(%i5) [al,a2,a3] : map (first, %);

(%05) [-2,2,3]

(%i6) [v1] : map (‘cvec, jordan_chain(A,al));
(%06) [matrix([1],[0].[-1])]

(%i7) [v2] : map (‘cvec, jordan_chain(A,a2));
(%07) [matrix([0],[1],[1/2])]

(%i8) [v3] : map (‘cvec, jordan_chain(A,a3));
(%08) [matrix([1],[1].[0])]

(%i9) determinant (mcombine ([v1,v2,v3]));
(%09) 1/2

(%il0) x1 : exp(@al *t) =* vi;

(%010) matrix([%e"-(2 *1)],[0],[-%e"-(2 *1)])
(%ill) x2 : exp(@2 *t) * v2;
(%011) matrix([0],[%e"(2 *1)],[%e"(2  *1)/2])

(%il2) x3 : exp(@3d *t) * v3;

(%012) matrix([%e"(3 *1)],[%e"(3 *1)],[0])

(%il3) Xt : mcombine([x1,x2,x3]);

(%013) matrix([%e"-(2 *1),0,%e7(3  *1)],[0,%e"(2 *1),%e"(3  *1)],
[-%e™(2 =1),%e"(2 *t)/2,0])

We can now compute the fundamental matrix definition‘f 8.81 and then compute the particular solutigi) corre-
sponding to the the assumed initial values
x(0) = [1,1,1]". (8.83)

Note that the upper case is the fundamental matrix at timeandXo is the fundamental matrix at the initial timie= 0.

(%il4) X0 : Xt, t = O;
(%014) matrix([1,0,1],[0,1,1],[-1,1/2,0])
(%il5) eAt : Xt . invert(X0);
(%015) matrix([2 *%e"(3 *¥1)-%e™-(2 *1),%e™-(2  *1)-%e" (3 *t),
2% %e"(3 *1)-2 *%e™-(2 *t)],
[2 *%e"(3 *1)-2 *%e"(2 *1),2 *%e"(2 *1)-%e"(3 *t),
2% %e"(3 *1)-2 *%e"(2 *t)],
[%e™(2 *1)-%e (2 +*t),%e’(2 +*t)-%e™-(2 *t),2 *%e™-(2 *1)-%e (2 *1)])
(%il6) eAt, t = O;
(%016) matrix([1,0,0],[0,1,0],[0,0,1])
(%il7) x0 : cvec( [1,1,1] );
(%017) matrix([1],[1],[1])
(%il8) xt : eAt . xO0;
(%018) matrix([3 *%e (3 *1)-2 *%e™-(2 *t)],[3 *%e (3 *t)-2 *%e (2 *t)],
[2 *%e™-(2 *1)-%e"(2 *t)])
(%il9) xt, t = O;
(%019) matrix([1],[1],[1])
(%i20) xt, t=2, numer;
(%020) matrix([1210.2497],[1101.0901],[-54.561519])
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We can usenat_function (exp, t *A) to check on the matrigAt .

(%i21) eAt2 : expand (mat_function(exp,t *A));
(%021) matrix([2 *%e"(3 *x1)-%e™-(2  *1),%e™-(2  *1)-%e"(3 *t),
2% %e"(3 *1)-2 *%e™-(2 *1)],
[2 *%e"(B*t)-2 *%e (2 *t),2 *%e"(2 *t)-%e (3 *t),
2% %e™(3 *1)-2  *%e"(2 *t)],
[%e™(2 *1)-%e (2 +*t),%e’(2 +*t)-%e™-(2 *t),2 *%e™-(2 *1)-%e (2 *1)])
(%i22) is (equal (eAt, eAt2));
(%022) true

F.S.S. Method for Repeated Eigenvalues

If \is an eigenvalue ofl with algebraic multiplicitym, then there exists an integer0 < p < m, such that

dimNull((A—=XI)P)=m
dimNull((A = XI)P~Y) < m

Any nonzero vectow in the spaceVull((A — X I)P) is ageneralized eigenvectofor \ with the property

(A= XI)’v=0. (8.84)
Now letA = \I + B, so
eAt _ e)\lt-i-Bt — e)\teBt (885)
whereB = A — \I. Then
ety =erePly. (8.86)

But because of (8.84) there are only a finite number of noo-@ms in the expansion ef’ * when acting onv:

p—1
Bty — Z(tj/j!) Biv (8.87)
§=0
and hence we recover an exact matrix expression.
Now letv!, ..., v™ be a basis olNull(A — A I)P. Then the set of column vectors
p—1
x' =M (/) (A= APV, 1<i<m, (8.88)

J=0

arem linearly independent solutions &f= A x corresponding to the eigenvalbevhich has algebraic multiplicityn.

The threembe5.mac Maxima functionsirank(B,v) , which returns the vector rank ofrelative toB, vrank_max(B,m)

which returns the integegs, and nullity(B™p) which returnsm and thelinearalgebra.mac package function
nullspace(B™"p) which returnsspan(vi,...,vm) , a set ofmlinearly independent generalized eigenvectors of the
m dimensional subspac¥uil((BP?)), can be used to implement this method, as shown in the exarapk functions
shown below.

