
Spring 2020 – Algebra Comprehensive Exam Name:

Choose six problems total, including at least two from Part I and two from Part
II. Enter the numbers of the problems you want graded here:

Problems Total
Scores

Part I: Groups (Choose at least two.)

1. Let G be a group. Let a, b ∈ G with |a| = 7 and |b| = 3.

(a) Show that if ba = ab, then |ab| = 21.

(b) Show that if ba = a2b, then |ab| = 3.

(c) Show that it is not possible to have ba = a3b.

2. (a) Find the conjugacy classes of the alternating group A4. Use these to
find all proper normal subgroups of A4.

(b) Prove that A4 is the only subgroup of the symmetric group S4 that
has order 12.

(c) Prove that S4 is generated by its 4-cycles.

(d) Prove that S5 is not generated by its 5-cycles.

3. Let G be a group of odd order and H be a normal subgroup.

(a) Prove that if |H| = 5, then H ⊆ Z(G), where Z(G) is the center of
G.

(b) Prove the existence of a non-abelian group of order 21. (Hint: You
might try calculating the normalizer and centralizer of the 7-cycle
(1234567) in S7. Or look for a subgroup of the 2 × 2 invertible
matrices over Z7.)

4. For each pair of groups below, either give an isomorphism between them
(you do not have to prove that your function is an isomorphism) or prove
that they are not isomorphic.

(a) The additive group of rationals and the multiplicative group of pos-
itive rationals.

(b) The additive group of rationals and the subgroup {m · 2n | m,n ∈ Z}
of the additive group of rationals.

(c) The additive group of reals and the multiplicative group of nonzero
reals.

(d) The additive group of reals and the multiplicative group of positive
reals.

5. (a) Let p and q be primes with p > q2 and (p − 1, q) = 1. Let G be a
group of order pq2. Prove that G is abelian.

(b) Give an example to show that the result above is false without the
assumption that (p− 1, q) = 1.



Part II: Rings and Linear Algebra (Choose at least two.)

6. Let R and S be commutative rings with identity. Let φ : R → S be a
nontrivial homomorphism. For each statement below, either prove it or
give a counterexample.

(a) φ(R), the image of φ, is a subring of S.

(b) If I is an ideal of R, then φ(I) is an ideal of S.

(c) If kerφ is a prime ideal of R, then φ(R) is an integral domain.

(d) If R is a field, then φ is injective.

7. Consider the ringR = Z[i], the Gaussian integers. Recall that for z = a+ bi ∈ R,
we define N(z) = a2 + b2.

(a) Show that u ∈ R is a unit if and only if N(u) = 1.

(b) Prove that if N(z) is prime in Z, then z is irreducible in R.

(c) Give an example of z ∈ R such that z is irreducible, but N(z) is not
prime.

(d) Is the quotient ring R = R/(1 + 3i) an integral domain? Justify your
answer.

8. (a) Let R be an integral domain with the property that any strictly
descending chain of ideals

I1 ) I2 ) I3 ) · · ·

is finite. Prove that R is a field.

(b) Give an example to show that the statement above is false if we
change “descending” to “ascending”:

I1 ( I2 ( I3 ( · · ·

9. Let R be the ring Q[x]/
(
x3 − x2 − x+ 1

)
.

(a) List all the ideals of R and draw a diagram showing which ideals are
contained in which.

(b) Is x a unit in R? Prove your answer.

10. Let A =

[
−1 3
2 4

]
,v0 =

[
1
1

]
. For n = 1, 2,. . . , define

vn =

[
xn
yn

]
= Anv0.

Find lim
n→∞

xn
yn

. (Hint: Consider eigenvectors.)