Here is a simpl@ x 2 matrix which has the single eigenvaldie= —1 with (of course) multiplicitym = 2.

14
Ao {_1 _3]. (8.89)

We compare the matrix*? predicted by the fundamental sets of solutions method \nighvalue predicted by
mat_function(exp,t *A).
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(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([1,4],[-1,-3]);

(%02) matrix([1,4],[-1,-3])

(%i3) eigenvalues(A);

(%03) [[-1].[2]]

(%i4) eigenvectors(A);

(%04) [[[-1].[2]].[[[1,-1/2]1]]

(%i5) 12 : ident(2);

(%o05) matrix([1,0],[0,1])

(%i6) B : A + 12;

(%06) matrix([2,4],[-1,-2])

(%i7) p : vrank_max(B,2);

(%07) 2

(%i8) nullity(B™"p);

(%08) 2

(%i9) nspc : nullspace(B™p);

(%09) span(matrix([0],[1]),matrix([1],[0]))

(%il0) [v1,v2] : nspc, span = "[*;

(%010) [matrix([0],[1]),matrix([1],[0])]

(%ill) vi;

(%011) matrix([O],[1])

(%il2) v2;

(%012) matrix([1],[0])

(%il3) vrank(B,v1);

(%013) 2

(%il4) vrank(B,v2);

(%014) 2

(%il5) eBt : 12 + t *B;

(%015) matrix([2 *t+1,4 f][-t,1-2 *1])

(%il6) x1 : %e"(-t) * (eBt . vl);

(%016) matrix([4 *t * %e”-t],[(1-2 *1) *%e"-1])

(%il7) x2 : %e"(-t) * (eBt . v2);

(%017) matrix([(2 *t+1) *%e -t],[-t * %0e”-t])

(%il8) Xt : mcombine([x1,x2]);

(%018) matrix([4 *t*%e™-t,(2 *t+l) *%e -t],[(1-2 *1) *%e™-t,-t  *%e -t])

(%i19) X0 : Xt, t=0;

(%019) matrix([0,1],[1,0])

(%i20) eAt : Xt . invert(X0);

(%020) matrix([(2 *t+1) *%e -t,4 *t*%e -t],[-t *%e"-t,(1-2  *t) *%e"-t])

(%i21) % / exp(-t);

(%021) matrix([2 *t+1,4 t][-t,1-2 *1])

(%i22) eAt2 : mat_function(exp,t *A);

(%022) matrix([2 *t*x%0e -t+%e 1,2 *t* (2 * Ye -t-%e -t/t)+2 * %0e"-],
[t *%e™-t-t *(2*%e -t-%e -t/t)])

(%i23) eAt2 / exp(-t);

(%023) matrix([(2 *t*%e -t+%e -t)  *%et, (2 *t* (2 *%e -t-%e -t/t)+2 *%0e”-t) *%et],
[ttt *(2 *%e"-t-%e"-t/t) *%e"t])

(%i24) expand(%);

(%024) matrix([2 *t+1,4 t][-t,1-2 *1])

(%i25) is(equal(eAt,eAt2));

(%025) true

(%i26) eAt - eAt2;

(%026) matrix([(2 *t+1) *%e -t-2 *t*%e -t-%e -t,
(-2 *t*(2 * %e"-t-%e"-t/t))+4 *t*x%e"-t-2 *%e"],
[0t *(2 *%e"-t-%e"-t/t)+(1-2 *t) *%e"-t])

(%i27) expand(%);

(%027) matrix([0,0],[0,0])

We have a functiomAt_FSS(A) defined inmbe5.mac which automates the above method.

eAt_FSS(A) =

block([XXt, XXO0],
XXt : mcombine (FSS(A)),
XX0 : ev (XXt, t = 0),
XXt . invert(XX0) )$
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with the application to the above simple example:
(%i28) eAtl : eAt_FSS(A);
(%028) matrix([(2 *t+1) *%e -t 4 *t*%e ][t *%e™-t,-(2  *t-1) *%e-t])
(%i29) eAtl / exp(-t);
(%029) matrix([2 *t+1,4 t][-t,1-2 *1])
(%i30) is(equal(eAt,eAtl));
(%030) true
The functioneAt_FSS(A) , in the code shown above, calls the functiE®s(A) .
/= FSS(A) calls FSS_sector(A,eival,mult) for each distinct e igenvalue eival
and returns the list [x1[t], x2[t], ..., xn[t] ] implied by th e n x n matrix A
*/
FSS(Amatrix) :=
block( [ eivals, mvals, xjtL : [ ] ],
[eivals, mvals] : eigenvalues(Amatrix),
for j thru length(eivals) do (
xtL : FSS_sector(Amatrix,eivals[j],mvals[j]),
for k thru length(xtL) do xjtL : cons(xtL[K], xjtL)),
reverse(xjtL))$
The functionFSS(A) , in the code shown above, calSS_sector(A,lambda,m)
[ = FSS_sector(A,Jlambda,m) returns a list of time dependent
linearly independent solutions xj(t) (as matrix column vec tors)
of the equation dxj(t)/dt = A . xj(t) for the sector eival = lam bda,
multiplicity = m, given the square matrix A .
calls nullspace (B™p) where p is the smallest positive
integer such that nullity(B™p) = m, ie., the
dimension of Null B™p is equal to the multiplicity
of the eigenvalue lambda.
*/
FSS_sector(Amatrix,eival,multiplicity) :=
block([Nn,In,Bb,xxL:[ ], Pp, eBbt, nspc ],
local(wv),
Nn : length(Amatrix),
In : ident(Nn),
Bb : Amatrix - eival *n,
Pp : vrank_max(Bb, multiplicity),
eBbt : sum( (tj/j!) * Bb™j, j,0, Pp - 1),
nspc : nullspace(Bb™Pp),
for j thru multiplicity do wv[j] : part( nspc,j ),
for j thru multiplicity do (
v[j] : ratsimp ( exp( eival *t ) * eBbt . w[j] ),
xxL : cons(w[j], xxL)),
reverse (xxL))$
Here is an example of & x 3 matrix A which has one repeated eigenvalue.
01 1
A=110 1 (8.90)
1 1 0

(%il) load(mbeb5);
(%01) "c:/work9/mbe5.mac"
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(%i2) A : matrix([0,1,1],[1,0,1],[1,1,0]);
(%02) matrix([0,1,1],[1,0,1],[1,1,0])
(%i3) eigenvalues(A);

(%03) [[2,-1],[1,2]]

(%i4) eAt : eAt_FSS(A);

(%04) matrix([%e"(2 *)/3+(2  *%e -1)/3,%e"(2 *1)/3-%e"-t/3,%e"(2 *1)/3-%e"-t/3],
[%e™(2 *1)/3-%e"-1/3,%e"(2 *1)/3+(2  *%e™-1)/3,%e™ (2  *1)/3-%e"-t/3],
[%e™(2 *1)/3-%e"-t/3,%¢e"(2 *1)/3-%e"-1/3,%e"(2 *)/3+(2  *%e"-t)/3])

(%i5) eAt2 : mat_function(exp,t *A);

(%05) matrix([%e"(2 *)/3+(2  *%e -1)/3,%e"(2 *1)/3-%e"-t/3,%e"(2 *1)/3-%e"-t/3],
[%e™(2 *1)/3-%e"-t/3,%¢e"(2 *1)/3+(2  *%e™1)/3,%e" (2  *1)/3-%e"-t/3],
[%e™(2 *1)/3-%e"-1/3,%e"(2 *1)/3-%e"-t/3,%e"(2 *1)/3+(2  *%e-t)/3])

(%i6) is(equal(eAt,eAt2));

(%06) true

(%i7) eAt - eAt2;

(%07) matrix([0,0,0],[0,0,0],[0,0,0])

If you do this example “by hand”, you need to define the fundatiadematrix X (¢), represented here bt , by first joining
the basis vectors from the two sectors (corresponding tbwtbeigenvalues) into one list of three basis vectors.

(%i8) L1 : FSS_sector(A,2,1);
(%08) [matrix([3 *00e"(2 *)],[3  *%e (2 *1)],[8  *%e (2 *x1)])]
(%i9) L2 : FSS_sector(A,-1,2);

(%09) [matrix([-%e -t],[%e -1],[0]),matrix([0],[%e - t],[-%e™-1])]

(%il10) Xt : mcombine (flatten( cons (L1,L2) ));

(%010) matrix([3 * %e"(2 *t),-%e"-1,0],[3 *%e"(2 *t),%e"-t,%e"-t],[3 *%e"(2 *1),0,
-%e"-t])

(%ill) X0 : Xt, t=0;
(%011) matrix([3,-1,0],[3,1,1],[3,0,-1])
(%il2) eAt : Xt . invert (X0);

(%012) matrix([%e"(2 *)/3+(2  *%e -1)/3,%e"(2 *1)/3-%e"-t/3,%e"(2 *1)/3-%e"-t/3],
[%e™(2 *1)/3-%e"-t/3,%¢e"(2 *1)/3+(2  *%e™-1)/3,%e" (2  *1)/3-%e"-t/3],
[%e™(2 *1)/3-%e"-1/3,%e"(2 *1)/3-%e"-1/3,%e"(2 *1)/3+(2  *%e-t)/3])

(%il3) eAt - eAt2;
(%013) matrix([0,0,0],[0,0,0],[0,0,0])

We can also use the automated FSS/FM method with a matrief athose eigenvalues are distinct.

(%il) load(mbeb);
(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([8,-5,10],[2,1,2],[-4,4,-6]);
(%02) matrix([8,-5,10],[2,1,2],[-4,4,-6])
(%i3) eigenvalues(A);
(%03) [[-2,2,3],[1,1,1]]
(%i4) eAt : eAt_FSS(A);
(%04) matrix([2 *%e"(3 *1)-%e™-(2  *1),%e™-(2 *1)-%e" (3 *1),2 *%e"(3 *t)-2 *%e (2 *1)],
[2 *%e"(B*t)-2 *%e (2 *t),2 *%e"(2 *t)-%e (3 *t),
2+ %e"(3 *1)-2 *%e"(2 *1)],
[%e™-(2 *1)-%e (2 *t),%e"(2 *t)-%e™-(2 *t),2 *%e™-(2 *1)-%e (2 *t)])
(%i5) eAt2 : mat_function(exp,t *A);
(%05) matrix([2 *%0e"(3 ¥1)-%e™-(2  *1),%e™-(2  *1)-%e"(3 *1),2 *%e"(3 *t)-2 *%e (2 *t)],
[2 *%e"(B*t)-2 *%e (2 +t),2 *%e"(2 *t)-%e (3 *t),
2+ %e"(3 *1)-2 *%e"(2 *1)],
[%e™-(2 *1)-%e (2 *t),%e"(2 *t)-%e™-(2 *t),2 *%e™-(2 *1)-%e (2 *t)])
(%i6) is(equal(eAt,eAt2));
(%06) true
(%i7) eAt - eAt2;
(%07) matrix([0,0,0],[0,0,0],[0,0,0])
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8.9 e”* Using the Cayley-Hamilton Theorem
Simple Direct Method to Evaluatee®t if A Has Only a Single Eigenvalue

The Cayley-Hamilton theorem and its use will look less miystes if we first consider the case that a matrix has only one
eigenvalue. Let the single eigenvalueAdbe \. Then there will be some finite positive integesuch that

(A- XDk =o. (8.91)
After finding this value of: (see the Maxima example below), we use the identity
A=A+ (A-XI) (8.92)

and then proceed as follows, using the general propertigeahatrix exponential.

oAt = ATHA-ND)E

_ Mt (AN

e(
_ MM (ANt

(A=) (/1)

1

:eM(I—F
1

<.
Il

and onlyk terms of the exponential series are required, with the fnshtbeing/ and the last term corresponding to
j=k—1.

Consider the matrix

1 4
A= {_1 _3] . (8.93)
which has one repeated eigenvalue- —1. We first usemat_function(exp,t = A) from the packagéiag.mac .

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([1,4],[-1,-3]);

(%02) matrix([1,4],[-1,-3])

(%i3) eigenvalues(A);

(%03) [[-1].[2]]

(%i4) eAt2 : expand (mat_function (exp,t *A));
(%04) matrix([2 *t*%e -t+%e -t,4  *t * %e -t],[-t * %0e"-t,%e"-t-2 * 1 * %e -t])
(%i5) eAt2, t=0;

(%05) matrix([1,0],[0,1])

(%i6) expand (eAt2/exp(-t));

(%06) matrix([2 *t+1,4 t][-t,1-2 *1])

which implies that

At ¢ |[14+2t 4
et =e [—t 12 (8.94)

We now use the above simple method applicable to the cas¢hthatatrix A has only a single eigenvalue, here using
A=—-1

(%i7) | : ident(2);

(%07) matrix([1,0],[0,1])
(%i8) lambda : -1%

(%i9) B : A - lambda =1,
(%09) matrix([2,4],[-1,-2])
(%i10) B™2;

(%010) matrix([0,0],[0,0])

which shows that = 2.
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We separate out the factexp(\¢), and letMs1 be the series contribution:

(%ill) Msl : | + B *t;
(%011) matrix([2 *t+1,4 t][-t,1-2 *1])

which implies that

At ¢ |[14+2t 4
et =e {—t 19l (8.95)

agreeing with the result found usingat_function

The Cayley-Hamilton Theorem
Quoting Bronson in his Ch. 7

Every square matrid satisfies its own characteristic equation. That is, if
det(A — A1) =b, A" + byt A" Lo 4 0y A2+ by A+ by =0 (8.96)
then withI = A the identity matrix,

bp A" 4 by AV by A2 by A by I = 0. (8.97)
As a simple example, in Problem 7.15, Bronson verifies thdegagamilton theorem for the case

3 5
A= {_2 _4]. (8.98)

Here we use Maxima for this verification. Recall tkharpoly(A, lambda) computep(A) = det(A — A I), which
should be set t0 ( the “characteristic equation”) to determine the eigemgalofA.

(%il) load(mbeb);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix( [3,5],[-2,-4] );
(%02) matrix([3,5],[-2,-4])

(%i3) eigenvalues(A);

(%03) [[1,-2],[1,1]]

(%i4) expand (charpoly (A, lambda));
(%04) lambda™ + lambda - 2

(%i5) A2 + A - 2 xident(2);
(%05) matrix([0,0],[0,0])

Computing Functions of Matrices Using the Cayley-HamiltonTheorem
Quoting Bronson from his Ch. 8:

An infinite series expansion fgf( A) is not generally useful for computing the elements of therixgt(A).
It follows (with some effort) from the Cayley-Hamilton theon that every well-defined function of anx n
matrix A can be expressed as a polynomial of degreel in A.

Thus, if f(A) is a well-defined function of @ x n matrix A, there exist: scalarsz; such that
f(A)=apl +a1 A+ +a,_1 A" (8.99)

If the function f(A) depends on some scalar parameter, such asaddition to A, then then scalarse; depend, in
general, on that parameter. We neehdependent equations to determine thecalarsz;. Knowing the scalars;, they
can be substituted into (8.99) to fiffd A). Here is a path (adapting Bronson’s discussion) which camsbkd:
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1. Let
rA) =ag Fai A+ 4 ap_1 A" (8.100)

which is the right hand side of (8.99) with’ replaced by (j = 0,1,...,n — 1), which includes, forj = 0,
I=A% 5 )0 =1.

2. For each eigenvalug; of A, we have the equation
FA) =1(X)), (8.101)
since if we multiply both sides of (8.99) by the eigenveatdrcorresponding to the eigenvaliie, thenf(A) v/ =
f(X\;) v7 on the left hand side, and on the right hand side we-ggf) v/. Sincev’ # 0, we arrive at (8.101).
If there aren distinct eigenvalues, then we hawendependent equations in tlheunknownsa,.

3. If \; is an eigenvalue of multiplicityn; > 1, then this sector contributes; equations, the first being (8.101), and
the additionaln; — 1 equations, involving derivatives of (8.101) with respecAf evaluated ad; are:

F' )]sy, = 7N e,
F"Moy ="M

fm_l(/\)|>\:>\i = r"71(A) ‘,\:,\i

4. We then solve a set efindependent equations generated as above for ftalars:;, and substitute them in (8.99)
to find f(A).

et fora 2 x 2 Matrix A with One Repeated Eigenvalue

The?2 x 2 matrix

1 4
A= [_1 _3] . (8.102)
has the repeated eigenvalie= —1. We then have
eM=ayl+a A (8.103)
where the first equation needed is
M =ag+ay A (8.104)
and the second equation needed is the first derivative
ter =ay (8.105)
which implies
ap = (1 —Xt)eMt (8.106)
which gives
At =1 -At)eMT+teMA (8.107)

which, withA = —1, gives
eM=(+t)e ' T+tetA (8.108)
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Using this method interactively,

(%il) load(mbeb);
(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix([1,4],[-1,-3]);
(%02) matrix([1,4],[-1,-3])
(%i3) eigenvalues(A);
(%03) [[-1],[2]]
(%i4) eAt : (1+t) *exp(-t) ~ident(2) + t *exp(-t) *A;
(%04) matrix([(t+1) *0pe”-t+t  *%e -t 4 *t*%e -t],[-t * %0e”-t,
(t+1) *%e"-t-3 *t*%e -t])

(%i5) eAt : expand(eAt);
(%05) matrix([2 *t*%e -t+%e -t,4  *t*%e -t],[-t * %e"-t,%e"-1-2 *t * %pe”-])
(%i6) eAt2 : mat_function(exp,t *A);
(%06) matrix([2 *t*x%0e -t+%e 1,2 *t* (2 * Ye -t-%e -t/t)+2 * %0e”-],

[t *%e™-t-t *(2*%e -t-%e -t/t)])
(%i7) is (equal (eAt, eAt2));
(%07) true
(%i8) expand(eAt / %e"(-t));
(%08) matrix([2 *t+1,4 t][-t,1-2 *1])

We can write the result as

At ¢ |(1+20) 4t
et =e _ (1—21)|" (8.109)

Examples of the Cayley-Hamilton Method for f(A) = e*t andn = 3

For the casg (A) = ¢4t andn = 3 we have

fA)=e =agl +ay A+ ag A% (8.110)

and
) =M, (8.111)

and
r(\) = ag + a1 A + az A% (8.112)

Three Distinct Eigenvalues Example

We can write the set of three equations, generated by the thisénct eigenvalues, in matrix form as

f()\l) e)‘lt 1 )\1 )\% ag
f=|fO)| =2t =Va= |1 X M| |a (8.113)
f()\g) e)‘St 1 )\3 )\% a9

and the three unknown scalarg (which here depend upon the paramefecan then be found as the elements of the
column matrix given by
a=V"lf (8.114)

The squared x 3 matrix V' (the Vandermonde matrixis always invertible as long as the eigenvalues are aihdist

A 3 x 3 example in which the eigenvalues are distinct is provided by

8 -5 10
A=12 1 2. (8.115)
4 4 -6

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix ([8,-5,10],[2,1,2],[-4,4,-6]);
(%02) matrix([8,-5,10],[2,1,2],[-4,4,-6])
(%i3) eigenvalues(A);

(%03) [[-2,2,3],[1,1,1]]
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We havel; = —2, Ay = 2, andA3 = 3. We first use the Cayley-Hamilton method and then check Heahswer is the
same as returned byat_function

(%i4) (lam1:-2, lam2:2, lam3:3)$

(%i5) V : matrix([1,lam1,lam1°2],[1,lam2,lam2°2],[1,la m3,lam3°2]);
(%05) matrix([1,-2,4],[1,2,4],[1,3.,9])
(%i6) fc : transpose(matrix([exp(laml +t),exp(lam2  *t),exp(lam3  *t)]));

(%06) matrix([%e™-(2 *1)],[%e"(2 *1)],[%e"(3 *1)])
(%i7) ac : invert(V) . fc;
(%07) matrix([(-(4 *%e"(3 *t))/5)+(3  *%e (2 *t))/2+(3  *%e™-(2 *t))/10],
[%e™(2 *t)/4-%e™-(2  *t)/4],[%e" (3 *1)/5-%e"(2  *t)/4+%e™-(2  *1)/20])
(%i8) ac : ratsimp(ac);
(%08) matrix([-(%e™-(2 *1) *(8 x%e"(5 *1)-15 *%e"(4 *t)-3))/10],
[(%e™(2  *t) *(%e"(4 *1)-1))/4],
[(%e™-(2 *t) * (4 *%e"(5 *t)-5 *%e"(4 *t)+1))/20])
(%i9) a0 : ac[1,1];
(%09) -(%e™-(2 *t) *(8*%e"(5 *1)-15 =*%e"(4 *1)-3))/10
(%il0) al : ac[2,1];
(%010) (%e™-(2 =*t) *(%e (4 *t)-1))/4
(%ill) a2 : ac[3,1];
(%011) (%e™-(2 +*t) *(4*%e"(5 *1)-5 =*%e (4 ~1)+1))/20
(%il2) eAt : ratsimp ( a0 ~ident(3) + al *A + a2xA™"2);
(%012) matrix([%e"-(2 *1) * (2 x%e"(5 *1)-1),-%e"-(2 *1) *(%e"(5 *t)-1),
%e™-(2 *t) *(2 *%e"(5 *t)-2)],
[2 *%e (3 *1)-2 *%e"(2 *1),2 *%e"(2 *1)-%e"(3 *t),
2% %e"(3 *1)-2 *%e"(2 *t)],
[-%e™-(2 *t) *(%e (4 *t)-1),%e™-(2 *t) *(%e"(4 *t)-1),
-%e™-(2 *t) *(%e"(4 *t)-2)])
(%il3) eAt, t=0;
(%013) matrix([1,0,0],[0,1,0],[0,0,1])
(%i19) eAt2 : mat_function(exp,t *A);
(%019) matrix([2 *%e"(3 *¥1)-%e™-(2  *1),%e™-(2  *1)-%e" (3 *t),
2% %e"(3 *1)-2 *%e™-(2 *t)],
[2 *%e (3 *1)-2 *%e"(2 *1),2 *%e"(2 *1)-%e"(3 *t),
2% %e"(3 *1)-2 *%e"(2 *t)],
[%e™(2 *1)-%e (2 +*t),%e’(2 +*t)-%e™-(2 *t),2 *%e™-(2 *1)-%e (2 *1)])
(%i20) ratsimp(expand (eAt - eAt2));
(%020) matrix([0,0,0],[0,0,0],[0,0,0])

Example of a Repeated Eigenvalue

Let A\, be the eigenvalue with multiplicity and A5 be the eigenvalue with multiplicit@. A suitable matrix is

01 1
A=11 0 1]. (8.116)
110

(%il) load(mbeb5);

(%01) "c:/work9/mbe5.mac"

(%i2) A : matrix([0,1,1],[1,0,1],[1,1,0]);
(%02) matrix([0,1,1],[1,0,1],[1,1,0])
(%i3) eigenvalues(A);

(%03) [[2,-1],[1,2]]

Here\; = 2 with multiplicity m = 1 and A, = —1 with multiplicity m = 2. Our first equation ig' (A1) = r(A1), or

e*t=ag+2a; +4ay. (8.117)
Our second equation j§(\y) = r(Ag), Or
et =ag—ai + as. (8.118)
Our third independent equation is
df(A) dr(A)

A b=—1_ d\x I=_1 (8.119)

or
te ™t =a; — 2as. (8.120)
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We can write the above set of three equations in matrix form as

et 1 2 4 ao
f=|e!|=Va=1|1 -1 1 ay (8.121)
te 0o 1 =2 as

and the three unknown scalarg (which here depend upon the paramefecan then be found as the elements of the
column matrix given by
a=V"lf (8.122)

We first use the Cayley-Hamilton method and then check tlsatiswer is the same as returnedhiayt_function

(%i4) V : matrix([1,2,4],[1,-1,1],[0,1,-2]);

(%04) matrix([1,2,4],[1,-1,1],[0,1,-2])

(%i5) fc : transpose(matrix([exp(2 *1),exp(-t),t *exp(-1)]);

(%05) matrix([%e"(2 *1)],[%0e”-t],[t * %0e”-t])

(%i6) ac : invert(V) . fc;

(%06) matrix([%e"(2 *1)/9+(2  *t*%e™-1)/3+(8  *%e-1)/9],
[(2 *%e (2 *t))/9+(t  *%e™1)/3-2  *%e"-1)/9],
[%e™(2 *t)/9-(t  *%e -t)/3-%e -t/9])

(%i7) a0 : ac[1,1];

(%07) %e"(2 *1)/9+(2 +*t*%e -t)/3+(8  *%e -t)/9

(%i8) al : ac[2,1];

(%08) (2 *%e (2 *1))/9+(t  *%e™-t)/3-(2  *%e"-t)/9

(%i9) a2 : ac[3,1];

(%09) %e"(2 *1)/9-(t  *%e -t)/3-%e -t/9

(%il0) eAt : expand ( a0 xident(3) + al *A + a2xA™2);

(%010) matrix([%e"(2 *)/3+(2  *%e -1)/3,%e"(2 *1)/3-%e"-t/3,%e"(2 *1)/3-%e"-t/3],
[%e™(2 *1)/3-%e"-1/3,%e"(2 *1)/3+(2  *%e™-1)/3,%e™ (2  *1)/3-%e"-t/3],
[%e™(2 *1)/3-%e"-t/3,%¢e"(2 *1)/3-%e"-1/3,%e"(2 *1)/3+(2  *%e"-t)/3])

(%ill) eAt, t=0;
(%011) matrix([1,0,0],[0,1,0],[0,0,1])

(%il2) eAt2 : expand (mat_function (exp,t *A));

(%012) matrix([%e"(2 *)/3+(2  *%e -1)/3,%e"(2 *1)/3-%e"-t/3,%e"(2 *1)/3-%e"-t/3],
[%e™(2 *1t)/3-%e™-t/3,%¢e"(2 *)/3+(2  *%e™-1)/3,%e7 (2  *1)/3-%e™-1/3],
[%e™(2 *1)/3-%e™-1/3,%e"(2 *1)/3-%e"-1/3,%e"(2 *1)/3+(2  *%e"-t)/3])

(%il3) is (equal (eAt, eAt2));
(%013) true

Automated Code eAtCH(A) for Cayley-Hamilton Method

Thembe5.mac functioneAt_CH function automates the above process for any square masrshhown by the following
examples.

First for the2 x 2 matrix used above:

(%il4) kill (V,fc,ac,a0,al,a2);

(%014) done

(%il5) A : matrix([1,4],[-1,-3]);

(%015) matrix([1,4],[-1,-3])

(%il6) eigenvalues (A);

(%016) [[-11,[2]]

(%il7) eAt : eAt_CH(A);

(%017) matrix([2 *t*%e -t+%e -t,4  *t *%e -t],[-t * %0e”-t,%e"-t-2 *t * %e"-t])
(%il8) eAt2 : expand (mat_function(exp,t *A));

(%018) matrix([2 *t*%e -t+%e -t,4  *t *%e -t],[-t * %0e”-t,%e"-t-2 *t * %e"-t])
(%i19) is (equal (eAt,eAt2));

(%019) true

Secondly, with & x 3 matrix with two eigenvalues, also used above:

(%i20) A : matrix([0,1,1],[1,0,1],[1,1,0]);
(%020) matrix([0,1,1],[1,0,1],[1,1,0])
(%i21) eigenvalues(A);

(%021) [[2,-1],[1.2]]
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(%i22) eAt : eAt_CH(A);

(%022) matrix([%e"(2 *)/3+(2  *%e"-1)/3,%e"(2 *1)/3-%e"-t/3,%e"(2 *1)/3-%e"-t/3],
[%e (2 *1t)/3-%e™-t/3,%¢e"(2 *)/3+(2  *%e™-1)/3,%e"(2  *1)/3-%e™-1/3],
[%e (2 *1t)/3-%e™-t/3,%¢e"(2 *1)/3-%e™-1/3,%e"(2 *t)/3+(2  *%e -t)/3])

(%i23) eAt2 : expand (mat_function(exp,t *A));

(%023) matrix([%e"(2 *1)/3+(2  *%e -1)/3,%e"(2 *1)/3-%e"-t/3,%e"(2 *1)/3-%e"-t/3],
[%e™(2 *1t)/3-%e™-1/3,%e"(2 *1)/3+(2  *%e™-t)/3,%e"(2  *1)/3-%e -1/3],
[%e (2 *1t)/3-%e™-t/3,%¢e"(2 *1)/3-%e™-1/3,%e"(2 *t)/3+(2  *%e -t)/3])

(%i24) is(equal(eAt,eAt2));
(%024) true

Finally the example of thd8 x 3 matrix used above, with three distinct eigenvalues:

(%i25) A : matrix([8,-5,101,[2,1,2],[-4,4,-6]);
(%025) matrix([8,-5,10],[2,1,2],[-4,4,-6])
(%i26) eigenvalues(A);
(%026) [[-2,2,3],[1,1,1]]
(%i27) eAt : eAt_CH(A);
(%027) matrix([2 *%e"(3 x1)-%e™-(2  *1),%e™-(2  *1)-%e"(3 *t),
2% %e"(3 *1)-2 *%e™-(2 *t)],
[2 *%e (B *t)-2 *%e (2 +t),2 *%e"(2 *t)-%e (3 *t),
2% %e™(3 *1)-2  *%e"(2 *t)],
[%e™-(2 *1)-%e”(2 *t),%e™ (2 *t)-%e™-(2 *1),2 *%e™-(2 *1)-%e"(2 *t)])
(%i28) eAt2 : expand (mat_function(exp,t *A));
(%028) matrix([2 *%e"(3 *¥1)-%e™-(2  *1),%e™-(2  *1)-%e" (3 *t),
2+ %e"(3 *1)-2 *%e™-(2 *t)],
[2 *%e"(3 *1)-2 *%e"(2 *1),2 *%e"(2 *t)-%e™(3 *t),
2% %e™(3 *1)-2  *%e"(2 *t)],
[%e™-(2 *1)-%e”(2 *t),%e™ (2 *t)-%e™-(2 *1),2 *%e™-(2 *1)-%e"(2 *t)])
(%i29) is (equal (eAt, eAt2));
(%029) true

We refer the interested reader to the coderfite5.mac for the code foreAt_CH, which makes crucial use of the matrix

functioncoefmatrix . The symbot is hardwired into this code.

8.10 Brute Force Taylor Expansion ofe®

If Ais a purely numerical matrix, then we can approximately esae” by taking the firstl0 or 20 terms of the Taylor
series expansion. We can define the exponential of a squar mMaas the sum fromn = 0 to oo of A™/n!, with the

general term written in Maxima syntax & ~"n)/factorial(n)
in the sum byA, with an appropriate scalar muliplier, as shown in our daplgode below.

. It is more efficient to multiply the previous term

Here is a 10 term Taylor series expansiorexf(A) , whereA is a purely numerical matrix, using ameractive calcu-

lation.

(%il) load(mbeb5);
(%01) "c:/work9/mbe5.mac"
(%i2) A : matrix( [0.5, 1], [0, 0.6] );
(%02) matrix([0.5,1],[0,0.6])
(%i3) B : A;
(%03) matrix([0.5,1],[0,0.6])
(%i4) f : ident(2);
(%04) matrix([1,0],[0,1])
(%i5) for i thru 10 do (
f:f+ B,
B : A . B /(i+1)$
(%i6) f;
(%06) matrix([1.6487213,1.7339753],[0.0,1.8221188])
(%i7) fpprintprec : 16$
(%i8) f;

(%08) matrix([1.648721270687366,1.733975296074915] [

0.0,1.822118800294857])

In the Chapter 4 code filmbe5.mac is code for a simple do-loop Taylor series expansion of aregueatrix called
exp_taylor(A,n) , which expands the square matfxn a Taylor series using terms, following the same path as our

interactive calculation above.
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This code is

exp_taylor(%A, %n) =
block([%nr, %nc, %B, %M, numer], numer:true,
%nr : length(%A),
%nc : length( transpose(%A)),
if %nr # %nc then (
print(" not a square matrix "),
return()),
%B : %A,
%M : ident(%nc),
for i thru %n do (
%M : %M + %B,
%B : %A . %BI/(i+1)),
%M )$

We compare the use of this brute force Taylor series exardadinition exp_taylor
(which returns the analytical solution). Note that the cilembe5.mac
. The arithmetic results use 16 digit accuracy, of course.

numerical value found usingat_function
setsfpprintprec:8%

, using 10 or 20 terms, with the

(%i9) fpprintprec:8$

(%i10) A : matrix([1/2, 1],[0,3/5]);

(%010) matrix([1/2,1],[0,3/5])

(%ill) eA exact : expand (mat_function(exp,A));
(%011) matrix([sqrt(%e),10 *%e"(3/5)-10  *sqrt(%e)],[0,%e"(3/5)])
(%il2) eA _numer : eA_exact, numer;

(%012) matrix([1.6487213,1.7339753],[0,1.8221188])
(%il3) A : A,numer;

(%013) matrix([0.5,1],[0,0.6])

(%il4) eAl10 : exp_taylor(A,10);

(%014) matrix([1.6487213,1.7339753],[0.0,1.8221188])
(%il5) eA20 : exp_taylor(A,20);

(%015) matrix([1.6487213,1.7339753],[0.0,1.8221188])
(%i16) fpprintprec : 16$

(%il7) eA10 - eA_numer;

(%017) matrix([-1.276267980188095e-11,-8.28888957471 4631e-10],
[0.0,-9.565170877579021e-11])

(%il8) eA20 - eA_numer;

(%018) matrix([-4.440892098500626e-16,4.440892098500 626e-15],

[0.0,2.220446049250313¢-16])

We see that stopping after 20 terms gives numerical restlishvare satisfactory.



